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MODULE-4
INTEGRAL CALCULUS

Multiple Integrals:

Double integrals:

Let f(x, y) be a function of two independent variable x and y defined at each point in the
finite region R of the xy-plane, then the integral of f(x, y) over the region R is written as

JIz f(x,y)dA and is called the double integral.

If x varies from a value x; to x, and y varies from a value y; to y, in the region R then

we write [, f(x,y) dA = fxxlz fyylz f(x,y) dy dx, where x;, X, y;, Y, are constants.

If x; and x, are constants, y; = f;(x) and y, = f,(x) then

[l fxy)dA = [ [ f(x,y) dy| dx

If y; and y, are constants, x; = f;(y) and x, = f,(y) then

[l fooy)dA =[] f(x y) dx| dy

Problems:
1. Evaluate flz ff xy? dx dy

Solution:

2 .3 2 3 2 x? 3
Let | = fl fl xyz dx dy = fl y2 [fl XdX] dy = fl y2 [7]1 dy

Ly (2Y _ (2 N _ 28
1= 0O-Ddy=[] 4y2dy—4[;]1—§(8_1)_?




2. Evaluatef f xy dy dx

Solution:

Vx
1 NG 1 Vx 1 2
Let I = fx=0 fyzxxy dy dx :fxzox[fyzxy dy] dx :fxzox[y?]x dx

3 (02 —x?]dx = [ x(x —x)dx =7 [{ (x2 ~ x*)dx

_x02

e (e RCRUI R

XZ
3. Evaluate fos Jo x(x*+y?)dxdy

Solution:

_ 5 (x? 2 2 _ (5[ *%,.3 2 x=5[_3 Y3X2
Let 1= [ x(x*+y?)dxdy= [ [fo x* +xy )dy]dx=fx=o [X Y+x?]0 dx

505 X e (5 8\ 1 L6 gy _ 15625 | 390625

_IO(X+3)dX_(6+z4) (5)+ (5)_ t T
= 62500+390625 - 453125 ~ 18880.2

24 24
1+x dy dx

4. Evaluate f Jo Nveor
Solution:

_ 1 (V1+x2  dydx . 2_ 2
Let 1=, J, e For convenience take 1 + x?= a?.

=0l e =L [0 ] e
= [ [log(y + m)]: dx.  Using/ === log(x + Va? +x°)
B EN N [1og(a +Va? + a?) — log(0 + VaZ + 0)] dx
= [ [10g(a + V2a?) — log(vVa?)] dx = [~ '[log(a(1 + v2)) — loga] dx
= [ [loga +log(1 + v2) — loga] dx = [ [log(1 + v2)] dx

» I=log(1+v2) [, Ldx = log(1 + v2) [x]} = log(1 + vZ)(1 — 0) = log(1 + v2)




ar

5. Evaluate fon/z foacose dr de

aZ—r2

Solution:

s
Let 1= [, /2 f;coseLZ dr d0 Take substitution a? —r? =t.

az—r
Differentiating we get, —2rdr=dt . rdr= —%; whenr =0, t=a%? and when
r =acos0, t=a?—a’cos?0=a%(1 — cos?0) = a’sin?0.
3

2 (a?sin

29 g 1, 1a%sin%@
. l—j j a (dt) do af[t/zl de
o I = — (= =5 | |l5
5 Vt 2 20 /2 2

0
= -a fog(asin 0—a)do
= —a? fog(sin 0—1)do = —a?[—cos 0 — B]% = a’*[cos 0 + G]%
1= at |- n+(G-o)[=a?[F-1

6. Evaluate fon/z anSiner%in2 0 drde

Solution:

_ (/2 (asin® 3 . o - ﬁasin(-)
Let I = fo fo r’sin“ 6 dr de —f0251n 6[4]0 de

T 4 I
| =7 JZsin?0 (a*sin*6 — 0) d6 = - [Zsin®0 do

Use Reduction Formula, [Zsin™6 d@ = @D @B B e K,
n (n-2)(n-4)

where K=1if n isodd and K = g if n is even.

Here n = 6 (even)

_a*(6-1) (6-3)(6-5)m _a*531m _5an

| = = :
4 6 (6-2)(6-4)2 46422 128

HOME WORK:
1. Evaluate: f03 ff xy(1+x+y)dydx 2. Evaluate: flz f:(xy + eY) dx dy

V1i-y2
s

dy dx

11
3. Evaluate | [, iy

4 .Evaluate fol x3y dx dy




5. Evaluate: f01 fx‘/}(x2 + y2) dx dy 6. Evaluate: fol ) ey dx dy

x dydx
x2+y?

7. Evaluate: [ [7e’/x dy dx 8. Evaluate: [ [

V1+x2 dydx

9. Evaluate: f Jo Tiey?

a2 —~2
10.Evaluate fo Jo Y Ja? —x2 —y2 dx dy

Triple integrals:

If f(x,y,2) is a function of three independent variables defined in a finite region V, then
the

integration of f(x,y, z) over the region V is denoted by

fffy f(x,y,2)dV = f: f;’f fzzlz f(x,y,2z) dz dy dx

Problems:
1. Evaluate [°_ f_bb J°. x*+y? +z¥)dzdy dx.

Solution:
Let 1= [

X =

b
_ L‘fyz—bfz— P+ y*+ 28 dzdydx
b 231%

=S, ¥z + y*z+ Z| dydx

—-a

= f:z_cfybz_b[xz(a+ a) +y*(a+a) + (a;+a;)] dy dx
b

= f:__cfb [2ax? + 2ay? +2 ]dy dx = f [2ax2y+ 2a (’;—3)+(23£)y]_b dx

= [ [zax?® + b) + 2 b® + b¥) +—(b+b)]

:f: [4abx +4ab3 ]dx [(4ab)( ) 4ab3.x+4a3b.x];

3 3
:[(4ab) (? + ?) +2e

_ 8abc? + 8ab36+ 8a3bc
3 3 3

8abc(a2 +b? +cz)
3




2. Evaluatef ff “(x+y+z)dx dy dz

Solution:

Let I= fz1=—1 f; Ofx+z (x+y+2)dydxdz

y=x-2z

al= fz_ e [xy + = + zy]x+Z dx dz
= Zl_ 1f [x{(x +z)-(x—2)}+ {(x +2)?—(x-2)*}+z{(x+2) — (x— z)}] dx dz
= Zl__lf [x{Zz} + = {(x + 7% + 2xz) — (x® + 2% — 2x2)} + z{Zz}] dx dz

= fz__l fx o[2xz + 2xz +22%]dx dz = fz1=—1 f;=0[4xz+ 2z%]dx dz

2 z
= le_l [42 x; + Zsz]odz = lez_l[ZZ (z2—-0) + 2z%(z - 0)]

. I_ 1 3 3 _ 1 3 _ Z4_1 _ _
=) _ @2+ 22%)dz=[__ 4z dz—[4 T]_l_l_l‘o

3. Evaluatef f\/l * f\/l w xyz dx dy dz

Solution:

1-x2-y2

2 2 _
LetI:fxlof‘/le‘/lx xyzdzdydx—f flxz y[é]() dy dx

1
-fxofyoxxy(l—x ~y?)dydx=> fxofy “(xy— ¥y —2xy¥) dy dx

T s y y _1 1 1 Vi-x2
=2 [x;— X3 — x—]o dx =2 [ _,;[2xy* = 2x%y% — xy*]y ™ dx

o :% fx1=0[2x 1—x¥)—- 2x3(1—x%)—x (1 —x*)?dx

Izé f= [2x (1 — x?) — 2x3(1—x%) —x(1 — 2x% + xH)] dx




-1 3 3 5 3 _ 45
=2 [ol2x—2x% — 2x% + 2x° —x + 2x° — x°] dx

1 1

1l 53 S e Ao 111 1 1
=3 Jo_olx—2x +x]dx—8[2 24+6]0—8[ +] =:.

4. Evaluate f;ong; f;ﬂogye”y”dx dy dz

Solution:

Let I = folong; f(;CH‘)gyex*y*zdx dy dz = flongy Ofx+l°gye e¥[e’dz]dy dx
L= fxlzgoz f;z 0 exey[ez]zﬂo‘qy dy dx = xl:gOZ f;z , ere¥[ext!o9Y — e°]dy dx
L= fxli‘qoz f;z , e*e’[e*el*9y —1]dy dx = fxlzgoz f;z o €e’[e*y — 1]dy dx

o fxli‘qoz f;C:o [e?* y e¥ — e*e?] dy dx = xl:‘qoz[ezx(yey — e¥) — e*e’]§ dx

2 1= [29%[e2*((xe* — e*) — (0 — 1)} — e*(e* — 1)] dx

log 2 log 2
wI= f‘qo [xe3* — e3* + e2* —e?* + e*] dx = | Ogo [xe3* — e3* + e*] dx

log 2 log 2
3x 3x 3x g 3x 3x g
e e e e 4e

3log2 3log2 0
s = [(lOgZ) O] _ e 5 — %] + [elogz _ eO]
“1=(log) X~ 1210 g
. y— 8log2 _E f
wlE== -+t
.| =B8lgz 28, , _log256 19
3 9 3 9

5. Evaluate [, le ) le eyt dedydx

1-x2 _y2_ 2

Solution:




y:  dz dy dx
1-x2—y2—z2 "

Let szxloﬂl xzﬂl x2—

For convenience, we take, k? =1 — x% — y?

1 1-22 J1-22-y2 4z 1 1-2% k
I=[_ of xf vy mdydx:fxzofyzox fo dydx
1 2 . Zk 1 2 _ .
fx Ofy - [sm 1E]z= dy dx = fx Ofy “[sin"11—sin"10]dy dx
1 122 1 1=x2 1
=fx=0fy=0x (——O)dydx—— oIy T dx =2 [(V1—x% dx

1 2
_EEVI= R+ sin (0] Using V@R dx = V@ =3+ Lsint ()
x=

—"lo - Yesin~11 — sin-10)| = 1= _™
1_2[(0 O)+2(sm 1-—sin 0)] =237 73
T - 9 HZ—FZ
6. Evaluate: [, /2 Joo [0 rdzdrde.
Solution:
2_,2 a2—y2

Letl= f:/z foasma Jo« rdzdrde =f:/2 foasmer[z] ¢ drde

_f T/ J-asme [a —r] dr de __f T/ fasme azr—r3] dr do

1.7 2 4 i 1 . a%sin?0  a*sinte
__f /Z[az___]asme de:_f /z[az — ]dg
2 4 0 a’0 2 4

== Jo

_a3 11'/ . 2 _a3 11'/ . 4
=5 Jy 2 sin*0d6 - [ /?sin*6 do

Use Reduction Formula, [Zsin™0 d@ = @D @B @D e K,
n (n-2)(n-4)

where K=1if n isodd and K = g if n is even.

a3

7.

wad _ 3ma® _ 8ma®-3ma® _ 5ma
8 64 64 64

4

3
w1 = S
4

N[ =
N|]




HOME WORK:

1. Evaluate: fol fylz fol_xx dzdxdy .

2. Evaluate: [, fllogy flex logz dz dx dy.

3. Evaluate: [ [/ [*(x2 + y2 + 2%)dx dy dz.

Evaluation of double integral in a given region.

1. Evaluate [[, xy dx dy Where A is the domain bounded by ordinate

x = 2a and the curve x? = 4ay
Solution:

Here x variesfromx =0 to x = 2a and

2
y varies from y=0 to y:%.
xZ

2 -
I=[f, xy dxdy= fx:(, e, xy dydx

x2
=15 x Bl av= R [ o] as

0 2l16a2
2a
_ 1 (2a_g 1 [x6]
"~ 3242 fO x* dx 3242 lely
1 2646 at
1= [ -0|=2.
3242l 6 3
Otherwise,

The point of intersection of the line x = 2a and the parabola x? = 4ay is (2a, a).

~ X varies from x =2,/ay to x=2aand yvariesfrom y=0to y=a.

2 2 2a
I=ff, xy dxdy= [ [*, = xy dxdy= [} y[5] 1oy =1y 3 4e? — dayldy

—_(a 2., 2 — zﬁ_ ﬁa_ 4_E_a_4
= J, [2a®y Zay]dy—[Za 2 2“3]0_[a =7 -




2. Evaluate [[ xy dx dy over the positive quadrant of the circle x* + y* = a?
Solution:

Given x24+y2=a? =~ y?=a%2—x% ~y =Va®2—x?

~ xvaries fromx=0tox =a and y varies from y=0 to y = Va2 — a2 in the

first quadrant.

. 1= [[xydxdy = fxa=0 fy'j_xz xy dy dx
JaZ—x2
a y2
I fx=ox[?]y=0 dx
1 ra 1 ra
I=2[_,x(a> —x)dx =3[ _ (a*x —x*)dx
[z Mt et _at]_ et
_z[a 2 4]x_0_2[2 4]_ 8

atp=1
Solution:
. X2 y2 y2 x2_ (a?-x%)
Given ;+ﬁ—1 o ﬁ—l—;— )

2 _ b%(a?-x?)
=——

y
~ X variesfrom x=0 to x=a and y varies from
y=0toy= EVaZ — x2 in the first quadrant.

b

NP
|=[[ydxdy = [_ [y " ydydx

b 5 5
_ [ [ﬁ]a a?-x? a b
- x=0 2 0

dx (a? — x?) dx

= Jx=0 2a?




= peletx = 5], =aal(e - %) -0l =32 (%) =%
4. Evaluate ffR x*y dx dy whereR is theregion bounded by the lines.
y=x,x+y=2andy=0
Solution:
Solving the equationsy = xand x+y =2 we
getx=landy=1
~Thelinesy=x, x+y=2

intersect at (1,1).

~ y variesfrom y=0 to y=1 and

X varies from x=y to x=2 —y in the first quadrant.

12—
“I=[[x’ydxdy = fy=0 fxzyyxzydx dy

1 #1777 11 11
=Jio [x;]xzy dy =3[ _o¥{2-y)?°-y}dy=2]_,y(8-12y + 6y* — y* —y*)dy

1 _ 2 3 _ gt — 142 _ av3 £ 304 ﬁl
[)_o(8y — 12y? + 6y° — 2y*) dy = [4y% — 4y® +3y* -2 ]y=0

5
S e R

I=l
3

Alternatively, we can take,

=1 y= =2 (y=2- 11
1= [y Ay dxdy = [Z) [ &y dydx+ [ [ «*ydydx = 3

HOME WORK:
1. Evaluate [[, y dx dy Where R is the region bounded by the parabolas
y? =4x and x? =4y.
2. Evaluate [[, xy (x+y) dx dy Where R is the region bounded by the parabola

y= x% and theliney =x.

11




Change of order of integration:

In a double integral with variable limits, the change of order of integration changes the
limit of

integration.

ie, [0 fy)dydx= [ [ f(x,y)dxdy

Problems:

1. Evaluate f fz dy dx by changing the order of integration.

Solution:

yZ\/a_x

GivenI= [ [>72"" dy dx.......... 1)
- y=

4a

Here x varies fromx=0 to x=4aand
2
y varies from y = i—a and y = 2vax .

~ The region of the integration is the region

bounded by the parabolas x? = 4ay and y? = 4ax.

These two parabolas are intersecting

at (0,0) and (4a, 4a)

. By changing the order of integration, x varies
2

from x = :’—a to x=2,/ay and y varies from

y=0and y = 4a.

= f;aof aydx dy = f4a[ 2\/_d _f4a [2\/—__]

4-a

B 3 12a 3 3 3

4a

3 1 3 3

| = 2ay’z  y3| _4a’24724/2 64a® 324> 16a® _ 16a?
3/, 12af

12




dx d
2. Evaluate [j [/ 57

by changing the order of integration.

Solution:

Given I = [;* f“y’;‘;’:;’y ........ 1)

Here x varies from x=y tox=aandy varies from y =0
andy=a.

=~ The region of the integration is the region bounded by the
lines y=0, y=x and x=a.

By changing the order of integration, x varies from x = 0

to x=a and y varies fromy=0andy = x.

a x 1
| = fx=0 fy=0 doy dx

=[x s [tan—l(y/x)]y=0 dx,  Usingf 525 =tan1(¥/q)

| = fxazo(tan‘1 1—tan 10)dx = fo“;_’dx = ll[x]g — ?

3. Evaluate f° fxooeT_y dy dx by changing the order of integration.

Solution:

we Y

Given I—f J. —dy dx........ )

Here x varies from x=0 to x=o and y varies from
y=x and y = .

- The region of the integration is the region bounded by
the linesx =0andy = x.

By changing the order of integration, we get, X varies from

x=0 to x=y and yvariesfrom y =0 and y = .

vl = f;:o e—dx dy = f x]y dy

o e Y

I=fro -y dy = fyoeydy [-e]g=—-(0-1)=1

13




4. Evaluate fgo f: xe_XZ/Ydy dx by changing the order of integration.
Solution:

Given I=[",[ 4 xe_xz/Ydy dx

Here x varies from x=0 to x=o and

y variesfrom y =0 and y=x.

. The region of the integration is the region

bounded by the lines y=0 and y = x.

By changing the order of integration, we get,

xvariesfromx =y to x=o and Yy varies

from y =0 and y = .
0 0 _xz/ x2 2x y
I=]_ [  xe /vdxdy Put —=t . =dx=dt or xdx==dt
y=0Jx=y y y 2
Alsowhen x =y, t =y and whenx = x, t = ©
I=[ _,J_e'2dtdy=[", [—]t_ = [, y[0—evdy =2 [~ yerdy
Applying Bernoulli’s rule, we get,

1=1y(£)- (1)<e-Y)] Jl0-0)-©0-1]=

2

HOME WORK:

1. By changing the order of integration evaluate fol fxﬁ xydydx.

e dydx
logy’

2. By changing the order of integration evaluate f f

3. By changing the order of integration evaluate fol fx\/z(x2 + y®) dy dx

14




Evaluation of double integral by changing into polar coordinates

To change Cartesian coordinates (x, y) to polar coordinates (r, ), we have,

1
x=rcos@, y=rsin . r=(x*+y*)z and dx dy = rdr d6.
Problems:

1. Evaluate fooo fgo e~ (*+%) gx dy by changing into polar coordinates. Hence show that

0,2 _\/E
foex dX—?.

Solution:
Given I =f" [ e~(+9%) dx dy
Here x varies from x = 0 to X =« and y varies

fromy=0toy = .

=~ The region of the integration is the first quadrant
in the xy — plane.

In polar coordinates we have x = rcos @, y =rsin@

1
r=(x*+y*)?2 anddx dy = rdr dé.

In the first quadrant 8 variesfrom 6 =0 to 0 = ;—t and rvaries from r=0 to r =

o0,
I = 2 Of:;oe"rzr dr d0 Taker?2=1t .~2rdr=dt
dt
: rdr=7; When r =0,t = 0 and when r = «, t = .
_¢d
S = f [ et ag =1 [ ]to 6=-1p (0- 1)d0——[0]2—"

0 A0 _ (.2 2 _m . W Fo0 2 .2 _ T
2 fofoe("“’)dxdy—z sy fp e e dxdy =7
. ffe‘xzdx*f(:oe‘yzdyz% Replace y by x.

o _ .2 o _ o _ .2 2

foe"dx*foe"dxz% {foe"dx} =%

Taking square root both sides, we get, f;o e *dx =

S

15




2_y2
2. Evaluate ['[" " y/xZ+y? dxdy by changing to polar coordinates.

Solution:

Given I =[' foJ“z—‘yz yJ/x2 +y? dxdy

Here y variesfromy =0toy=aand X varies
fromx=0tox=./a2 —y? i.e, x? = a® — y?

i.e.,x* + y*> = a?is the circle with center at origin and
radius a.

=~ The region of the integration is the first quadrant in

the xy — plane.

In polar coordinates we have x = rcos @, y =rsinf

1
~ r=(x%+y?)z2 anddx dy = rdr dé.

In the first quadrant 8 variesfrom 6 =0 to 0 = g and rvaries from r =
0 to r =a.

L
2

s I=[2 [" rsin@.r.rdrdd =[2

a 3. P U
=0 Jo_,73sin6 dr de —f02=0[4]t=0 sin@ do

™ 4 4 T 4 4
=[2,|% — 0| sin6 d6=="[- cos 617_j=—= [0 — 1]=%

A/ —x2
3. Evaluate fozf o xdxdy -y changing into polar coordinates.

0 X2+y2
Solution:

f\/Zx—xZ xdx dy

. 2
Givenl= [ [, Ty

Here x varies from x =0 to x =2 and y varies
fromy=0toy=+v2x — x2.
(i.e., x2+y%-2x=0)

=~ The region of the integration is the upper half

of the circle x? + y2?- 2x =0 whose center is

(1, 0) with radius 1 and passing through the

16




origin (0, 0) in the first quadrant of the xy — plane. (Ref. the figure with a=1)

In polar coordinates we have, x =rcos0, y =rsin@

cr=0t+ yz)% and dx dy = rdr de.

Now y = V2x — a2 implies that y2 = 2x — x% =~ x% +y? =2x

Putx =7rcos0, y=rsin@ . r?cos? 0+ r?sin’0 = 2rcos0

~ %2 =2rcos@ .. r=2cos0

= In the first quadrant 0 varies from 6 = 0to 0 = gand rvaries fromr =0 to

r=2co0s0.

=2 [Reos® (reosbirdrdf _ Iz fj“’”’(cos 8)dr d6 = [2 (cos 0)[r]37°° d

0 r2

» 1= [ZcosO(2cos0—0)dO = [22 cos *0d0 = [2(1+ cos 20)d0

[0+ = (- 0) +30-0 =

HOME WORK:

1. Evaluate foa Jo az_yz(xz + y%) dx dy by changing to polar coordinates

a2 — 2
2. Evaluate ffa Jo “ 7 /x2 + y2 dy dx by changing to polar coordinates

17




BETA AND GAMMA FUNCTIONS:
Beta Function:
The beta function is defined as g(m,n) = fol ™11 —-x)"ldx....... 1)
where m>0, n>0.
Alternative form of Beta function:
(i) Provethat B(m,n) = Zf(:T/Z sin?™-19 cos?""19 de6
Proof:
Put x = sin?0 in(1) . dx =2sin@ cos6 dé.
w

Whenx=0, 8§ =0; Whenx=1, 6 ==

=z
-~ Bm,n) = f:/z(sinze)m‘l(l — sin?0)"12sin 0 cosO do
-~ B(m,n) = f(:T/Z(sinZB)’"‘l(cosze)"‘1 2 sin @ cosO do

~ Bm,n) =2 f:/z sin®™-19 cos*™10 d@.......... Q)

This is another form of g(m,n)

Property:

(ii) Prove that B(m,n) = B(n, m)

Proof:

Putx=1-yin(1) . dx=—-dy. When x=0, y=1; When x=1, y=0.
2 Blmm) = — [ -y tynidy = [[y" (1 -y tdy = B(n,m)

~ Bim,n) = p(n,m)

Gamma Function:

The gamma function is defined as I'(n) = f;o e *x" ldx ......... (3), where n > 0.

Alternative form of Gamma function:
(i) ProvethatI'(n) = 2 fox eV y2n-1dy
Proof:

Put x =y% in(3) - dx = 2ydy. Whenx=0, y=0; When X = o, y= oo,

18




« T = [ e (y)" 1 2ydy=2[ ey 1dy

~I'(n)=2 f;o e‘J’ZyZ"‘1 dy. This is another form of I'(n).

(ii) Prove that r(1) =1

Proof:

Putn=1in(3) ~ (1) =f e*dx=|"| =-0-1)=1 ~r=1

0
Relations:

1. Reduction formula for '(n): Prove that '(n + 1) = nI'(n), n>0.
Proof:

We have I'(n) = [ e~*x"1dx. Replacenbyn+1

»F(n+1) = [ e*x"dx. Using integration by parts we get,

rn+1) = [x" (g)]: — f;o (g) nx"1dx

~Tn+1) = (O—O)+nf(:oe‘xx"‘1dx =nr(n)

~I'n+1)=nrm)....... “)

2. Prove that I'(n + 1) = n!, where n is a positive integer.

Proof:

WehaveI'(n+1) =nr(n) andI'(1) =1

~r2)=r1+1)=1.r1)=11=1!
r3)=r2+1)=2r2)=2.1=2!
r4)=r3+1)=3r(3)=3.2=3!

(i) Formula (4) is valid for all the positive values of n.

(i) Formula (5) is valid for all the positive integer n.

19




(iii) From (4) we write I'(n) = T2

(iv) I'(n) is not defined for n = 0 or negative integer

Relation between Beta and Gamma functions:

3. Prove that B(m,n) = %

Proof:

We have I'(m) = 2 [ e ¥ x*™ 1dx.......... )
Similarly, I'(n) = 2 fgo e VyIn-lgy ... Q?)

And g(m,n) = 2 fon/z sin®™-19 cos*™ 10 d@.......... &)

Multiplying (1) and (2) we get,
rmr(n) =4 f;o f(:o e~ () y2m-1y2n-1 g gy
Here x varies from x =0 to x = and y varies fromy =0toy = oo.

=~ The region of the integration is the first quadrant in the xy — plne
Take x =1cos0, y=rsin . r=(x*+ y2)1/2 and dx dy = rdr deé.
Where 6 varies from 8 =0 to 0 = g and rvaries from r=0 to r = «.

~ '(m)r(n) =4 f(:o fge‘rzrz"“lcoszm‘1 0.1r*" 1gin?"-1 9 rdo dr.

~ r'(m)(n) =2 f(;’o e T r2min)-1 go. . 9 foi cos?™ 1 @ sin?"1 0 de

r(m)r(n)

~Irm)rln) =rm+n)B(m,n). -~ Bimmn) = T (4), using (1) and (3).
4. prove that I'(1/,) = v and show that [" e dx :g :

Proof:

We have B(m,n) = Zf"/z n*™-19 .cos?*™ 19 do

Put m=n=1/2

. B(LY) =2 sin*T0 .cos’T 0 do=2 " 1d6 =2 (013 =2. ==

. This formula is valid for all negative non-integer.
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c B(33) =T eeenn(D)

we know that

r(mrn)
r(m+n)

p(m,n) =

Putm=n=1/2

8L =rr(()r()) S @ T =1

2’2 1.1
2+Z

From (1) and (2), we get,
1 2
Further we have I'(n) = 2 f;o e~ x2"1dx. Putn= %

. _ o .2 . o .2 _ﬁ
sVm=2f e dx . [le*dx=T-.

Alternative Proof:
We have I'(n) = 2 [ e~ x2"-1dx. Putn= %
r(l,) =2 e* dx...... (1). Replace x by y.
r(1/2) =2 f(;” eV dy........... (2). Multiplying (1) and (2) we get,
[r(Yp)]" = 4J; [ e @™ dx dy.

Here x varies from x =0 to x =« and y varies fromy =0toy = .

=~ The region of the integration is the first quadrant in the xy — plne.

Take x =1cos0, y=rsin@® . r=(x*+ y2)1/2and dx dy = rdr dé.

In the first quadrant 6 varies from @ = 0 to 6 =7 and r varies from
r=0tor= .

[I‘(l/z)]2 = 4f(:2_t [,erdrdo. Taker?=t -2rdr=dt - rdr= % ;

Whenr =0, t=0and whenr = x, t = o.

[r(l/z)] = 4[; AR &g =2 fz e 7 ,do = —2 fio(o —1)de
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[r(p) =2l6k =22 -0)=r = 1(1/,) = Vm

Note:
We have, B(m,n) =2 f:/z sin®™-19 cos?"-19 d@.......... 1)
Take2m—-1=p and 2n-1=q. ~m=22 p=21

[}("ZL1 qT“) = Zfon/z sin?0 cos10 d6

n p1Y (g1
w2 sinPx cosx dx = %3 (I’ZL"‘IT“) _ %

In particularif g = Oand p=n, we get fz sin"x dx = —ﬁ(n+1 1) = F(E)
2

n+l 1 F(nTH)
Similarly, fzcos x dx ——[3( )= 22,

Problems:

1. Find the values of T'(6), T(—1/,), T(3/,), T(73/,), I‘(S/Z) and F(_S/Z).

Solution:

Using'n+ 1) =n!, WegetrI'(6)=r(5+1) =5!'=120.

~1
Using I'(n) = M , wegetr(-1/,) = r(_l—//22+1) =-—2r(1/,)=-—2vm.

Using'(n+ 1) = nT'(n), we get, I‘(3/2) = I‘(1/2 +1)= % r(l/z) - % N

r(- 3/2"'1) r(-1/,)

r(n+1)
— , We get, r(_ 3/2) - 3/2 _3/2

Using I'(n) =

. T(=3/y) _—Zw r(l/z)-—

Using F(n+ 1) = n T, weget, 1(3/2) = TGy +1) =5 1(5) =3 (13 +1)

(312 2r(1/5) =2
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_5 3 3
Using F(n) = I"(r:l+1)’ we get, ['(_ 5/2) — F( _5//22+1) — r(_5/£2) — —_52 F(—_S//22+. 1)

o 1(=5)5) = (= 1) = S = 2 (1) = 2w

2. Find the values of B(5,6) and p(—1/,,3/,).

Solution:
. _ rmrn) _ r®re) _@)s) - @HE) 1
Using f(m,n) = r(m+n)’ we get, B(5,6) = ray 100 109876,5) 1260
f(—%“) 1
=41 (5+1)
17 37y TEWRIGR) (-3 1\1 1) _ _
And B(=7/2:°/2) = r(-Yy+3/) ~ ray Zr(z)zr(z)_ V.V =

3. Prove that fog Vtan6 do = %F(1/4)I‘(3/4).

Solution:

b3 T . L 1 1
J2tan6 do = /j;’;z d6 = [?(sinB)z(cos6) 2 do

——1B(§ 1) usin fgsinmx cos™x dx—lﬁ(m—+1 n—ﬂ)
2P \a’4)’ 9 Jo ) 2’2

_ 1[‘(3/4)1'(1/4) — l[‘(3/4)1'(1/4)

T 2r1(3/,+1,) 2 r@

= %r(1/4)r(3/4). Using I'(1) = 1

r(m)r(n)
r(m+n)

, using B(m,n) =

4. Prove that [?~/sin® d@ foi\/% =T

Solution:

Let |_f2\/Sl do « 12_[\/_

= [™sin20 dO * [%sin":6 d6
0 sin OSln

ol o o -

) 0 GO L @) r(e) -2 ()

4 4
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5. Prove that fol x3(1 - \/E)de =26(8,6).
Solution:
Take vx =sin%0 or x = sin*@ - dx=4 sin30cos0 dé.
When x =0, 8 = 0; When x =1, 0=’2—’.
fol x3(1- \/E)de = [Zsin'?0(1 — 5in?60)°4 sin*Ocos0 dO

=4 [2sin'%0 cos'0 cos6 dO = 4 |2 sin'>0 cos'10d6

flxs(l \/—) dx = 4. 3(15+1 11+1) 2B(8,6)

dx fr(1/4)
1-x* 413/, "

6. Prove thatf
Solution:

1 1 -1
Take x* = sin%0 or x = sinz@ .. dx= 5 Sinz 6coso de.

Whenx =0, 8 =0; When x=1, Bzg.

-1

1 dx sm20c030 de
=== == (2 20d0
fo 1-x% f V1-sin20 f sin
- 11 1 n+l 1
[ — s _ 2 s
= 2ﬁ< 2) : usmgfsmxdx— B( 2)
_ar@Er@E _ arGhe 4 - _ ramrm
B R /A M T
v r(1 /4)
7. P h =
rove t atf m 4ﬁr(3/4)
Solution:
1 dx
I =
fo 1+x%
1
Take x* = tan?0 or x = tan'/?0 - dx= %tan_ie sec’0do
When x=0, tan’0 =0 .0 =0; Whenx=1, tan?6=1 .. 0 = g
Ll = fl dx f_ tan 20seczed0 —_f4 tan 20sec20d0
0 1+x4 J1+tan26 secO
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——f4tan 20 secO do = 1 I4M:lf0ﬂm 20 dg —f4

cos 20cos6 cosZB sthHCOSZB
.= 1 T de f" f4 do
a Ox/smecos sin20 \/_ 0 Vsin26
T2

~de =%

Now take20 =@ .. 0 = 5

NS

When 6 =0, ¢ = 0; when9=;—’, (z>=§.

w

2 24? _ 2 3 0 2 p q — (p+1 q+1)
= 2\/2 f sin~ (Z)cos odo . Usmgfsmxcos xdx = 2[3 )

= Ll 1\_ 1 1y _ 1 FEIrt,) _ 1 r/ae

T o2y272 (4 ’2)_ 4ﬁﬂ(4 ’2) T vz r(1,4Y,) T4z r@/y)
1 x“dx Vr (3/)

8. Prove that |, m_TF(S/i)

Solution:

Let | =f01%dx

1 1
. . = 1 . —-=
Take x* = sin%0 or x = sinz0 - dx = 5 sin 20 cos0do

When x=0, 8 =0; When x=1, Bzg.

-1

1 x2 dx 2 sin@sin 20cos0dO 1 1
. = = ==[2ginz 0
1=/, de — > J¢ sin20 cos°0 do

2 2 2

1 T
_1 1,3t 1\ 1 (3 1) . Z cinP q 1 (p+1 q+1)
I—2.2B<2 , 2)—4ﬁ +3) Usmgfosmxcos xdx=:=f ,

_1 r(3/)r(/,) _1 r(3/)Vm
4 1(3/y+1,) 4 r(5/,)

1 x2dx 1 dx T
9. Provethatf m fﬁ—m
Solution:
Let I, =1 24 gy
0 /1_x4

1 1
. . = 1 . =
Take x* = sin%0 or x = sinz0 - dx = 5 Sin"20 cos0do




When x=0, 8 =0; When x =1, 9:’2—’.

-1

1 x% dx sind sin 2 OcosO dG

-l = d =2 Zsmzede

fo V1 fo V1-sin260 f

1
_ 11,031 1) _1 (31) > _(n+11)
: I1—2.23<2 ) 2>—4B 173 ). Usmgf sin"x dx =-f >
1 _1
Take x* = tan?0 or x = tan'/?0 .. dx= ;tan"20 sec’0do
When x=0, tan’0 =0 -~ 60 =0; Whenx=1, tan’6=1 .0 = %.
1
ol = fl f_ tan 20 sec’0do _f4 " tan"20 sec20do
1+x4 V1+tanZ0 sect
20 de 23 de de
f‘*tan 20 seco d = f4sm——5f4sm T —f‘*—l
cos 260cos6 cos20 sin20cos20
T T T

1 de 1, dé 1 ~ dé
. |2:_ 4.—:_f4 - :_f‘l- -

270 /sinBcos@ 270 [sin2z0 /270 +/sin26

2
d

Now take 20 =@ .- 0 =§ ~do =7‘Zj )

When 6 =0, @ =0; when0=§, Q)=§.

5o L
I, = \/2 f o 2\/2 fzsm Z(Dd(b Using fzsm xdx——ﬁ(nﬂ,%), we get,
1 1,01 1 1 11
l2= z_ﬁ'EB(Z'E): 4_\/73(2’5) """" ).

1l xdx 1 dx _ _1,(3 1\ 1 11

s = =3B (33) B (G )

. fl x2 dx fl dx _ 1 F(3/4)F(1/2) F(1/4)I'(1/2)
0

Yo i T o e T 162 TG/,11,) (Y41,

__1 r(3/ Ve 11/ )ve __m r(/,)
16v2 I‘(5/4) . I‘(3/4) 162 1‘(5/4)

r(m)r(n)
r(m+n)

using B(m,n) =

x (YY) _ = rty) _ =

C1evzr(l+1) o1evzir(l,) o a2
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10. Show thatI'(n) = fl (logl)n dy
0 y
Solution:

We have I'(n) = fooo x" le*dx. Takex = logi neX= L e* =y

~—x=logy ~x=-1logy - dx=—£dy. When x=0, y=1; Whenx=o0, y=0.

n-1

~T(n)=- flo (logi) y. idy = f01 (log i)n_l dy

q-1
11. Show that B(p,q) —fo (1iy)r)+qdy

Solution:

We have B(p,q) = fol P11 —x)1 1dx

dy and1-x= 1- L =2

1
Take x=— -~ dx= >
1+y (1+ ) 1+y 1+y

When x =0, 1+y=i:oo W y=oo; Whenx=1, 1+y=1.y=0.

_ 1 p-1 y q-1 1 _ [ yq—l
~ B, = -], (1+y) (E) (1+y)2dy_f0 (1+y)v+qu

fl xP~ 1y x4-1
0 (1+x)P*a

12. Show that B(p,q) =
Solution:

We have B(p,q) = fol xP71(1—x)Tldx

Take x:rly ~dx = dy and1-x= 1-11—y:L'

(1+y )2 1+y

When X:0,1+y:%:oo.'. y=o00; Whenx=1, 1+y=1 . y=0.

p—-1 q-1 q-1
__ y 1 gy= [0
- B =, (1+y) (1+y) a2 W =l G

. _ 1 yq_l o yq—l
B = fy g Y+ I G A e )

Take y :% in second integrand on RHS . dy = :—Zldt.

When y=1, t=1; When y=o00, t=0.
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+

y1~
(1+y)pta

. B = [,

")

0 ( ) -1
— T ( tz)dt

— 1 yq_l 1 1 1
= fo (1+y)P+a + fo (ﬂ)p+q (tq—1+z)dt
t
. _ 1yt 1 ¢p+a 1
“B®.@) = fy o Y+ o Troe (tﬁ)d‘
— 1 yq_l
0 Gy T fo a+ ,)m dt. Replace y and t by x
1 x4-1 1 x APy 4a1
~Bq) = fo (1+x)P*4 dy + fo (+pra O T fo RTCE
13. Evaluate fooo’c‘—c dx
Solution:
Take c*=e? . logc*=loge” .. xlogc=y loge ~ xlogc=y leogc y

Differentiating we get, dx = ﬁdy. Whenx=0, y=0; Xx=00,y =00,

oo x€ 0 1 | 1
. X — 1 -y _ —Ya,C
h fo c* dx fo (logc }’) eY logc (logc)” logc f y € dy (logc)chl f e’y dy
= W r(c+1)= F(C:)Brl Using'(n +1) = fooo e *x"dx
14. Evaluate [ a~"** dx
Solution:
Take a~b**=e~t Take log on both sides. .~ (=b log a) x% = —t ~ (bloga)x? =t
1 1
~ (bloga)2x.dx = dt dx = = dt
( g ) Z(b lOg a)x Z(b lOg a) b.l;ga
[Patdx=["et ! dt = ——— [ etz dt
0 O 20l0ga [ 2/(bloga) ~0
-1 pr(_1 i — [ p—xyn
= (bloga)l"( 2+1) Using F(n+1) = [ e™*x"dx
1
®© __bx? _ r(i) Vm
fO a dx = 2,/bloga - 2,/(bloga)’
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3
15. Evaluate fol x> (logi) dx
Solution:
Take logi =t ~ Xx=e! . dx=-eldt
When x=0, t=o0; When x=1, t=0.
3 (o]
fol x° (log i) dx =f02 e St 3(—e Hdt = — fog e ® 3dt =[ e t3dt

Put 6t=y = 6dt=dy - dt=zdy

1 1\3 o _ 3dy _ 1 ;o _ 1 1 1
Jo x* (logy) dx =[7 e (3) ¢ =5 )" e7yP dy =5 T@= 5o (3) =5

HOME WORK:
1. Evaluate (i) T(7/,) (i) B Gi) (iii)) B (% —i)
2. Express the following integrals in terms of gamma functions

() f, e*dx (i) [, xP"leT*dx, (k> 0)

_ I®)
3. Show fo = 9X = o
) OOXn—1 T
4. Given fo odx=— , show that '(n)I'(1 —n) = pr—

o d
hence evaluate [ 1+’;4

1 d 1 11

5. Prove that [ _XX‘} 4ﬁB(Z'E)'
(-1D)"n!
(m+1)n+1’

6. Prove that f01 x™(log x)"dx =

Hence evaluate fol x(log x)3dx.

where n is a positive integer and m>-1.
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