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MODULE-4 

INTEGRAL CALCULUS 

SYLLABUS: 

Multiple Integrals: Evaluation of double and triple integrals, evaluation of double integrals 

by change of order of integration, changing into polar coordinates.  

Beta and Gamma functions: Definitions, properties, the relation between Beta and Gamma 

functions,Problems. 

 

Multiple Integrals: 

Double integrals: 

Let f(x, y) be a function of two independent variable x and y defined at each point in the 

finite region R of the xy-plane, then the integral of  f(x,  y) over the region R is written as 

∬ f(x, y)
𝐑

𝐝𝐀  and is called the double integral. 

   If  x varies from a value 𝐱𝟏 to  𝐱𝟐 and y varies from a value 𝐲𝟏to 𝐲𝟐 in the region R then 

we write  ∬ f(x, y)
𝐑

 𝐝𝐀 = ∫ ∫ 𝐟(𝐱, 𝐲)
𝐲𝟐

𝐲𝟏

𝐱𝟐

𝐱𝟏
𝐝𝐲 𝐝𝐱,  where 𝐱𝟏,  𝐱𝟐, 𝐲𝟏,  𝐲𝟐 are constants. 

   If  𝐱𝟏 𝐚𝐧𝐝 𝐱𝟐 are constants,  𝐲𝟏 = 𝐟𝟏(𝐱) 𝐚𝐧𝐝 𝐲𝟐 = 𝐟𝟐(𝐱) then  

∬ f(x, y)
𝐑

𝐝𝐀 = ∫ [∫ 𝐟(𝐱, 𝐲)
𝐲𝟐

𝐲𝟏
𝐝𝐲]

𝐱𝟐

𝐱𝟏
𝐝𝐱.  

  If  𝐲𝟏 𝐚𝐧𝐝 𝐲𝟐 are constants,  𝐱𝟏 = 𝐟𝟏(𝐲) 𝐚𝐧𝐝 𝐱𝟐 = 𝐟𝟐(𝐲) then    

 ∬ f(x, y)
𝐑

𝐝𝐀 = ∫ [∫ 𝐟(𝐱, 𝐲)
𝐱𝟐

𝐱𝟏
𝐝𝐱]

𝐲𝟐

𝐲𝟏
𝐝𝐲 

 

Problems:  

1.  Evaluate ∫ ∫ 𝐱𝐲𝟐𝟑

𝟏

𝟐

𝟏
𝐝𝐱 𝐝𝐲             

Solution: 

Let  I = ∫ ∫ 𝐱𝐲𝟐𝟑

𝟏

𝟐

𝟏
𝐝𝐱 𝐝𝐲 = ∫ 𝐲𝟐 [∫ 𝐱𝐝𝐱

𝟑

𝟏
]

𝟐

𝟏
 𝐝𝐲 = ∫ 𝐲𝟐 [

𝐱𝟐

𝟐
]

𝟏

𝟑
𝟐

𝟏
𝐝𝐲  

∴  𝐈 = ∫
𝐲𝟐

𝟐
(𝟗 − 𝟏) 𝐝𝐲

𝟐

𝟏
 = ∫  𝟒𝐲𝟐𝐝𝐲

𝟐

𝟏
= 𝟒 [

𝐲𝟑

𝟑
]

𝟏

𝟐

=
𝟒

𝟑
(8 – 1) = 

𝟐𝟖

𝟑
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2. 𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 ∫ ∫ 𝐱𝐲 𝐝𝐲 𝐝𝐱
√𝐱

𝐱

𝟏

𝟎
 

Solution: 

Let  𝐈 = ∫ ∫ 𝐱𝐲 𝐝𝐲 𝐝𝐱
√𝐱

𝐲=𝐱

𝟏

𝐱=𝟎
  = ∫ 𝐱 [∫ 𝐲 𝐝𝐲

√𝐱

𝐲=𝐱
]

𝟏

𝐱=𝟎
𝐝𝐱 =∫ 𝐱 [

𝐲𝟐

𝟐
]

𝐱

√𝐱

 𝐝𝐱
𝟏

𝐱=𝟎
 

          = ∫
𝐱

𝟐
 [(√𝐱)𝟐 − 𝐱𝟐] 𝐝𝐱

𝟏

𝐱=𝟎
  = 

𝟏

𝟐
∫ 𝐱(𝐱 − 𝐱𝟐)𝐝𝐱

𝟏

𝟎
  = 

𝟏

𝟐
∫ (𝐱𝟐 − 𝐱𝟑)𝐝𝐱

𝟏

𝟎
 

∴  𝐈 = 
𝟏

𝟐
[

𝐱𝟑

𝟑
−

𝐱𝟒

𝟒
]

𝟎

𝟏

=
𝟏

𝟐
 [(

𝟏

𝟑
−

𝟏

𝟒
) − (𝟎 − 𝟎)] =

𝟏

𝟐𝟒
 

3.  Evaluate ∫ ∫ 𝐱(𝐱𝟐 + 𝐲𝟐)
𝐱𝟐

𝟎

𝟓

𝟎
𝐝𝐱 𝐝𝐲 

Solution: 

Let  I = ∫ ∫ 𝐱(𝐱𝟐 + 𝐲𝟐)
𝐱𝟐

𝟎

𝟓

𝟎
𝐝𝐱 𝐝𝐲 = ∫ [∫ (𝐱𝟑 + 𝐱𝐲𝟐)

𝐱𝟐

𝟎
𝐝𝐲]

𝟓

𝟎
𝐝𝐱 = ∫ [𝐱𝟑𝐲 + 𝐱

𝐲𝟑

𝟑
]

𝟎

𝐱𝟐
𝐱=𝟓

𝐱=𝟎
𝐝𝐱  

           = ∫ (𝐱𝟓 +
𝐱𝟕

𝟑
) 𝐝𝐱

𝟓

𝟎
 = (

𝐱𝟔

𝟔
+

𝐱𝟖

𝟐𝟒
)

𝟎

𝟓

 =  
𝟏

𝟔
 ( 𝟓𝟔) +

𝟏

𝟐𝟒
(𝟓𝟖) =

𝟏𝟓𝟔𝟐𝟓

𝟔
 +

𝟑𝟗𝟎𝟔𝟐𝟓

𝟐𝟒
 

∴  𝐈=  
𝟔𝟐𝟓𝟎𝟎+𝟑𝟗𝟎𝟔𝟐𝟓

𝟐𝟒
 =  

𝟒𝟓𝟑𝟏𝟐𝟓

𝟐𝟒
≅ 𝟏𝟖𝟖𝟖𝟎. 𝟐  

4.   𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 ∫ ∫
𝐝𝐲 𝐝𝐱

√𝟏+𝐱𝟐+𝐲𝟐

√𝟏+𝐱𝟐

𝟎

𝟏

𝟎
 

Solution: 

Let  I = ∫ ∫
𝐝𝐲 𝐝𝐱

√𝟏+𝐱𝟐+𝐲𝟐

√𝟏+𝐱𝟐

𝟎

𝟏

𝟎
     For convenience  take 𝟏 + 𝐱𝟐= 𝐚𝟐. 

∴   I = ∫ ∫
𝐝𝐲 𝐝𝐱

√𝐚𝟐+𝐲𝟐

𝐚

𝟎

𝟏

𝟎
 =∫ [∫

𝐝𝐲 

√𝐚𝟐+𝐲𝟐

𝐲=𝐚

𝐲=𝟎
]

𝐱=𝟏

𝐱=𝟎
𝐝𝐱 

        = ∫ [𝐥𝐨𝐠(𝐲 + √𝐚𝟐 + 𝐲𝟐)]
𝟎

𝐚𝐱=𝟏

𝐱=𝟎
𝐝𝐱.        Using∫

𝐝𝐱

√𝐚𝟐+𝐱𝟐
= 𝐥𝐨𝐠(𝐱 + √𝐚𝟐 + 𝐱𝟐 ) 

∴  𝐈 = ∫ [𝐥𝐨𝐠(𝐚 + √𝐚𝟐 + 𝐚𝟐) − 𝐥𝐨𝐠(𝟎 + √𝐚𝟐 + 𝟎)]
𝐱=𝟏

𝐱=𝟎
𝐝𝐱 

       = ∫ [𝐥𝐨𝐠(𝐚 + √𝟐𝐚𝟐) − 𝐥𝐨𝐠(√𝐚𝟐)]
𝐱=𝟏

𝐱=𝟎
𝐝𝐱 = ∫ [𝐥𝐨𝐠(𝐚(𝟏 + √𝟐)) − 𝐥𝐨𝐠𝐚]

𝐱=𝟏

𝐱=𝟎
𝐝𝐱 

       = ∫ [𝐥𝐨𝐠𝐚 + 𝐥𝐨𝐠(𝟏 + √𝟐) − 𝐥𝐨𝐠𝐚]
𝐱=𝟏

𝐱=𝟎
𝐝𝐱 = ∫ [𝐥𝐨𝐠(𝟏 + √𝟐)]

𝐱=𝟏

𝐱=𝟎
𝐝𝐱 

∴  𝐈 = 𝐥𝐨𝐠(𝟏 + √𝟐) ∫ 𝐝𝐱
𝐱=𝟏

𝐱=𝟎
= 𝐥𝐨𝐠(𝟏 + √𝟐) [𝐱]𝟎

𝟏 = 𝐥𝐨𝐠(𝟏 + √𝟐)(𝟏 − 𝟎) = 𝐥𝐨𝐠(𝟏 + √𝟐) 
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5.  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 ∫ ∫
𝐚 𝐫

√𝐚𝟐−𝐫𝟐
  𝐝𝐫 𝐝𝛉  

𝐚 𝐜𝐨𝐬 𝛉

𝟎

𝛑
𝟐⁄

𝟎
  

Solution:  

Let  I = ∫ ∫
𝐚 𝐫

√𝐚𝟐−𝐫𝟐
  𝐝𝐫 𝐝𝛉  

𝐚 𝐜𝐨𝐬 𝛉

𝟎

𝛑
𝟐⁄

𝟎
Take  𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧 𝐚𝟐 − 𝐫𝟐 = 𝐭.   

𝐃𝐢𝐟𝐟𝐞𝐫𝐞𝐧𝐭𝐢𝐚𝐭𝐢𝐧𝐠 𝐰𝐞 𝐠𝐞𝐭,  − 𝟐𝐫 𝐝𝐫 = 𝐝𝐭  ∴  𝐫 𝐝𝐫 = −
𝐝𝐭

𝟐
; 𝐰𝐡𝐞𝐧 𝐫 = 𝟎,  𝐭 = 𝐚𝟐  𝐚𝐧𝐝  𝐰𝐡𝐞𝐧  

𝐫 = 𝐚 𝐜𝐨𝐬 𝛉,   𝐭 = 𝐚𝟐 − 𝐚𝟐𝐜𝐨𝐬𝟐𝛉= 𝐚𝟐(𝟏 − 𝐜𝐨𝐬𝟐𝛉) = 𝐚𝟐𝐬𝐢𝐧𝟐𝛉. 

∴   𝐈 = ∫ { ∫
𝐚

√𝐭

𝐚𝟐𝐬𝐢𝐧𝟐𝛉

𝐚𝟐

 .  (–
𝐝𝐭

𝟐
)} 𝐝𝛉

𝛑

𝟐

𝟎

= −
𝐚

𝟐
∫ [

𝐭
𝟏

𝟐⁄

𝟏
𝟐⁄

]

𝐚𝟐

𝐚𝟐𝐬𝐢𝐧𝟐𝛉
𝛑

𝟐

𝟎

𝐝𝛉 

         = −𝐚 ∫ (𝐚𝐬𝐢𝐧 𝛉 − 𝐚)
𝛑

𝟐
𝟎

𝐝𝛉  

         = −𝐚𝟐 ∫ (𝐬𝐢𝐧 𝛉 − 𝟏) 𝐝𝛉
𝛑

𝟐
𝟎

= −𝐚𝟐[−𝐜𝐨𝐬 𝛉 − 𝛉]
𝟎

𝛑

𝟐  = 𝐚𝟐[𝐜𝐨𝐬 𝛉 + 𝛉]
𝟎

𝛑

𝟐   

∴   𝐈 =  𝐚𝟐 [(𝟎 − 𝟏) + (
𝛑

𝟐
− 𝟎)] = 𝐚𝟐 [

𝛑

𝟐
− 𝟏] 

6.  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 ∫ ∫ 𝐫𝟑𝐬𝐢𝐧𝟐 𝛉  𝐝𝐫 𝐝𝛉  
𝐚 𝐬𝐢𝐧 𝛉

𝟎

𝛑
𝟐⁄

𝟎
 

Solution:     

Let  𝐈 = ∫ ∫ 𝐫𝟑𝐬𝐢𝐧𝟐 𝛉  𝐝𝐫 𝐝𝛉  
𝐚 𝐬𝐢𝐧 𝛉

𝟎

𝛑
𝟐⁄

𝟎
= ∫ 𝐬𝐢𝐧𝟐𝛉

𝛑

𝟐
𝟎

[
𝐫𝟒

𝟒
]

𝟎

𝐚 𝐬𝐢𝐧𝛉

𝐝𝛉  

 ∴   I  =
𝟏

𝟒
∫ 𝐬𝐢𝐧𝟐𝛉

𝛑

𝟐
𝟎

(𝐚𝟒𝐬𝐢𝐧𝟒𝛉 − 𝟎) 𝐝𝛉 =
𝐚𝟒

𝟒
∫ 𝐬𝐢𝐧𝟔𝛉

𝛑

𝟐
𝟎

 𝐝𝛉 

Use Reduction Formula,   ∫ 𝒔𝒊𝒏𝒏𝜽
𝝅

𝟐
𝟎

 𝒅𝜽 =  
(𝒏−𝟏)

𝒏
 
(𝒏−𝟑)

(𝒏−𝟐)

(𝒏−𝟓)

(𝒏−𝟒)
………..K,  

where K = 1 if  n  is odd and  K =  
𝝅

𝟐
  if n is even.  

Here n = 6 (even)  

∴   I = 
𝒂𝟒

𝟒
 
(𝟔−𝟏)

𝟔
 
(𝟔−𝟑)

(𝟔−𝟐)

(𝟔−𝟓)

(𝟔−𝟒)
 
𝝅

𝟐
 = 

𝒂𝟒

𝟒
 
𝟓

𝟔
 
𝟑

𝟒
 
𝟏

𝟐
 
𝝅

𝟐
 = 

𝟓𝒂𝟒𝝅

𝟏𝟐𝟖
 . 

HOME WORK: 

1.  Evaluate: ∫ ∫ 𝒙𝒚(𝟏 + 𝒙 + 𝒚) 𝒅𝒚 𝒅𝒙
𝟐

𝟏

𝟑

𝟎
           2.  Evaluate: ∫ ∫ (𝒙𝒚 + 𝒆𝒚)

𝟒

𝟑

𝟐

𝟏
 𝒅𝒙 𝒅𝒚 

3.  𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∫ ∫
𝒅𝒚 𝒅𝒙

√𝟏−𝒙𝟐√𝟏−𝒚𝟐

𝟏

𝟎

𝟏

𝟎
                            4 . 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∫ ∫ 𝒙𝟑𝒚 𝒅𝒙 𝒅𝒚

√𝟏−𝒚𝟐

𝟎

𝟏

𝟎
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5.  Evaluate: ∫ ∫ (𝒙𝟐 + 𝒚𝟐) 𝒅𝒙 𝒅𝒚
√𝒙

𝒙

𝟏

𝟎
                  6.  Evaluate: ∫ ∫ 𝒆

𝒙
𝒚⁄𝒚

𝟎

𝟏

𝟎
 𝒅𝒙 𝒅𝒚 

7.  Evaluate: ∫ ∫ 𝒆
𝒚

𝒙⁄𝒙

𝟎

𝟏

𝟎
 𝒅𝒚 𝒅𝒙                             8.  Evaluate: ∫ ∫

𝒅𝒚 𝒅𝒙

𝒙𝟐+𝒚𝟐

𝒙

𝟎

𝟐

𝟏
 

9.  Evaluate: ∫ ∫
𝒅𝒚 𝒅𝒙

𝟏+𝒙𝟐+𝒚𝟐

√𝟏+𝒙𝟐

𝟎

𝟏

𝟎
                          

10.𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∫ ∫ √𝒂𝟐 − 𝒙𝟐 − 𝒚𝟐 𝒅𝒙 𝒅𝒚
√𝒂𝟐−𝒚𝟐

𝟎

𝟏

𝟎
  

 

Triple integrals: 

If 𝒇(𝒙, 𝒚, 𝒛) is a function of three independent variables defined in a finite region V, then 

the 

integration of 𝒇(𝒙, 𝒚, 𝒛) over the region V is denoted by  

∭ 𝒇(𝒙, 𝒚, 𝒛)𝒅𝑽
𝑽

 = ∫ ∫ ∫ 𝒇(𝒙, 𝒚, 𝒛) 
𝒛𝟐

𝒛𝟏

𝒚𝟐

𝒚𝟏

𝒙𝟐

𝒙𝟏
𝒅𝒛 𝒅𝒚 𝒅𝒙    

 

Problems:  

 1.   𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 ∫ ∫ ∫  (𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐)𝐝𝐳 𝐝𝐲 𝐝𝐱 
𝐚

−𝐚

𝐛

−𝐛

𝐜

−𝐜
. 

Solution: 

Let  I =  ∫ ∫ ∫  (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) 𝒅𝒛 𝒅𝒚 𝒅𝒙 
𝒂

𝒛= −𝒂

𝒃

𝒚 =−𝒃

𝒄

𝒙 =−𝒄
 

∴  I  =  ∫ ∫ [𝒙𝟐𝒛 +  𝒚𝟐𝒛 +  
𝒛𝟑

𝟑
]

−𝒂

𝒂
𝒃

𝒚 =−𝒃

𝒄

𝒙 =−𝒄
 dy dx 

        =  ∫ ∫ [
𝒃

𝒚 =−𝒃

𝒄

𝒙 =−𝒄
𝒙𝟐(𝒂 + 𝒂) + 𝒚𝟐(𝒂 + 𝒂) + (

𝒂𝟑

𝟑
+

𝒂𝟑

𝟑
)] dy dx 

        =  ∫ ∫ [𝟐𝒂𝒙𝟐𝒃

𝒚 =−𝒃
+ 𝟐𝒂𝒚𝟐 +

𝟐𝒂𝟑

𝟑

𝒄

𝒙 =−𝒄
] dy dx = ∫ [𝟐𝒂𝒙𝟐𝒚 +  𝟐𝒂 (

𝒚𝟑

𝟑
) + (

𝟐𝒂𝟑

𝟑
) 𝒚]

−𝒃

𝒃
𝒄

𝒙 =−𝒄
  dx 

        = ∫ [𝟐𝒂𝒙𝟐(𝒃 + 𝒃) +
𝟐𝒂

𝟑
 (𝒃𝟑 + 𝒃𝟑) +

𝟐𝒂𝟑

𝟑
(𝒃 + 𝒃) ]

𝒄

𝒙 =−𝒄
  dx 

        = ∫ [𝟒𝒂𝒃𝒙𝟐 +
𝟒𝒂𝒃𝟑

𝟑
+

𝟒𝒂𝟑𝒃

𝟑
 ]

𝒄

𝒙 =−𝒄
  dx =[(𝟒𝒂𝒃) (

𝒙𝟑

𝟑
) +

𝟒𝒂𝒃𝟑

𝟑
. 𝒙 +

𝟒𝒂𝟑𝒃

𝟑
. 𝒙]

−𝒄

𝒄

    

        =[(𝟒𝒂𝒃) (
𝒄𝟑

𝟑
+

𝒄𝟑

𝟑
) +

𝟒𝒂𝒃𝟑

𝟑
. (𝒄 + 𝒄) +

𝟒𝒂𝟑𝒃

𝟑
. (𝒄 + 𝒄)]  

        = 
𝟖𝒂𝒃𝒄𝟑

𝟑
+ 

𝟖𝒂𝒃𝟑𝒄

𝟑
+  

𝟖𝒂𝟑𝒃𝒄

𝟑
 

∴   I = 
𝟖𝒂𝒃𝒄(𝒂𝟐+𝒃𝟐+𝒄𝟐)

𝟑
 . 
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2.  Evaluate ∫ ∫ ∫ (𝐱 + 𝐲 + 𝐳)𝐝𝐱 𝐝𝐲 𝐝𝐳 
𝐱+𝐳

𝐱−𝐳

𝐳

𝟎

𝟏

−𝟏
 

Solution: 

Let  I = ∫ ∫ ∫ (𝒙 + 𝒚 + 𝒛)𝒅𝒚 𝒅𝒙 𝒅𝒛 
𝒙+𝒛

𝒚= 𝒙−𝒛

𝒛

𝒙=𝟎

𝟏

𝒛=−𝟏
 

∴  I = ∫ ∫ [𝒙𝒚 +  
𝒚𝟐

𝟐
+ 𝒛𝒚]

𝒙−𝒛

𝒙+𝒛

𝒅𝒙 𝒅𝒛 
𝒛

𝒙=𝟎

𝟏

𝒛=−𝟏
   

  = ∫ ∫ [𝒙{(𝒙 + 𝒛) − (𝒙 − 𝒛)} +
𝟏

𝟐
{(𝒙 + 𝒛)𝟐 − (𝒙 − 𝒛)𝟐} + 𝒛{(𝒙 + 𝒛) − (𝒙 − 𝒛)}] 𝒅𝒙 𝒅𝒛 

𝒛

𝒙=𝟎

𝟏

𝒛=−𝟏
 

  = ∫ ∫ [𝒙{𝟐𝒛} +
𝟏

𝟐
{(𝒙𝟐 + 𝒛𝟐 + 𝟐𝒙𝒛) − (𝒙𝟐 + 𝒛𝟐 − 𝟐𝒙𝒛)} + 𝒛{𝟐𝒛}] 𝒅𝒙 𝒅𝒛 

𝒛

𝒙=𝟎

𝟏

𝒛=−𝟏
 

  = ∫ ∫ [𝟐𝒙𝒛 + 𝟐𝒙𝒛 + 𝟐𝒛𝟐]𝒅𝒙 𝒅𝒛 
𝒛

𝒙=𝟎

𝟏

𝒛=−𝟏
 = ∫ ∫ [𝟒𝒙𝒛 + 𝟐𝒛𝟐]𝒅𝒙 𝒅𝒛 

𝒛

𝒙=𝟎

𝟏

𝒛=−𝟏
 

  = ∫ [𝟒𝒛 
𝒙𝟐

𝟐
+  𝟐𝒛𝟐𝒙]

𝟎

𝒛
𝟏

𝒛=−𝟏
dz  = ∫ [𝟐𝒛 (𝒛𝟐 − 𝟎) +  𝟐𝒛𝟐(𝒛 − 𝟎)]

𝟏

𝒛=−𝟏
 

∴  I = ∫ (𝟐𝒛𝟑 +  𝟐𝒛𝟑)𝒅𝒛
𝟏

𝒛= −𝟏
 = ∫ 𝟒𝒛𝟑𝒅𝒛

𝟏

𝒛= −𝟏
 = [𝟒 

𝒛𝟒

𝟒
]

−𝟏

𝟏

= 1 – 1 = 0 

3.  Evaluate ∫ ∫ ∫ 𝐱𝐲𝐳 𝐝𝐱 𝐝𝐲 𝐝𝐳 
√𝟏−𝐱𝟐−𝐲𝟐

𝟎

√𝟏−𝐱𝟐

𝟎

𝟏

𝟎
 

Solution: 

Let  𝑰 = ∫ ∫ ∫ 𝒙𝒚𝒛 𝒅𝒛 𝒅𝒚 𝒅𝒙 
√𝟏−𝒙𝟐−𝒚𝟐

𝒛=𝟎

√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
 = ∫ ∫ 𝒙𝒚 [

𝒛𝟐

𝟐
]

𝟎

√𝟏−𝒙𝟐−𝒚𝟐
√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
𝒅𝒚 𝒅𝒙 

∴  I = 
𝟏

𝟐
∫ ∫ 𝒙𝒚 (𝟏 −  𝒙𝟐 − 𝒚𝟐)

√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
𝒅𝒚 𝒅𝒙 = 

𝟏

𝟐
∫ ∫ (𝒙𝒚 −  𝒙𝟑𝒚 − 𝒙𝒚𝟑)

√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
𝒅𝒚 𝒅𝒙 

∴  I = 
𝟏

𝟐
∫ [𝒙

𝒚𝟐

𝟐
−  𝒙𝟑 𝒚𝟐

𝟐
−  𝒙

𝒚𝟒

𝟒
]

𝟎

√𝟏−𝒙𝟐
𝟏

𝒙=𝟎
𝒅𝒙 = 

𝟏

𝟐
 ∫

 𝟏

𝟒
[𝟐𝒙𝒚𝟐 −  𝟐𝒙𝟑𝒚𝟐 −  𝒙𝒚𝟒]𝟎

√𝟏−𝒙𝟐𝟏

𝒙=𝟎
𝒅𝒙 

∴  I = 
𝟏

𝟖
 ∫ [𝟐𝒙 (𝟏 −  𝒙𝟐) −  𝟐𝒙𝟑( 𝟏 − 𝒙𝟐) − 𝒙 (𝟏 − 𝒙𝟐)𝟐]

𝟏

𝒙=𝟎
𝒅𝒙 

∴  I = 
𝟏

𝟖
 ∫ [𝟐𝒙 (𝟏 −  𝒙𝟐) −  𝟐𝒙𝟑( 𝟏 − 𝒙𝟐) − 𝒙(𝟏 − 𝟐𝒙𝟐 + 𝒙𝟒)]

𝟏

𝒙=𝟎
𝒅𝒙 
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∴  I = 
𝟏

𝟖
 ∫ [𝟐𝒙 − 𝟐𝒙𝟑 −  𝟐𝒙𝟑 + 𝟐𝒙𝟓 − 𝒙 + 𝟐𝒙𝟑 − 𝒙𝟓]

𝟏

𝒙=𝟎
𝒅𝒙 

∴  I = 
𝟏

𝟖
 ∫ [𝒙 − 𝟐𝒙𝟑 + 𝒙𝟓]

𝟏

𝒙=𝟎
𝒅𝒙 =  

𝟏

𝟖
 [

𝒙𝟐

𝟐
− 𝟐

𝒙𝟒

𝟒
+

𝒙𝟔

𝟔
]

𝟎

𝟏

=  
𝟏

𝟖
 [

𝟏

𝟐
−

𝟏

𝟐
+

𝟏

𝟔
]

𝟎

𝟏

=
𝟏

𝟖
.

𝟏

𝟔
 = 

𝟏

𝟒𝟖
 

4.  Evaluate ∫ ∫ ∫ 𝐞𝐱+𝐲+𝐳𝐝𝐱 𝐝𝐲 𝐝𝐳 
𝐱+𝐥𝐨𝐠 𝐲

𝟎

𝐱

𝟎

𝐥𝐨𝐠 𝟐

𝟎
 

Solution: 

Let  I = ∫ ∫ ∫ 𝒆𝒙+𝒚+𝒛𝒅𝒙 𝒅𝒚 𝒅𝒛 
𝒙+𝒍𝒐𝒈 𝒚

𝟎
=

𝒙

𝟎

𝒍𝒐𝒈 𝟐

𝟎
 ∫ ∫ ∫ 𝒆𝒙𝒆𝒚[𝒆𝒛𝒅𝒛]𝒅𝒚 𝒅𝒙 

𝒙+𝒍𝒐𝒈 𝒚

𝒛=𝟎

𝒙

𝒚=𝟎

𝒍𝒐𝒈 𝟐

𝒙=𝟎
 

∴  I = ∫ ∫  𝒆𝒙𝒆𝒚[𝒆𝒛]
𝟎
𝒙+𝒍𝒐𝒈 𝒚𝒙

𝒚= 𝟎

𝒍𝒐𝒈 𝟐

𝒙= 𝟎
 dy dx = ∫ ∫  𝒆𝒙𝒆𝒚[𝒆𝒙+𝒍𝒐𝒈 𝒚 − 𝒆𝒐]

𝒙

𝒚= 𝟎

𝒍𝒐𝒈 𝟐

𝒙= 𝟎
dy dx 

∴  I = ∫ ∫  𝒆𝒙𝒆𝒚[𝒆𝒙𝒆𝒍𝒐𝒈 𝒚 − 𝟏]
𝒙

𝒚= 𝟎

𝒍𝒐𝒈 𝟐

𝒙= 𝟎
dy dx = ∫ ∫  𝒆𝒙𝒆𝒚[𝒆𝒙𝒚 − 𝟏]

𝒙

𝒚= 𝟎

𝒍𝒐𝒈 𝟐

𝒙= 𝟎
dy dx 

∴  I = ∫ ∫  [𝒆𝟐𝒙 𝒚 𝒆𝒚 −  𝒆𝒙𝒆𝒚]
𝒙

𝒚= 𝟎

𝒍𝒐𝒈 𝟐

𝒙= 𝟎
 dy dx = ∫ [𝒆𝟐𝒙(𝒚𝒆𝒚 −  𝒆𝒚) −  𝒆𝒙𝒆𝒚]𝟎

𝒙𝒍𝒐𝒈 𝟐

𝒙= 𝟎
  dx 

∴  I = ∫ [𝒆𝟐𝒙{(𝒙𝒆𝒙 −  𝒆𝒙) − (𝟎 − 𝟏)} −  𝒆𝒙(𝒆𝒙 − 𝟏)]
𝒍𝒐𝒈 𝟐

𝒙= 𝟎
  dx 

∴ I = ∫ [𝒙𝒆𝟑𝒙 −  𝒆𝟑𝒙 + 𝒆𝟐𝒙 − 𝒆𝟐𝒙 +  𝒆𝒙]
𝒍𝒐𝒈 𝟐

𝒙= 𝟎
  dx = ∫ [𝒙𝒆𝟑𝒙 −  𝒆𝟑𝒙 +  𝒆𝒙]

𝒍𝒐𝒈 𝟐

𝒙= 𝟎
  dx 

∴  I = [(𝒙
𝒆𝟑𝒙

𝟑
−  

𝒆𝟑𝒙

𝟗
) −  

𝒆𝟑𝒙

𝟑
+  𝒆𝒙]

𝟎

𝒍𝒐𝒈 𝟐

= [𝒙
𝒆𝟑𝒙

𝟑
−  

𝟒𝒆𝟑𝒙

𝟗
+  𝒆𝒙]

𝟎

𝒍𝒐𝒈 𝟐

 

∴ I = [(𝒍𝒐𝒈𝟐)
𝒆𝟑 𝒍𝒐𝒈 𝟐

𝟑
− 𝟎] − [

𝟒𝒆𝟑 𝒍𝒐𝒈 𝟐

𝟗
−

𝟒𝒆𝟎

𝟗
] + [𝒆𝒍𝒐𝒈 𝟐 − 𝒆𝟎] 

∴ I = (𝒍𝒐𝒈𝟐) 
𝟐𝟑

𝟑
− 

𝟒(𝟐𝟑)

𝟗
+

𝟒

𝟗
+ 𝟐 − 𝟏 

∴ I= 
𝟖𝒍𝒐𝒈𝟐

𝟑
 −

𝟑𝟐

𝟗
+

𝟒

𝟗
+ 𝟏 

∴  I  = 
𝟖𝒍𝒐𝒈𝟐

𝟑
 −

𝟐𝟖

𝟗
+ 𝟏 = 

𝒍𝒐𝒈𝟐𝟓𝟔

𝟑
 − 

𝟏𝟗

𝟗
 

5.  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 ∫ ∫ ∫    
𝐝𝐳 𝐝𝐲 𝐝𝐱

√𝟏−𝐱𝟐−𝐲𝟐−𝐳𝟐

√𝟏−𝐱𝟐−𝐲𝟐

𝟎

√𝟏−𝐱𝟐

𝟎

𝟏

𝟎
  

Solution: 
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Let  𝑰 = ∫ ∫ ∫
𝒅𝒛 𝒅𝒚 𝒅𝒙

√𝟏−𝒙𝟐−𝒚𝟐−𝒛𝟐

√𝟏−𝒙𝟐−𝒚𝟐

𝟎

√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
 .  

For convenience, we take,  𝒌𝟐 = 𝟏 − 𝒙𝟐 − 𝒚𝟐   

∴   𝑰 = ∫ ∫ ∫
𝒅𝒛

√𝒌𝟐−𝒛𝟐

√𝟏−𝒙𝟐−𝒚𝟐

𝟎

√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
 𝒅𝒚 𝒅𝒙 = ∫ ∫ ∫

𝒅𝒛

√𝒌𝟐−𝒛𝟐

𝒌

𝟎

√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
 𝒅𝒚 𝒅𝒙    

        = ∫ ∫ [𝒔𝒊𝒏−𝟏 𝒛

𝒌
]

𝒛=𝟎

𝒌

𝒅𝒚 𝒅𝒙
√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
 = ∫ ∫ [𝒔𝒊𝒏−𝟏 𝟏 − 𝒔𝒊𝒏−𝟏 𝟎]

√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
𝒅𝒚 𝒅𝒙  

        = ∫ ∫ (
𝝅

𝟐
− 𝟎) 𝒅𝒚 𝒅𝒙

√𝟏−𝒙𝟐

𝒚=𝟎

𝟏

𝒙=𝟎
 =

𝝅

𝟐
∫ [𝒚]𝟎

√𝟏−𝒙𝟐𝟏

𝒙=𝟎
𝒅𝒙 =

𝝅

𝟐
 ∫ √𝟏 − 𝒙𝟐 𝒅𝒙

𝟏

𝟎
  

        =
𝝅

𝟐
[

𝒙

𝟐
√𝟏 − 𝒙𝟐 +

𝟏

𝟐
𝒔𝒊𝒏−𝟏(𝒙)]

𝒙=𝟎

𝟏

    Using  ∫ √𝒂𝟐 − 𝒙𝟐  𝒅𝒙 =
𝒙

𝟐
√𝒂𝟐 − 𝒙𝟐 +

𝒂𝟐

𝟐
𝒔𝒊𝒏−𝟏 (

𝒙

𝒂
) 

∴   𝑰 =
𝝅

𝟐
[(𝟎 − 𝟎) +

𝟏

𝟐
(𝒔𝒊𝒏−𝟏𝟏 − 𝒔𝒊𝒏−𝟏𝟎)] =

𝝅

𝟐
.

𝟏

𝟐
.

𝝅

𝟐
=

𝝅𝟐

𝟖
  

6.  Evaluate: ∫ ∫ ∫   𝐫 𝐝𝐳 𝐝𝐫 𝐝𝛉
𝐚𝟐−𝐫𝟐

𝐚
𝟎

𝐚𝐬𝐢𝐧𝛉

𝟎

𝛑
𝟐⁄

𝟎
. 

Solution: 

Let I = ∫ ∫ ∫   𝒓 𝒅𝒛 𝒅𝒓 𝒅𝜽
𝒂𝟐−𝒓𝟐

𝒂
𝟎

𝒂𝒔𝒊𝒏𝜽

𝟎

𝝅
𝟐⁄

𝟎
 =∫ ∫ 𝒓[𝒛]

𝒂𝟐−𝒓𝟐

𝒂
𝟎

𝒂𝒔𝒊𝒏𝜽

𝟎

𝝅
𝟐⁄

𝟎
 𝒅𝒓 𝒅𝜽 

   =∫ ∫ 𝒓 [
𝒂𝟐−𝒓𝟐

𝒂
]

𝒂𝒔𝒊𝒏𝜽

𝟎

𝝅
𝟐⁄

𝟎
 𝒅𝒓 𝒅𝜽 = 

𝟏

𝒂
∫ ∫ [𝒂𝟐𝒓 − 𝒓𝟑]

𝒂𝒔𝒊𝒏𝜽

𝟎

𝝅
𝟐⁄

𝟎
 𝒅𝒓 𝒅𝜽 

   = 
𝟏

𝒂
∫ [𝒂𝟐 𝒓𝟐

𝟐
−

𝒓𝟒

𝟒
] 𝒂𝒔𝒊𝒏𝜽

𝟎

𝝅
𝟐⁄

𝟎
 𝒅𝜽 = 

𝟏

𝒂
∫ [𝒂𝟐 𝒂𝟐𝒔𝒊𝒏𝟐𝜽

𝟐
−

𝒂𝟒𝒔𝒊𝒏𝟒𝜽

𝟒
]

𝝅
𝟐⁄

𝟎
 𝒅𝜽 

  = 
𝒂𝟑

𝟐
∫ 𝒔𝒊𝒏𝟐𝜽

𝝅
𝟐⁄

𝟎
𝒅𝜽 − 

𝒂𝟑

𝟒
∫ 𝒔𝒊𝒏𝟒𝜽

𝝅
𝟐⁄

𝟎
𝒅𝜽 

Use Reduction Formula,   ∫ 𝒔𝒊𝒏𝒏𝜽
𝝅

𝟐
𝟎

 𝒅𝜽 =  
(𝒏−𝟏)

𝒏
 
(𝒏−𝟑)

(𝒏−𝟐)

(𝒏−𝟓)

(𝒏−𝟒)
………..K,  

where K = 1 if  n  is odd and  K =  
𝝅

𝟐
  if n is even.  

∴  I = 
𝒂𝟑

𝟐
. 

𝟏

𝟐
. 

𝝅

𝟐
 − 

𝒂𝟑

𝟒
. 

𝟑

𝟒
. 

𝟏

𝟐
. 

𝝅

𝟐
 = 

𝝅𝒂𝟑

𝟖
 − 

𝟑𝝅𝒂𝟑

𝟔𝟒
 = 

𝟖𝝅𝒂𝟑−𝟑𝝅𝒂𝟑

𝟔𝟒
 = 

𝟓𝝅𝒂𝟑

𝟔𝟒
. 
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HOME WORK: 

1.  Evaluate: ∫ ∫ ∫ 𝒙 𝒅𝒛 𝒅𝒙 𝒅𝒚 
𝟏−𝒙

𝟎

𝟏

𝒚𝟐

𝟏

𝟎
. 

2.  Evaluate: ∫ ∫ ∫ 𝒍𝒐𝒈𝒛 𝒅𝒛 𝒅𝒙 𝒅𝒚
𝒆𝒙

𝟏

𝒍𝒐𝒈𝒚

𝟏

𝒆

𝟏
. 

3.  Evaluate: ∫ ∫ ∫ (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝒅𝒙 𝒅𝒚 𝒅𝒛
𝒄

𝟎

𝒃

𝟎

𝒂

𝟎
. 

 

Evaluation of double integral in a given region. 

𝟏.  𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∬ xy
𝑨

 𝒅𝒙 𝒅𝒚  Where A is the domain bounded by ordinate  

      𝒙 = 𝟐𝒂 and the curve   𝒙𝟐 = 𝟒𝒂𝒚 

Solution:  

Here  x  varies from 𝒙 = 𝟎   to   𝒙 = 𝟐𝒂 and     

y varies from   y = 0  to   y = 
𝒙𝟐

𝟒𝒂
 .         

 ∴     𝑰 = ∬ xy
𝑨

 𝒅𝒙 𝒅𝒚 = ∫ ∫  𝒙𝒚
𝒙𝟐

𝟒𝒂
𝒚=𝟎

𝟐𝒂

𝒙=𝟎
 𝒅𝒚𝒅𝒙 

          = ∫ 𝒙 [
𝒚𝟐

𝟐
]

𝟎

𝒙𝟐

𝟒𝒂
𝒅𝒙

𝟐𝒂

𝒙=𝟎
 = ∫

𝒙

𝟐
[

𝒙𝟒

𝟏𝟔𝒂𝟐 − 𝟎]
𝟐𝒂

𝟎
𝒅𝒙  

          = 
𝟏

𝟑𝟐𝒂𝟐 ∫ 𝒙𝟓𝟐𝒂

𝟎
𝒅𝒙 =

𝟏

𝟑𝟐𝒂𝟐 [
𝒙𝟔

𝟔
]

𝟎

𝟐𝒂

 

∴    𝑰 =
𝟏

𝟑𝟐𝒂𝟐
[

𝟐𝟔𝒂𝟔

𝟔
− 𝟎] =

𝒂𝟒

𝟑
 . 

Otherwise, 

The point of intersection of the line    𝒙 = 𝟐𝒂  and  the parabola  𝒙𝟐 = 𝟒𝒂𝒚 is  (𝟐𝒂,  𝒂). 

∴  x  varies from  𝒙 = 𝟐√𝒂𝒚   to   𝒙 = 𝟐𝒂 and  y varies from   y = 0  to   y = a.         

 ∴     𝑰 = ∬ xy
𝑨

 𝒅𝒙 𝒅𝒚 = ∫ ∫  𝒙𝒚
𝟐𝒂

𝒙=𝟐√𝒂𝒚

𝒂

𝒚=𝟎
 𝒅𝒙𝒅𝒚 = ∫ 𝒚 [

𝒙𝟐

𝟐
]

𝟐√𝒂𝒚

𝟐𝒂

𝒅𝒚
𝒂

𝒚=𝟎
 = ∫

𝒚

𝟐
[𝟒𝒂𝟐 − 𝟒𝒂𝒚]

𝒂

𝟎
𝒅𝒚  

            = ∫ [𝟐𝒂𝟐𝒚 − 𝟐𝒂𝒚𝟐]
𝒂

𝟎
𝒅𝒚 = [𝟐𝒂𝟐 𝒚𝟐

𝟐
− 𝟐𝒂

𝒚𝟑

𝟑
]

𝟎

𝒂

= [𝒂𝟒 −
𝟐𝒂𝟒

𝟑
] =

𝒂𝟒

𝟑
   . 
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2.  𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∬ 𝒙𝒚 𝒅𝒙 𝒅𝒚  𝒐𝒗𝒆𝒓 𝒕𝒉𝒆 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒒𝒖𝒂𝒅𝒓𝒂𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 𝒙𝟐 + 𝒚𝟐 = 𝒂𝟐  

Solution: 

Given   𝒙𝟐 + 𝒚𝟐 = 𝒂𝟐   ∴    𝒚𝟐 = 𝒂𝟐 −  𝒙𝟐  ∴  𝒚 = √𝒂𝟐 − 𝒙𝟐 

∴  x varies from x = 0 to x = 𝒂 and  y  varies from  y = 0  to  y = √𝒂𝟐 − 𝒙𝟐 in the 

 first quadrant. 

 

 ∴   𝑰 = ∬ 𝒙𝒚 𝒅𝒙 𝒅𝒚 = ∫ ∫ 𝒙𝒚 𝒅𝒚 𝒅𝒙 
√𝒂𝟐−𝒙𝟐

𝒚=𝟎

𝒂

𝒙=𝟎
  

∴    𝑰 = ∫ 𝒙 [
𝒚𝟐

𝟐
]

𝒚=𝟎

√𝒂𝟐−𝒙𝟐

 𝒅𝒙 
𝒂

𝒙=𝟎
  

∴    𝑰 =
𝟏

𝟐
∫ 𝒙(

𝒂

𝒙=𝟎
𝒂𝟐 − 𝒙𝟐)𝒅𝒙 =

𝟏

𝟐
∫ (

𝒂

𝒙=𝟎
𝒂𝟐𝒙 − 𝒙𝟑)𝒅𝒙 

         =
𝟏

𝟐
[𝒂𝟐 𝒙𝟐

𝟐
−

𝒙𝟒

𝟒
]

𝒙=𝟎

𝒂

 =
𝟏

𝟐
[

𝒂𝟒

𝟐
−

𝒂𝟒 

𝟒
] =

𝒂𝟒 

𝟖
 

∴    𝑰 =
𝒂𝟒 

𝟖
. 

 

3.  𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∬ 𝒚 𝒅𝒙 𝒅𝒚 𝒐𝒗𝒆𝒓 𝒕𝒉𝒆 𝒓𝒆𝒈𝒊𝒐𝒏 𝒃𝒚 𝒕𝒉𝒆 𝒇𝒊𝒓𝒔𝒕 𝒒𝒖𝒂𝒅𝒓𝒂𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒍𝒍𝒊𝒑𝒔𝒆 

      
𝒙𝟐

𝒂𝟐 +
𝒚𝟐

𝒃𝟐 = 𝟏. 

Solution:  

Given   
𝒙𝟐

𝒂𝟐 +
𝒚𝟐

𝒃𝟐 = 𝟏   ∴    
𝒚𝟐

𝒃𝟐 = 𝟏 −
𝒙𝟐

𝒂𝟐 =
(𝒂𝟐−𝒙𝟐)

𝒂𝟐     

 ∴    𝒚𝟐 =
𝒃𝟐(𝒂𝟐−𝒙𝟐)

𝒂𝟐  

∴   x  varies from  x = 0  to  x = 𝒂  and  y  varies from   

y = 0  to  y = 
𝒃

𝒂
√𝒂𝟐 − 𝒙𝟐 in the first quadrant. 

∴    I = ∬ 𝒚 𝒅𝒙 𝒅𝒚 =  ∫ ∫ 𝒚𝒅𝒚 𝒅𝒙
𝒃

𝒂
√𝒂𝟐−𝒙𝟐

𝒚=𝟎

𝒂

𝒙=𝟎
 

         = ∫ [
𝒚𝟐

𝟐
]

𝟎

𝒃

𝒂
√𝒂𝟐−𝒙𝟐

𝒅𝒙 =
𝒂

𝒙=𝟎
∫

𝒃𝟐

𝟐𝒂𝟐
(𝒂𝟐 − 𝒙𝟐) 𝒅𝒙 

𝒂

𝒙=𝟎
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∴    I=
𝒃𝟐

𝟐𝒂𝟐
[𝒂𝟐𝒙 −

𝒙𝟑

𝟑
]

𝟎

𝒂

=
𝒃𝟐

𝟐𝒂𝟐
[(𝒂𝟑 −

𝒂𝟑

𝟑
) − 𝟎] =

𝒃𝟐

𝟐𝒂𝟐 (
𝟐𝒂𝟑

𝟑
)  =

𝒂𝒃𝟐

𝟑
  

4.  𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∬ 𝒙𝟐𝒚
𝑹

 𝒅𝒙 𝒅𝒚   𝒘𝒉𝒆𝒓𝒆 𝑹 𝒊𝒔 𝒕𝒉𝒆 𝒓𝒆𝒈𝒊𝒐𝒏 𝒃𝒐𝒖𝒏𝒅𝒆𝒅 𝒃𝒚 𝒕𝒉𝒆 𝒍𝒊𝒏𝒆𝒔. 

     𝒚 = 𝒙 , 𝒙 + 𝒚 = 𝟐  𝒂𝒏𝒅 𝒚 = 𝟎    

Solution: 

Solving the equations 𝒚 = 𝒙 𝒂𝒏𝒅   𝒙 + 𝒚 = 𝟐 we  

get x = 1 and y = 1  

∴ The lines 𝒚 = 𝒙,   𝒙 + 𝒚 = 𝟐  

𝒊𝒏𝒕𝒆𝒓𝒔𝒆𝒄𝒕 𝒂𝒕 (𝟏, 𝟏).  

∴   y  varies from  y = 0  to  y = 𝟏  and 

x  varies from  x = y  to  x = 2 −𝒚 in the first quadrant. 

∴  𝑰 = ∬ 𝒙𝟐𝒚 𝒅𝒙 𝒅𝒚  = ∫ ∫ 𝒙𝟐𝒚𝒅𝒙 𝒅𝒚
𝟐−𝒚

𝒙=𝒚

𝟏

𝒚=𝟎
 

        = ∫ [
𝒙𝟑

𝟑
]

𝒙=𝒚

𝟐−𝒚
𝟏

𝒚=𝟎
𝒅𝒚 =

𝟏

𝟑
∫ 𝒚{(𝟐 − 𝒚)𝟑 − 𝒚𝟑}

𝟏

𝒚=𝟎
𝒅𝒚 = 

𝟏

𝟑
∫ 𝒚(𝟖 − 𝟏𝟐𝒚 + 𝟔𝒚𝟐 − 𝒚𝟑 − 𝒚𝟑)𝒅𝒚

𝟏

𝒚=𝟎
 

∴  𝑰 =
𝟏

𝟑
∫ (𝟖𝒚 − 𝟏𝟐𝒚𝟐 + 𝟔𝒚𝟑 − 𝟐𝒚𝟒)

𝟏

𝒚=𝟎
𝒅𝒚 =

𝟏

𝟑
[𝟒𝒚𝟐 − 𝟒𝒚𝟑 +

𝟑

𝟐
𝒚𝟒 − 𝟐

𝒚𝟓

𝟓
]

𝒚=𝟎

𝟏

 

∴  𝑰 =
𝟏

𝟑
(𝟒 − 𝟒 +

𝟑

𝟐
−

𝟐

𝟓
) =

𝟏

𝟑
(

𝟏𝟏

𝟏𝟎
) =

𝟏𝟏

𝟑𝟎
 

Alternatively, we can take, 

I = ∬ 𝒙𝟐
𝑹

𝒚 𝒅𝒙 𝒅𝒚 = ∫ ∫ 𝒙𝟐𝒚
𝒚=𝒙

𝒚=𝟎

𝒙=𝟏

𝒙=𝟎
𝒅𝒚𝒅𝒙 + ∫ ∫ 𝒙𝟐𝒚

𝒚=𝟐−𝒙

𝒚=𝟎

𝒙=𝟐

𝒙=𝟏
𝒅𝒚𝒅𝒙 =

𝟏𝟏

𝟑𝟎
 

 

HOME WORK: 

𝟏.  𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∬ y
𝑹

 𝒅𝒙 𝒅𝒚  Where R is the region bounded by the parabolas 

      𝒚𝟐 = 𝟒𝒙  and   𝒙𝟐 = 𝟒𝒚. 

𝟐.  𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∬ x y (x + y)
𝑹

 𝒅𝒙 𝒅𝒚  Where R is the region bounded by the parabola 

     y =  𝒙𝟐  and  the line y = x. 

 



12 
 

 

Change of order of integration: 

In a double integral with variable limits, the change of order of integration changes the 

limit of  

integration. 

i.e.,  ∫ ∫ 𝒇(𝒙, 𝒚)
𝒚𝟐

𝒚𝟏

𝒙𝟐

𝒙𝟏
𝒅𝒚 𝒅𝒙 =  ∫ ∫ 𝒇(𝒙, 𝒚)

𝒙𝟐

𝒙𝟏

𝒚𝟐

𝒚𝟏
𝒅𝒙 𝒅𝒚     

    

Problems: 

1.  Evaluate ∫ ∫ 𝐝𝐲 𝐝𝐱
𝟐√𝐚𝐱

𝐱𝟐

𝟒𝐚

𝟒𝐚

𝟎
 by changing the order of integration.  

 Solution: 

Given 𝑰 = ∫ ∫ 𝒅𝒚 𝒅𝒙
𝒚=𝟐√𝒂𝒙

𝒚=
𝒙𝟐

𝟒𝒂

𝒙=𝟒𝒂

𝒙=𝟎
……….(1)   

Here x varies from x = 0  to  x = 4a and 

 y varies from  𝒚 =
𝒙𝟐

𝟒𝒂
  and 𝒚 = 𝟐√𝒂𝒙 .  

 ∴  The region of the integration is the region  

bounded by the parabolas  𝒙𝟐 = 𝟒𝒂𝒚  and  𝒚𝟐 = 𝟒𝒂𝒙.  

These two parabolas are intersecting 

 at (0, 0) and  (4a, 4a) 

∴  By changing the order of integration,  x varies 

 from 𝒙 =
𝒚𝟐

𝟒𝒂
  to  x = 𝟐√𝒂𝒚  and  y varies from  

𝒚 = 𝟎 and  𝒚 = 𝟒𝒂.  

∴   I= ∫ ∫ 𝒅𝒙
𝟐√𝒂𝒚

𝒙=
𝒚𝟐

𝟒𝒂

𝟒𝒂

𝒚=𝟎
 𝒅𝒚 = ∫ [𝒙]

𝒚𝟐

𝟒𝒂

𝟐√𝒂𝒚𝟒𝒂

𝒚=𝟎
𝒅𝒚 = ∫ [𝟐√𝒂𝒚 −

𝒚𝟐

𝟒𝒂
]

𝟒𝒂

𝒚=𝟎
𝒅𝒚   

∴    I  = {
𝟐√𝒂𝒚

𝟑
𝟐⁄

𝟑
𝟐⁄

−
𝒚𝟑

𝟏𝟐𝒂
}

𝟎

𝟒𝒂

=
𝟒.𝒂

𝟏
𝟐 ⁄ .𝟒

𝟑
𝟐⁄

 .𝒂
𝟑

𝟐⁄

𝟑
−

𝟔𝟒𝒂𝟑

𝟏𝟐𝒂
=

𝟑𝟐𝒂𝟐

𝟑
−

𝟏𝟔𝒂𝟐

𝟑
=

𝟏𝟔𝒂𝟐

𝟑
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2.  Evaluate ∫ ∫
𝐱 𝐝𝐱 𝐝𝐲

𝐱𝟐+𝐲𝟐

𝐚

𝐲

𝐚

𝟎
 by changing the order of integration.  

Solution: 

Given 𝑰 = ∫ ∫
𝒙 𝒅𝒙 𝒅𝒚

𝒙𝟐+𝒚𝟐

𝒂

𝒙=𝒚

𝒂

𝒚=𝟎
……..(1) 

Here x varies from  x = y  to x = a and y varies from  𝒚 = 𝟎 

and 𝒚 = 𝒂 .    

∴ The region of the integration is the region bounded by the 

lines   y = 0,   y = x   and   x = a. 

By changing the order of integration, x varies from 𝒙 = 𝟎 

 to  x = a   and   y   varies   from 𝒚 = 𝟎 and 𝒚 = 𝒙.  

∴   I = ∫ ∫ 𝒙.
 𝟏

𝒙𝟐+𝒚𝟐 𝒅𝒚 𝒅𝒙
𝒙

𝒚=𝟎

𝒂

𝒙=𝟎
 

        = ∫ 𝒙
𝒂

𝒙=𝟎
.

𝟏

𝒙
[𝒕𝒂𝒏−𝟏(

𝒚
𝒙⁄ )]

𝒚=𝟎

𝒙

𝒅𝒙,         Using∫
 𝒅𝒙

𝒙𝟐+𝒂𝟐  = 
𝟏

𝒂
𝒕𝒂𝒏−𝟏(𝒙

𝒂⁄ ) 

∴   I = ∫ (𝒕𝒂𝒏−𝟏 𝟏 − 𝒕𝒂𝒏−𝟏 𝟎)
𝒂

𝒙=𝟎
𝒅𝒙 = ∫

𝝅

𝟒

𝒂

𝟎
𝒅𝒙 =

𝝅

𝟒
[𝒙]𝟎

𝒂 =
𝝅𝒂

𝟒
 

3. Evaluate ∫ ∫
𝐞−𝐲

𝐲

∞

𝐱

∞

𝟎
𝐝𝐲 𝐝𝐱 by changing the order of integration.  

Solution:     

Given  𝑰 = ∫ ∫
𝒆−𝒚

𝒚

∞

𝒙

∞

𝟎
𝒅𝒚 𝒅𝒙……..(1)                                        

Here x varies from  x = 0  to  x = ∞  and  y  varies from 

𝒚 = 𝒙  and  𝒚 = ∞.   

∴  The region of the integration is the region bounded by  

the lines x = 0 and y = x. 

By changing the order of integration, we get,  x varies from 

𝒙 = 𝟎  to  x = 𝒚  and   y varies from  𝒚 = 𝟎  and  𝒚 = ∞.  

∴   𝑰 = ∫ ∫
𝒆−𝒚

𝒚

𝒚

𝒙=𝟎

∞

𝒚=𝟎
𝒅𝒙 𝒅𝒚 = ∫

𝒆−𝒚

𝒚
[𝒙]

𝟎
𝒚∞

𝒚=𝟎
𝒅𝒚  

∴   I = ∫
𝒆−𝒚

𝒚

∞

𝒚=𝟎
. 𝒚 𝒅𝒚 = ∫ 𝒆−𝒚∞

𝒚=𝟎
𝒅𝒚 = [−𝒆−𝒚]𝟎

∞ = −(𝟎 − 𝟏) = 𝟏 
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4. Evaluate  ∫ ∫ 𝐱𝐞
−𝐱𝟐

𝐲⁄ 𝐝𝐲 𝐝𝐱
𝐱

𝟎

∞

𝟎
  by changing the order of integration.  

Solution:  

Given  𝑰 = ∫ ∫ 𝒙𝒆
−𝒙𝟐

𝒚⁄ 𝒅𝒚 𝒅𝒙
𝒙

𝒚=𝟎

∞

𝒙=𝟎
  

Here x   varies from  x = 0  to  x = ∞  and  

 y  varies from  𝒚 = 𝟎  and   y = x.   

∴  The region of the integration is the region 

 bounded by the lines   y = 0  and  y = x. 

By changing the order of integration, we get,  

 x varies from 𝒙 = 𝒚  to  x = ∞  and   y varies  

from  𝒚 = 𝟎  and  𝒚 = ∞.  

𝑰 = ∫ ∫ 𝒙𝒆
−𝒙𝟐

𝒚⁄ 𝒅𝒙 𝒅𝒚
∞

𝒙=𝒚

∞

𝒚=𝟎
    Put    

𝒙𝟐

𝒚
= 𝒕   ∴   

𝟐𝒙

𝒚
𝒅𝒙 = 𝒅𝒕   𝒐𝒓  𝒙 𝒅𝒙 =

𝒚

𝟐
 𝒅𝒕 

Also when  𝒙 = 𝒚, 𝒕 = 𝒚  𝒂𝒏𝒅  𝒘𝒉𝒆𝒏 𝒙 = ∞, 𝒕 = ∞ 

∴    𝑰 = ∫ ∫ 𝒆−𝒕 𝒚

𝟐
𝒅𝒕 𝒅𝒚

∞

𝒕=𝒚

∞

𝒚=𝟎
= ∫

𝒚

𝟐
[

𝒆−𝒕

−𝟏
]

𝒕=𝒚

∞
∞

𝒚=𝟎
𝒅𝒚 =

−𝟏

𝟐
∫ 𝒚[𝟎 − 𝒆−𝒚𝒅𝒚

∞

𝒚=𝟎
 =

𝟏

𝟐
∫ 𝒚𝒆−𝒚𝒅𝒚

∞

𝒚=𝟎
 

Applying Bernoulli’s rule, we get, 

I = 
𝟏

𝟐
 [𝒚 (

𝒆−𝒚

−𝟏
) − (𝟏)(𝒆−𝒚)]

𝒚=𝟎

∞

=
𝟏

𝟐
[(𝟎 − 𝟎) − (𝟎 − 𝟏)] =

𝟏

𝟐
  

 

HOME WORK: 

1.  By changing the order of integration evaluate ∫ ∫  𝒙𝒚 𝒅𝒚 𝒅𝒙 
√𝒙

𝒙

𝟏

𝟎
.  

2.  By changing the order of integration evaluate ∫ ∫
 𝒅𝒚𝒅𝒙

𝒍𝒐𝒈𝒚

𝒆

𝒆𝒙

𝟏

𝟎
.  

3.  By changing the order of integration evaluate ∫ ∫ (𝒙𝟐 + 𝒚𝟐)√𝒙

𝒙

𝟏

𝟎
𝒅𝒚 𝒅𝒙 
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Evaluation of double integral by changing into polar coordinates 

To change Cartesian coordinates (𝒙, 𝒚) to polar coordinates (r, 𝜽), we have,  

𝒙 = 𝒓 𝒄𝒐𝒔 𝜽,  𝒚 = 𝒓 𝒔𝒊𝒏 𝜽   ∴   𝒓 = (𝒙𝟐 + 𝒚𝟐)
𝟏

𝟐  and  𝒅𝒙 𝒅𝒚 = 𝒓𝒅𝒓 𝒅𝜽.  

Problems: 

1.  Evaluate ∫ ∫ 𝐞−(𝐱𝟐+𝐲𝟐) 𝐝𝐱 𝐝𝐲 
∞

𝟎

∞

𝟎
 by changing into polar coordinates. Hence show that  

∫ 𝐞−𝐱𝟐
 𝐝𝐱 

∞

𝟎
=

√𝛑

𝟐
 . 

Solution: 

Given I =∫ ∫ 𝒆−(𝒙𝟐+𝒚𝟐) 𝒅𝒙 𝒅𝒚 
∞

𝟎

∞

𝟎
  

Here x varies from x = 0 to x = ∞ and y varies 

 from y = 0 to y = ∞. 

∴ The region of the integration is the first quadrant 

in the xy – plane. 

In polar coordinates we have 𝒙 = 𝒓 𝒄𝒐𝒔 𝜽,  𝒚 = 𝒓 𝒔𝒊𝒏 𝜽 

 ∴   𝒓 = (𝒙𝟐 + 𝒚𝟐)
𝟏

𝟐   and 𝒅𝒙 𝒅𝒚 =  𝒓𝒅𝒓 𝒅𝜽. 

In the first quadrant  𝜽 varies from  𝜽 = 𝟎  𝒕𝒐  𝜽 =
𝝅

𝟐
  and  r 𝒗𝒂𝒓𝒊𝒆𝒔  𝒇𝒓𝒐𝒎  𝒓 = 𝟎  𝒕𝒐  𝒓 =

∞.  

∴  𝑰 = ∫ ∫ 𝒆−𝒓𝟐
𝒓 𝒅𝒓 𝒅𝜽 

∞

𝒓=𝟎

𝝅

𝟐
𝜽=𝟎

  Take 𝒓𝟐 = 𝒕  ∴ 𝟐𝒓 𝒅𝒓 = 𝒅𝒕     

∴   𝒓𝒅𝒓 =
𝒅𝒕

𝟐
;   𝑾𝒉𝒆𝒏  𝒓 = 𝟎, 𝒕 = 𝟎  𝒂𝒏𝒅 𝒘𝒉𝒆𝒏  𝒓 = ∞,  𝒕 = ∞. 

∴  𝑰 = ∫ ∫ 𝒆−𝒕 𝒅𝒕

𝟐
 𝒅𝜽 

∞

𝒕=𝟎

𝝅

𝟐
𝜽=𝟎

=
𝟏

𝟐
∫ [

𝒆−𝒕

−𝟏
]

𝒕=𝟎

∞

𝒅𝜽
𝝅

𝟐
𝜽=𝟎

 = −
𝟏

𝟐
∫ (𝟎 − 𝟏)𝒅𝜽

𝝅

𝟐
𝜽=𝟎

 = 
𝟏

𝟐
[𝜽]

𝟎

𝝅

𝟐 =
𝝅

𝟒
 

∴   ∫ ∫ 𝒆−(𝒙𝟐+𝒚𝟐) 𝒅𝒙 𝒅𝒚 
∞

𝟎

∞

𝟎
= 

𝝅

𝟒
     ∴ ∫ ∫ 𝒆−𝒙𝟐

𝒆−𝒚𝟐
𝒅𝒙 𝒅𝒚 =

𝝅

𝟒

∞

𝟎

∞

𝟎
      

∴   ∫ 𝒆−𝒙𝟐
𝒅𝒙

∞

𝟎
∗ ∫ 𝒆−𝒚𝟐

𝒅𝒚
∞

𝟎
=

𝝅

𝟒
      Replace y by x. 

∴    ∫ 𝒆−𝒙𝟐
𝒅𝒙

∞

𝟎
∗ ∫ 𝒆−𝒙𝒅𝒙

∞

𝟎
=

𝝅

𝟒
    ∴  {∫ 𝒆−𝒙𝟐

𝒅𝒙
∞

𝟎
}

𝟐

=
𝝅

𝟒
    

Taking square root both sides,  we get,   ∫ 𝒆−𝒙𝟐
𝒅𝒙

∞

𝟎
=

√𝝅

𝟐
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2.   Evaluate   ∫ ∫ 𝐲√𝐱𝟐 + 𝐲𝟐   𝐝𝐱 𝐝𝐲  
√𝐚𝟐−𝐲𝟐

𝟎

𝐚

𝟎
 by changing to polar coordinates. 

Solution: 

Given I =∫ ∫ 𝒚√𝒙𝟐 + 𝒚𝟐   𝒅𝒙 𝒅𝒚  
√𝒂𝟐−𝒚𝟐

𝟎

𝒂

𝟎
  

Here  y  varies from y = 0 to y = a and  x varies 

 from x = 0 to x = √𝒂𝟐 − 𝒚𝟐  𝒊. 𝒆., 𝒙𝟐 = 𝒂𝟐 − 𝒚𝟐    

 𝒊. 𝒆. , 𝒙𝟐 + 𝒚𝟐 = 𝒂𝟐is the circle with center at origin and  

radius a. 

∴ The region of the integration is the first quadrant in  

the xy – plane. 

In polar coordinates we have 𝒙 = 𝒓 𝒄𝒐𝒔 𝜽,  𝒚 = 𝒓 𝒔𝒊𝒏 𝜽 

 ∴   𝒓 = (𝒙𝟐 + 𝒚𝟐)
𝟏

𝟐   and 𝒅𝒙 𝒅𝒚 =  𝒓𝒅𝒓 𝒅𝜽. 

In the first quadrant  𝜽 varies from  𝜽 = 𝟎  𝒕𝒐  𝜽 =
𝝅

𝟐
  and  r 𝒗𝒂𝒓𝒊𝒆𝒔  𝒇𝒓𝒐𝒎  𝒓 =

𝟎  𝒕𝒐  𝒓 =a.  

∴  𝑰 = ∫ ∫ 𝒓 𝒔𝒊𝒏 𝜽 . 𝒓. 𝒓 𝒅𝒓 𝒅𝜽 
𝒂

𝒓=𝟎

𝝅

𝟐
𝜽=𝟎

 =∫ ∫ 𝒓𝟑 𝒔𝒊𝒏 𝜽  𝒅𝒓 𝒅𝜽 
𝒂

𝒓=𝟎

𝝅

𝟐
𝜽=𝟎

=∫ [
𝒓𝟒

𝟒
]

𝒕=𝟎

𝒂𝝅

𝟐
𝜽=𝟎

𝒔𝒊𝒏 𝜽  𝒅𝜽 

=∫ [
𝒂𝟒

𝟒
− 𝟎]

𝝅

𝟐
𝜽=𝟎

𝒔𝒊𝒏 𝜽  𝒅𝜽=
𝒂𝟒

𝟒
[− 𝒄𝒐𝒔 𝜽]

𝒕=𝟎

𝝅

𝟐 =−
𝒂𝟒

𝟒
[𝟎 − 𝟏]=

𝒂𝟒

𝟒
 

3.  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 ∫ ∫
𝐱𝐝𝐱 𝐝𝐲

𝐱𝟐+𝐲𝟐   
√𝟐𝐱−𝐱𝟐

𝟎

𝟐

𝟎
 by changing into polar coordinates.  

Solution:  

Given I = ∫ ∫
𝒙𝒅𝒙 𝒅𝒚

𝒙𝟐+𝒚𝟐   
√𝟐𝒙−𝒙𝟐

𝟎

𝟐

𝟎
    

Here x varies from x = 0 to x = 2 and y varies  

from y = 0 to y = √𝟐𝒙 − 𝒙𝟐. 

 (i.e.,  𝒙𝟐 + 𝒚𝟐- 2x = 0 ) 

∴ The region of the integration is the upper half  

of the circle 𝒙𝟐 + 𝒚𝟐- 2x = 0  whose center is  

(1, 0) with radius 1 and passing through the 
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 origin (0, 0) in the first quadrant of the xy – plane. (Ref. the figure with a = 1) 

In polar coordinates we have,  𝒙 = 𝒓 𝒄𝒐𝒔 𝜽,  𝒚 = 𝒓 𝒔𝒊𝒏 𝜽 

 ∴  𝒓 = (𝒙𝟐 + 𝒚𝟐)
𝟏

𝟐  and   𝒅𝒙 𝒅𝒚 = 𝒓𝒅𝒓 𝒅𝜽.   

Now 𝒚 = √𝟐𝒙 − 𝒙𝟐 implies that 𝒚𝟐 = 𝟐𝒙 − 𝒙𝟐  ∴   𝒙𝟐 + 𝒚𝟐 = 𝟐𝒙 

Put 𝒙 = 𝒓 𝒄𝒐𝒔 𝜽,  𝒚 = 𝒓𝒔𝒊𝒏 𝜽   ∴   𝒓𝟐𝒄𝒐𝒔𝟐 𝜽 + 𝒓𝟐𝒔𝒊𝒏𝟐𝜽 = 𝟐𝒓𝒄𝒐𝒔𝜽    

∴  𝒓𝟐 = 𝟐𝒓𝒄𝒐𝒔𝜽   ∴  𝒓 = 𝟐𝒄𝒐𝒔𝜽 

∴  In the first quadrant 𝜽 varies from  𝜽 = 𝟎 𝒕𝒐  𝜽 =
𝝅

𝟐
 and r 𝒗𝒂𝒓𝒊𝒆𝒔 𝒇𝒓𝒐𝒎 𝒓 = 𝟎 𝒕𝒐  

𝒓 = 𝟐 𝒄𝒐𝒔 𝜽.  

∴  I = ∫ ∫  
(𝒓 𝒄𝒐𝒔 𝜽)𝒓 𝒅𝒓 𝒅𝜽

𝒓𝟐

𝟐 𝒄𝒐𝒔 𝜽

𝟎

𝝅

𝟐
𝟎

= ∫ ∫ (𝒄𝒐𝒔 𝜽)𝒅𝒓 𝒅𝜽
𝟐 𝒄𝒐𝒔 𝜽

𝟎

𝝅

𝟐
𝟎

 = ∫ (𝒄𝒐𝒔 𝜽)[𝒓]𝟎
𝟐 𝒄𝒐𝒔 𝜽  𝒅𝜽

𝝅

𝟐
𝟎

 

∴  𝑰 = ∫ 𝒄𝒐𝒔 𝜽
𝝅

𝟐
𝟎

(𝟐 𝒄𝒐𝒔 𝜽 − 𝟎)𝒅𝜽 = ∫ 𝟐 𝒄𝒐𝒔 𝟐𝜽
𝝅

𝟐
𝟎

𝒅𝜽 = ∫ (𝟏 +
𝝅

𝟐
𝟎

𝒄𝒐𝒔 𝟐𝜽)𝒅𝜽 

       = [𝜽 +
𝒔𝒊𝒏𝟐𝜽

𝟐
]

𝟎

𝝅

𝟐
= (

𝝅

𝟐
− 𝟎) +

𝟏

𝟐
(𝟎 − 𝟎) =

𝝅

𝟐
 

 

HOME WORK: 

1. Evaluate   ∫ ∫ (𝒙𝟐 + 𝒚𝟐)  𝒅𝒙 𝒅𝒚  
√𝒂𝟐−𝒚𝟐

𝟎

𝒂

𝟎
 by changing to polar coordinates 

2. Evaluate   ∫ ∫ √𝒙𝟐 + 𝒚𝟐  𝒅𝒚 𝒅𝒙  
√𝒂𝟐−𝒙𝟐

𝟎

𝒂

−𝒂
 by changing to polar coordinates 
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BETA AND GAMMA FUNCTIONS: 

Beta Function:  

The beta function is defined as 𝜷(𝒎, 𝒏) =  ∫ 𝒙𝒎−𝟏(𝟏 − 𝒙)𝒏−𝟏𝟏

𝟎
𝒅𝒙 …….(1) 

where  m > 0,  n > 0. 

Alternative form of Beta function: 

(i)   Prove that   𝛃(𝐦, 𝐧) = 𝟐 ∫ 𝐬𝐢𝐧𝟐𝐦−𝟏𝛉  𝐜𝐨𝐬𝟐𝐧−𝟏𝛉   𝐝𝛉 
𝛑

𝟐⁄

𝟎
  

Proof:     

Put 𝒙 = 𝒔𝒊𝒏𝟐𝜽  in (1)     ∴ 𝒅𝒙 = 𝟐 𝒔𝒊𝒏 𝜽 𝒄𝒐𝒔𝜽 𝒅𝜽.   

When x = 0,  𝜽 = 0;  When x = 1,  𝜽 = 
𝝅

𝟐
 . 

∴  𝜷(𝒎, 𝒏) = ∫ (𝒔𝒊𝒏𝟐𝜽)𝒎−𝟏(𝟏 − 𝒔𝒊𝒏𝟐𝜽)𝒏−𝟏
𝝅

𝟐⁄

𝟎
𝟐 𝒔𝒊𝒏 𝜽 𝒄𝒐𝒔𝜽 𝒅𝜽  

∴  𝜷(𝒎, 𝒏) = ∫ (𝒔𝒊𝒏𝟐𝜽)𝒎−𝟏(𝒄𝒐𝒔𝟐𝜽)𝒏−𝟏
𝝅

𝟐⁄

𝟎
𝟐 𝒔𝒊𝒏 𝜽 𝒄𝒐𝒔𝜽 𝒅𝜽  

∴  𝜷(𝒎, 𝒏) = 𝟐 ∫ 𝒔𝒊𝒏𝟐𝒎−𝟏𝜽  𝒄𝒐𝒔𝟐𝒏−𝟏𝜽   𝒅𝜽 
𝝅

𝟐⁄

𝟎
……….(2) 

This is  another form of 𝜷(𝒎, 𝒏)  

Property: 

(ii) Prove that 𝛃(𝐦, 𝐧) =  𝛃(𝐧, 𝐦) 

Proof: 

Put 𝒙 = 𝟏 − 𝒚 in (1)    ∴ 𝒅𝒙 = −𝒅𝒚.  When  x = 0,  y= 1;   When  x = 1,  y= 0.  

∴  𝜷(𝒎, 𝒏) =  − ∫ (𝟏 − 𝒚)𝒎−𝟏𝒚𝒏−𝟏𝟎

𝟏
𝒅𝒚 = ∫ 𝒚𝒏−𝟏(𝟏 − 𝒚)𝒎−𝟏𝟏

𝟎
𝒅𝒚 = 𝜷(𝒏, 𝒎) 

∴  𝜷(𝒎, 𝒏) =  𝜷(𝒏, 𝒎)  

Gamma Function:  

The gamma function is defined as 𝜞(𝒏) = ∫ 𝒆−𝒙𝒙𝒏−𝟏∞

𝟎
𝒅𝒙 ………(3),  where n > 0.   

Alternative form of Gamma function:    

(i)  Prove that 𝚪(𝐧) = 𝟐 ∫ 𝐞−𝐲𝟐
𝐲𝟐𝐧−𝟏∞

𝟎
𝐝𝐲 

Proof:  

Put  𝒙 = 𝒚𝟐  𝒊𝒏 (𝟑) ∴  𝒅𝒙 = 𝟐𝒚𝒅𝒚.   When x = 0,  y= 0;  When  x = ∞,  y= ∞.  
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∴  𝜞(𝒏) = ∫ 𝒆−𝒚𝟐
(𝒚𝟐)𝒏−𝟏∞

𝟎
𝟐𝒚𝒅𝒚 = 𝟐 ∫ 𝒆−𝒚𝟐

𝒚𝟐𝒏−𝟏∞

𝟎
𝒅𝒚  

∴  𝜞(𝒏) = 𝟐 ∫ 𝒆−𝒚𝟐
𝒚𝟐𝒏−𝟏∞

𝟎
𝒅𝒚. This is another form of 𝜞(𝒏). 

 

(ii) Prove that 𝜞(𝟏) = 1 

Proof: 

Put n = 1 in (3)   ∴ 𝜞(𝟏) = ∫ 𝒆−𝒙 𝒅𝒙
∞

𝟎
= [

𝒆−𝒙

−𝟏
]

𝟎

∞

= −(𝟎 − 𝟏) = 𝟏    ∴ 𝜞(𝟏) = 1 

Relations: 

1. Reduction formula for 𝜞(𝒏): Prove that 𝜞(𝒏 + 𝟏) = 𝒏 𝜞(𝒏),  n > 0.  

Proof: 

We have 𝜞(𝒏) = ∫ 𝒆−𝒙𝒙𝒏−𝟏∞

𝟎
𝒅𝒙.   Replace n by n + 1  

∴ 𝜞(𝒏 + 𝟏) = ∫ 𝒆−𝒙𝒙𝒏∞

𝟎
𝒅𝒙.    Using integration by parts we get, 

𝜞(𝒏 + 𝟏) = [𝒙𝒏 (
𝒆−𝒙

−𝟏
)]

𝟎

∞

− ∫ (
𝒆−𝒙

−𝟏
)

∞

𝟎
𝒏𝒙𝒏−𝟏 𝒅𝒙  

∴  𝜞(𝒏 + 𝟏) = (𝟎 − 𝟎) + 𝒏 ∫ 𝒆−𝒙𝒙𝒏−𝟏∞

𝟎
𝒅𝒙 = 𝒏 𝜞(𝒏)         

∴ 𝜞(𝒏 + 𝟏) = 𝒏 𝜞(𝒏) …….(4) 

2.  Prove that 𝜞(𝒏 + 𝟏) = 𝒏!,  where n is a positive integer.   

Proof: 

We have 𝜞(𝒏 + 𝟏) = 𝒏 𝜞(𝒏)  and 𝜞(𝟏) =1  

∴ 𝜞(𝟐) = 𝜞(𝟏 + 𝟏) = 𝟏.  𝜞(𝟏) = 𝟏. 𝟏 = 𝟏!  

   𝜞(𝟑) = 𝜞(𝟐 + 𝟏) = 𝟐 𝜞(𝟐) = 𝟐. 𝟏! = 𝟐!  

   𝜞(𝟒) = 𝜞(𝟑 + 𝟏) = 𝟑 𝜞(𝟑) = 𝟑. 𝟐! = 𝟑! 

   …………………………………………… 

   …………………………………………… 

∴    𝜞(𝒏 + 𝟏) = 𝒏!  ………(5) 

Note:  

(i)   Formula (4) is valid for all the positive values of  n.  

(ii)  Formula (5) is valid for all the positive integer n. 
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(iii) From (4) we write 𝜞(𝒏) =
 𝜞(𝒏+𝟏)

𝒏
.  This  formula  is valid for all negative non-integer. 

(iv) 𝜞(𝒏) is not defined for n = 0  or  negative integer 

 

Relation between Beta and Gamma functions:  

3. Prove that 𝜷(𝒎, 𝒏) =
𝜞(𝒎)𝜞(𝒏)

𝜞(𝒎+𝒏)
 

Proof: 

We have  𝜞(𝒎) = 𝟐 ∫ 𝒆−𝒙𝟐
𝒙𝟐𝒎−𝟏∞

𝟎
𝒅𝒙……….(1) 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚,  𝜞(𝒏) = 𝟐 ∫ 𝒆−𝒚𝟐
𝒚𝟐𝒏−𝟏∞

𝟎
𝒅𝒚…………(2)  

And 𝜷(𝒎, 𝒏) = 𝟐 ∫ 𝒔𝒊𝒏𝟐𝒎−𝟏𝜽  𝒄𝒐𝒔𝟐𝒏−𝟏𝜽   𝒅𝜽 
𝝅

𝟐⁄

𝟎
……….(3) 

Multiplying (1) and (2) we get, 

𝜞(𝒎)𝜞(𝒏) = 𝟒 ∫ ∫ 𝒆−(𝒙𝟐+𝒚𝟐)𝒙𝟐𝒎−𝟏𝒚𝟐𝒏−𝟏∞

𝟎
𝒅𝒙 𝒅𝒚

∞

𝟎
. 

Here x varies from x = 0 to x = ∞ and y varies from y = 0 to y = ∞. 

∴ The region of the integration is the first quadrant in the xy – plne 

Take 𝒙 = 𝒓 𝒄𝒐𝒔 𝜽,  𝒚 = 𝒓 𝒔𝒊𝒏 𝜽   ∴   𝒓 = (𝒙𝟐 + 𝒚𝟐)
𝟏

𝟐⁄  and   𝒅𝒙 𝒅𝒚 = 𝒓𝒅𝒓 𝒅𝜽. 

Where 𝜽 varies from  𝜽 = 𝟎  𝒕𝒐  𝜽 =
𝝅

𝟐
  and  r 𝒗𝒂𝒓𝒊𝒆𝒔 𝒇𝒓𝒐𝒎  𝒓 = 𝟎  𝒕𝒐  𝒓 =  ∞. 

∴  𝜞(𝒎)𝜞(𝒏) = 𝟒 ∫ ∫ 𝒆−𝒓𝟐
𝒓𝟐𝒎−𝟏𝒄𝒐𝒔𝟐𝒎−𝟏 𝜽. 𝒓𝟐𝒏−𝟏𝒔𝒊𝒏𝟐𝒏−𝟏 𝜽 

𝝅

𝟐
𝟎

𝒓𝒅𝜽 𝒅𝒓.
∞

𝟎
  

∴  𝜞(𝒎)𝜞(𝒏) = 𝟐 ∫ 𝒆−𝒓𝟐
𝒓𝟐(𝒎+𝒏)−𝟏∞

𝟎
𝒅𝒓 ∗ 𝟐 ∫ 𝒄𝒐𝒔𝟐𝒎−𝟏 𝜽 𝒔𝒊𝒏𝟐𝒏−𝟏 𝜽

𝝅

𝟐
𝟎

𝒅𝜽  

∴ 𝜞(𝒎)𝜞(𝒏) = 𝜞(𝒎 + 𝒏)𝜷(𝒎, 𝒏).   ∴  𝜷(𝒎, 𝒏) =
𝜞(𝒎)𝜞(𝒏)

𝜞(𝒎+𝒏)
……(4), using (1) and (3).  

4.  Prove that  𝜞(𝟏
𝟐⁄ ) = √𝝅  and show that ∫ 𝒆−𝒙𝟐∞

𝟎
𝒅𝒙 =

√𝝅

𝟐
 . 

Proof: 

We have  𝜷(𝒎, 𝒏) = 𝟐 ∫ 𝒔𝒊𝒏𝟐𝒎−𝟏𝜽  . 𝒄𝒐𝒔𝟐𝒏−𝟏𝜽 
𝝅/𝟐

𝟎
𝒅𝜽           

 Put  m = n = 1/2 

∴   𝜷 (
𝟏

𝟐
,

𝟏

𝟐
) = 𝟐 ∫ 𝒔𝒊𝒏𝟐.

𝟏

𝟐
−𝟏𝜽  . 𝒄𝒐𝒔𝟐.

𝟏

𝟐
−𝟏𝜽 

𝝅/𝟐

𝟎
𝒅𝜽 = 𝟐 ∫ 𝟏 𝒅𝜽 = 𝟐 [𝜽]

𝟎
𝝅/𝟐

= 𝟐.
𝝅

𝟐
= 𝝅 

𝝅/𝟐

𝟎
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∴   𝜷 (
𝟏

𝟐
,

𝟏

𝟐
) = 𝝅 ……..(1) 

we know that 

𝜷(𝒎, 𝒏) =
𝜞(𝒎)𝜞(𝒏)

𝜞(𝒎+𝒏)
   

Put m = n = 1/2 

∴  𝜷 (
𝟏

𝟐
,

𝟏

𝟐
) =

𝜞(
𝟏

𝟐
)𝜞(

𝟏

𝟐
)

𝜞(
𝟏

𝟐
+

𝟏

𝟐
)

 =
𝜞(

𝟏

𝟐
)

𝟐

𝜞(𝟏)
= 𝜞 (

𝟏

𝟐
)

𝟐

 …….(2)       ∵   𝜞(𝟏) = 1 

∴    From (1) and (2),  we get,   

𝜞 (
𝟏

𝟐
)

𝟐

= 𝝅     ∴    𝜞(𝟏
𝟐⁄ ) = √𝝅 

Further we have 𝜞(𝒏) = 𝟐 ∫ 𝒆−𝒙𝟐
𝒙𝟐𝒏−𝟏∞

𝟎
𝒅𝒙.  Put n=

𝟏

𝟐
   

∴ √𝝅 = 𝟐 ∫ 𝒆−𝒙𝟐∞

𝟎
𝒅𝒙      ∴    ∫ 𝒆−𝒙𝟐∞

𝟎
𝒅𝒙 =

√𝝅

𝟐
 . 

Alternative Proof: 

We have 𝜞(𝒏) = 𝟐 ∫ 𝒆−𝒙𝟐
𝒙𝟐𝒏−𝟏∞

𝟎
𝒅𝒙.  Put n=

𝟏

𝟐
   

∴ 𝜞(𝟏
𝟐⁄ ) = 𝟐 ∫ 𝒆−𝒙𝟐∞

𝟎
𝒅𝒙……….(1).  Replace x by y. 

∴ 𝜞(𝟏
𝟐⁄ ) = 𝟐 ∫ 𝒆−𝒚𝟐∞

𝟎
𝒅𝒚……….. (2). Multiplying (1) and (2) we get,  

 [𝜞(𝟏
𝟐⁄ )]

𝟐
= 𝟒 ∫ ∫ 𝒆−(𝒙𝟐+𝒚𝟐) 𝒅𝒙 𝒅𝒚

∞

𝟎

∞

𝟎
.  

Here x varies from x = 0 to x = ∞ and y varies from y = 0 to y = ∞. 

∴ The region of the integration is the first quadrant in the xy – plne. 

Take 𝒙 = 𝒓 𝒄𝒐𝒔 𝜽,  𝒚 = 𝒓 𝒔𝒊𝒏 𝜽    ∴   𝒓 = (𝒙𝟐 + 𝒚𝟐)
𝟏

𝟐⁄ and   𝒅𝒙 𝒅𝒚 = 𝒓𝒅𝒓 𝒅𝜽. 

In the first quadrant 𝜽 varies from 𝜽 = 𝟎  𝒕𝒐  𝜽 =
𝝅

𝟐
  and  r 𝒗𝒂𝒓𝒊𝒆𝒔 𝒇𝒓𝒐𝒎  

𝒓 = 𝟎 𝒕𝒐 𝒓 =  ∞. 

∴ [𝜞(𝟏
𝟐⁄ )]

𝟐
= 𝟒 ∫ ∫ 𝒆−𝒓𝟐

𝒓 𝒅𝒓 𝒅𝜽
∞

𝒓=𝟎

𝝅

𝟐
𝟎

.  Take 𝒓𝟐 = 𝒕  ∴ 𝟐𝒓 𝒅𝒓 = 𝒅𝒕  ∴  𝒓 𝒅𝒓 =
𝒅𝒕

𝟐
 ; 

𝑾𝒉𝒆𝒏 𝒓 = 𝟎,   𝒕 = 𝟎 𝒂𝒏𝒅 𝒘𝒉𝒆𝒏 𝒓 = ∞,   𝒕 = ∞. 

∴ [𝜞(𝟏
𝟐⁄ )]

𝟐
 = 𝟒 ∫ ∫ 𝒆−𝒕 𝒅𝒕

𝟐
 𝒅𝜽 

∞

𝒕=𝟎

𝝅

𝟐
𝜽=𝟎

= 𝟐 ∫ [−𝒆−𝒕]𝒕=𝟎
∞ 𝒅𝜽

𝝅

𝟐
𝜽=𝟎

 = −𝟐 ∫ (𝟎 − 𝟏)𝒅𝜽
𝝅

𝟐
𝜽=𝟎
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∴ [𝜞(𝟏
𝟐⁄ )]

𝟐
 = 2[𝜽]

𝟎

𝝅

𝟐 = 𝟐[
𝝅

𝟐
 - 0] = 𝝅      ∴  𝜞(𝟏

𝟐⁄ ) = √𝝅 

 

Note:  

We have,   𝜷(𝒎, 𝒏) = 𝟐 ∫ 𝒔𝒊𝒏𝟐𝒎−𝟏𝜽  𝒄𝒐𝒔𝟐𝒏−𝟏𝜽   𝒅𝜽 
𝝅

𝟐⁄

𝟎
……….(1)   

Take 2m – 1 = p   and   2n – 1 = q .    ∴ 𝒎 =
𝒑+𝟏

𝟐
,   𝒏 =

𝒒+𝟏

𝟐
 

∴ 𝜷 (
𝒑+𝟏

𝟐
,

𝒒+𝟏

𝟐
) = 𝟐 ∫ 𝒔𝒊𝒏𝒑𝜽  𝒄𝒐𝒔𝒒𝜽   𝒅𝜽 

𝝅
𝟐⁄

𝟎
  

∴ ∫ 𝒔𝒊𝒏𝒑𝒙 𝒄𝒐𝒔𝒒𝒙
𝝅

𝟐
𝟎

 𝒅𝒙 =
𝟏

𝟐
𝜷 (

𝒑+𝟏

𝟐
,

𝒒+𝟏

𝟐
) =

𝜞(
𝒑+𝟏

𝟐
)𝜞(

𝒒+𝟏

𝟐
)

𝟐𝜞(
𝒑+𝒒+𝟐

𝟐
)

,      𝒑 > −1,   𝑞 > −1   

In particular if q =  0 and  p = n,  we get    ∫ 𝒔𝒊𝒏𝒏𝒙
𝝅

𝟐
𝟎

 𝒅𝒙 =
𝟏

𝟐
𝜷 (

𝒏+𝟏

𝟐
,

𝟏

𝟐
) =

𝜞(
𝒏+𝟏

𝟐
)

𝜞(
𝒏+𝟐

𝟐
)

.
√𝝅

𝟐
   

Similarly,   ∫ 𝒄𝒐𝒔𝒏𝒙
𝝅

𝟐
𝟎

 𝒅𝒙 =
𝟏

𝟐
𝜷 (

𝒏+𝟏

𝟐
,

𝟏

𝟐
) =

𝜞(
𝒏+𝟏

𝟐
)

𝜞(
𝒏+𝟐

𝟐
)

.
√𝝅

𝟐
     

 

Problems: 

1.  Find the values of  𝚪(𝟔),  𝚪(− 𝟏
𝟐⁄ ),  𝚪(𝟑

𝟐⁄ ),  𝚪(−𝟑
𝟐⁄ ),  𝚪(𝟓

𝟐⁄ ) and  𝚪(−𝟓
𝟐⁄ ).   

Solution: 

Using 𝜞(𝒏 + 𝟏) = 𝒏! ,  We get 𝜞(𝟔) = 𝜞(𝟓 + 𝟏) = 5! = 120.  

Using 𝜞(𝒏) =
 𝜞(𝒏+𝟏)

𝒏
  ,  we get 𝜞(− 𝟏

𝟐⁄ ) =
 𝜞(−𝟏

𝟐⁄ +𝟏)

−𝟏
𝟐⁄

 = -− 2 𝜞(𝟏
𝟐⁄ ) = -−2 √𝝅. 

Using 𝜞(𝒏 + 𝟏) = 𝒏 𝜞(𝒏),   we get,  𝜞(𝟑
𝟐⁄ ) = 𝜞(𝟏

𝟐⁄ + 𝟏) = 
𝟏

𝟐
 𝜞(𝟏

𝟐⁄ ) = 
𝟏

𝟐
 √𝝅.  

Using 𝜞(𝒏) =
 𝜞(𝒏+𝟏)

𝒏
,  we get,  𝜞(− 𝟑

𝟐⁄ ) =
 𝜞(−𝟑

𝟐⁄ +𝟏)

−𝟑
𝟐⁄

 =
 𝜞(−𝟏

𝟐⁄ )

−𝟑
𝟐⁄

  

∴  𝜞(− 𝟑
𝟐⁄ ) =

−𝟐

 𝟑
 
 𝜞(−𝟏

𝟐⁄ +𝟏)

−𝟏
𝟐⁄

 = 
𝟒

 𝟑
 𝜞(𝟏

𝟐⁄ ) = 
𝟒

 𝟑
 √𝝅.      

Using 𝜞(𝒏 + 𝟏) = 𝒏 𝜞(𝒏),  we get, 𝜞(𝟓
𝟐⁄ ) = 𝜞(𝟑

𝟐⁄ + 𝟏) = 
𝟑

𝟐
 𝜞(𝟑

𝟐⁄ ) = 
𝟑

𝟐
. 𝜞(𝟏

𝟐⁄ + 𝟏)  

∴    𝜞(𝟓
𝟐⁄ )= 

𝟑

𝟐
. 

𝟏

𝟐
𝜞(𝟏

𝟐⁄ ) = 
𝟑

𝟒
√𝝅.  
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Using 𝜞(𝒏) =
 𝜞(𝒏+𝟏)

𝒏
,   we get, 𝜞(− 𝟓

𝟐⁄ ) =
 𝜞(−𝟓

𝟐⁄ +𝟏)

−𝟓
𝟐⁄

 =
 𝜞(−𝟑

𝟐⁄ )

−𝟓
𝟐⁄

 = 
−𝟐

 𝟓
 
 𝜞(−𝟑

𝟐⁄ +𝟏)

−𝟑
𝟐⁄

 

 ∴  𝜞(− 𝟓
𝟐⁄ ) = 

𝟒

 𝟏𝟓
 𝜞(− 𝟏

𝟐⁄ ) = 
𝟒

 𝟏𝟓
 
 𝜞(−𝟏

𝟐⁄ +𝟏)

−𝟏
𝟐⁄

 = 
−𝟖

 𝟏𝟓
 𝜞(𝟏

𝟐⁄ ) = 
−𝟖

 𝟏𝟓
 √𝝅.           

2.  Find the values of  𝛃(𝟓, 𝟔) and 𝛃(− 𝟏
𝟐⁄ , 𝟑

𝟐⁄ ). 

Solution: 

Using 𝜷(𝒎, 𝒏) =
𝜞(𝒎)𝜞(𝒏)

𝜞(𝒎+𝒏)
,  we get,  𝜷(𝟓, 𝟔) =  

𝜞(𝟓)𝜞(𝟔)

𝜞(𝟏𝟏)
 = 

(𝟒!)(𝟓!)

 𝟏𝟎!
 = 

(𝟐𝟒)(𝟓!)

 𝟏𝟎,𝟗,𝟖,𝟕,𝟔,(𝟓!)
 = 

𝟏

 𝟏𝟐𝟔𝟎
  

And  𝜷(− 𝟏
𝟐⁄ , 𝟑

𝟐⁄ ) =  
𝜞(−𝟏

𝟐⁄ )𝜞(𝟑
𝟐⁄ )

𝜞(−𝟏
𝟐⁄ +𝟑

𝟐⁄ )
 =  

𝜞(− 
𝟏
𝟐

+𝟏)

(− 
𝟏
𝟐

)
𝜞(

𝟏

𝟐
+𝟏)

𝜞(𝟏)
 = −𝟐𝜞 (

𝟏

𝟐
)

𝟏

𝟐
𝜞 (

𝟏

𝟐
) = −√𝝅. √𝝅 = − 𝝅. 

3.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∫ √𝒕𝒂𝒏𝜽
𝝅

𝟐
𝟎

𝒅𝜽 =
𝟏

𝟐
𝜞(𝟏

𝟒⁄ )𝜞(𝟑
𝟒⁄ ). 

Solution: 

∫ √𝒕𝒂𝒏𝜽
𝝅

𝟐
𝟎

𝒅𝜽 = ∫ √
𝒔𝒊𝒏𝜽

𝒄𝒐𝒔𝜽

𝝅

𝟐
𝟎

𝒅𝜽 = ∫ ( 𝒔𝒊𝒏𝜽)
𝟏

𝟐(𝒄𝒐𝒔𝜽)−
𝟏

𝟐

𝝅

𝟐
𝟎

𝒅𝜽 

                           = 
 𝟏

𝟐
𝜷 (

𝟑

𝟒
,

𝟏

𝟒
) ,   𝒖𝒔𝒊𝒏𝒈 ∫ 𝒔𝒊𝒏𝒎𝒙 𝒄𝒐𝒔𝒏𝒙

𝝅

𝟐
𝟎

 𝒅𝒙 =
𝟏

𝟐
𝜷 (

𝒎+𝟏

𝟐
,

𝒏+𝟏

𝟐
)   

                           =
𝟏

𝟐

𝜞(𝟑
𝟒⁄ )𝜞(𝟏

𝟒⁄ )

𝜞(𝟑
𝟒⁄ +𝟏

𝟒⁄ )
 = 

𝟏

𝟐

𝜞(𝟑
𝟒⁄ )𝜞(𝟏

𝟒⁄ )

𝜞(𝟏)
 ,   using 𝜷(𝒎, 𝒏) =

𝜞(𝒎)𝜞(𝒏)

𝜞(𝒎+𝒏)
   

                           = 
𝟏

𝟐
𝜞(𝟏

𝟒⁄ )𝜞(𝟑
𝟒⁄ ).     Using 𝜞(𝟏) = 1 

𝟒.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∫ √𝒔𝒊𝒏 𝜽  𝒅𝜽
𝝅

𝟐
𝟎

∗ ∫
𝒅𝜽

√𝒔𝒊𝒏 𝜽

𝝅

𝟐
𝟎

= 𝝅.  

Solution: 

Let   I = ∫ √𝒔𝒊𝒏 𝜽  𝒅𝜽
𝝅

𝟐
𝟎

∗ ∫
𝒅𝜽

√𝒔𝒊𝒏 𝜽

𝝅

𝟐
𝟎

= ∫ 𝒔𝒊𝒏
𝟏

𝟐𝜽 
𝝅/𝟐

𝟎
 𝒅𝜽  ∗ ∫ 𝒔𝒊𝒏−

𝟏

𝟐

𝝅

𝟐
𝟎

𝜽 𝒅𝜽 

            =  
𝟏

𝟐
 𝜷 [

𝟏

𝟐
+𝟏

𝟐
,

𝟏

𝟐
] ∗  

𝟏

𝟐
 𝜷 [

−
𝟏

𝟐
+𝟏

𝟐
,

𝟏

𝟐
] = 

𝟏

𝟒
𝜷 (

𝟑

𝟒
,

𝟏

𝟐
) ∗  𝜷 [

𝟏

𝟒
,

𝟏

𝟐
]  =

𝟏

𝟒

 𝜞(
𝟑

𝟒
)  𝜞(

𝟏

𝟐
)

𝜞(
𝟑

𝟒
+

𝟏

𝟐
)

∗
 𝜞(

𝟏

𝟒
)  𝜞(

𝟏

𝟐
)

𝜞(
𝟏

𝟒
+

𝟏

𝟐
)

   

            =  
𝟏

𝟒
 
 𝜞(

𝟑

𝟒
) 𝜞(

𝟏

𝟐
)

𝜞(
𝟓

𝟒
)

 
 𝚪(

𝟏

𝟒
) 𝜞(

𝟏

𝟐
)

𝜞(
𝟑

𝟒
)

  =
𝟏

𝟒

  𝜞(
𝟏

𝟐
) 𝜞(

𝟏

𝟒
) 𝜞(

𝟏

𝟐
)

𝟏

𝟒
 𝜞(

𝟏

𝟒
)

       ∵    𝜞 (
𝟓

𝟒
) = 𝜞 (

𝟏

𝟒
+ 𝟏)  =

𝟏

𝟒
  𝜞 (

𝟏

𝟒
)  

 ∴     I = 𝜞 (
𝟏

𝟐
) . 𝜞 (

𝟏

𝟐
) = √𝝅 √𝝅 = 𝝅.   
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5.  Prove that ∫ 𝒙𝟑(𝟏 − √𝒙)
𝟓

𝒅𝒙 = 𝟐𝜷(𝟖, 𝟔)
𝟏

𝟎
. 

Solution: 

Take  √𝒙 = 𝒔𝒊𝒏𝟐𝜽  𝒐𝒓  𝒙 = 𝒔𝒊𝒏𝟒𝜽   ∴  dx= 𝟒 𝒔𝒊𝒏𝟑𝜽𝒄𝒐𝒔𝜽 𝒅𝜽.   

When x = 𝟎,  𝜽 = 𝟎;  When  x = 1,  𝜽 =
𝝅

𝟐
. 

∴   ∫ 𝒙𝟑(𝟏 − √𝒙)
𝟓

𝒅𝒙 =
𝟏

𝟎
∫ 𝒔𝒊𝒏𝟏𝟐𝜽(𝟏 − 𝒔𝒊𝒏𝟐𝜽)𝟓𝟒 𝒔𝒊𝒏𝟑𝜽𝒄𝒐𝒔𝜽 𝒅𝜽

𝝅

𝟐
𝟎

 

                                          = 𝟒 ∫ 𝒔𝒊𝒏𝟏𝟓𝜽 𝒄𝒐𝒔𝟏𝟎𝜽 𝒄𝒐𝒔𝜽 𝒅𝜽
𝝅

𝟐
𝟎

 = 𝟒 ∫ 𝒔𝒊𝒏𝟏𝟓𝜽 𝒄𝒐𝒔𝟏𝟏𝜽𝒅𝜽
𝝅

𝟐
𝟎

 

∴   ∫ 𝒙𝟑(𝟏 − √𝒙)
𝟓

𝒅𝒙 =
𝟏

𝟎
 4. 

𝟏

𝟐
𝜷 (

𝟏𝟓+𝟏

𝟐
,

𝟏𝟏+𝟏

𝟐
)= 𝟐𝜷(𝟖, 𝟔) 

6.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∫
𝒅𝒙

√𝟏−𝒙𝟒
=

𝟏

𝟎

√𝝅

𝟒

𝜞(𝟏
𝟒⁄ )

𝜞(𝟑
𝟒⁄ )

  . 

Solution: 

Take x4 = 𝒔𝒊𝒏𝟐𝜽 𝒐𝒓 𝒙 = 𝒔𝒊𝒏
𝟏

𝟐𝜽   ∴  dx= 
𝟏

𝟐
𝒔𝒊𝒏

−𝟏

𝟐 𝜽𝒄𝒐𝒔𝜽 𝒅𝜽.   

When x = 𝟎,  𝜽 = 𝟎;  When  x = 1,  𝜽 =
𝝅

𝟐
. 

 ∴ ∫
𝒅𝒙

√𝟏−𝒙𝟒
=

𝟏

𝟎

𝟏

𝟐
∫

𝒔𝒊𝒏
−𝟏
𝟐 𝜽𝒄𝒐𝒔𝜽 𝒅𝜽

√𝟏−𝒔𝒊𝒏𝟐𝜽
=

𝝅

𝟐
𝟎

𝟏

𝟐
∫ 𝒔𝒊𝒏

−𝟏

𝟐 𝜽
𝝅

𝟐
𝟎

𝒅𝜽 

                      =
 𝟏

 𝟐
.

 𝟏

 𝟐
𝜷 (

−𝟏

𝟐
 +𝟏

𝟐
,

𝟏

𝟐
) = 

 𝟏

 𝟒
𝜷 (

𝟏

𝟒
,

𝟏

𝟐
),   using ∫ 𝒔𝒊𝒏𝒏𝒙

𝝅

𝟐
𝟎

 𝒅𝒙 =
𝟏

𝟐
𝜷 (

𝒏+𝟏

𝟐
,

𝟏

𝟐
) 

                      = 
 𝟏

 𝟒
 
𝜞(

𝟏

𝟒
)𝜞(

𝟏

𝟐
)

𝜞(
𝟏

𝟒
+

𝟏

𝟐
)

=
 𝟏

 𝟒

𝜞(
𝟏

𝟒
)√𝝅

𝜞(
𝟑

𝟒
)

=
√𝝅

𝟒

𝜞(𝟏
𝟒⁄ )

𝜞(𝟑
𝟒⁄ )

,   using 𝜷(𝒎, 𝒏) =
𝜞(𝒎)𝜞(𝒏)

𝜞(𝒎+𝒏)
 

7.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 ∫
   𝐝𝐱

√𝟏+𝐱𝟒

𝟏

𝟎
= 

√𝛑   𝚪(𝟏
𝟒⁄ )

𝟒√𝟐 𝚪(𝟑
𝟒⁄ )

 . 

Solution: 

𝐈 = ∫
 𝒅𝒙

√𝟏+𝒙𝟒

𝟏

𝟎
  

Take 𝒙𝟒 = 𝒕𝒂𝒏𝟐𝜽 𝒐𝒓 𝒙 = 𝒕𝒂𝒏𝟏/𝟐𝜽   ∴ dx= 
𝟏

𝟐
𝒕𝒂𝒏−

𝟏

𝟐𝜽 𝒔𝒆𝒄𝟐𝜽𝒅𝜽 

When x=0,  𝒕𝒂𝒏𝟐𝜽 = 𝟎  ∴ 𝜽 = 𝟎;   𝑾𝒉𝒆𝒏 𝒙 = 𝟏,   𝒕𝒂𝒏𝟐𝜽 = 𝟏   ∴ 𝜽 =
𝝅

𝟒
 . 

∴  I  = ∫
 𝒅𝒙

√𝟏+𝒙𝟒

𝟏

𝟎
 = 

𝟏

𝟐
∫  

𝒕𝒂𝒏
−

𝟏
𝟐𝜽 𝒔𝒆𝒄𝟐𝜽𝒅𝜽

√𝟏+𝒕𝒂𝒏𝟐𝜽

𝝅

𝟒
𝟎

 = 
𝟏

𝟐
∫

𝒕𝒂𝒏
−

𝟏
𝟐𝜽 𝒔𝒆𝒄𝟐𝜽𝒅𝜽

𝒔𝒆𝒄𝜽

𝝅

𝟒 
𝟎
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∴  I = 
𝟏

𝟐
∫ 𝒕𝒂𝒏−

𝟏

𝟐𝜽 𝒔𝒆𝒄𝜽
𝝅

𝟒
𝟎

 𝒅𝜽 = 
𝟏

𝟐
∫

𝒔𝒊𝒏
−

𝟏
𝟐𝜽 𝒅𝜽

𝒄𝒐𝒔
−

𝟏
𝟐𝜽𝒄𝒐𝒔𝜽

𝝅

𝟒
𝟎

 = 
𝟏

𝟐
 ∫

𝒔𝒊𝒏
−

𝟏
𝟐𝜽 𝒅𝜽

𝒄𝒐𝒔
𝟏
𝟐𝜽

𝝅

𝟒
𝟎

 = 
𝟏

𝟐
∫

 𝒅𝜽

𝒔𝒊𝒏
𝟏
𝟐𝜽𝒄𝒐𝒔

𝟏
𝟐𝜽

𝝅

𝟒
𝟎

 

∴  I=  
𝟏

𝟐
∫

 𝒅𝜽

√𝒔𝒊𝒏𝜽𝒄𝒐𝒔𝜽

𝝅

𝟒
𝟎

 =  
𝟏

𝟐
∫

 𝒅𝜽

√
𝒔𝒊𝒏𝟐𝜽

𝟐

𝝅

𝟒
𝟎

 = 
𝟏

√𝟐
∫

 𝒅𝜽

√𝒔𝒊𝒏𝟐𝜽

𝝅

𝟒
𝟎

 

Now take 2𝜽 = ∅  ∴ 𝜽 =
∅

𝟐
  ∴ 𝒅𝜽 =

𝒅∅

𝟐
 . 

When  𝜽 = 𝟎,   ∅ = 𝟎;    𝒘𝒉𝒆𝒏  𝜽 =
𝝅

𝟒
,   ∅ =

𝝅

𝟐
 . 

∴  I = 
𝟏

√𝟐
 ∫

𝟏

𝟐
𝒅∅

√𝒔𝒊𝒏∅

𝝅

𝟐
𝟎

 = 
𝟏

𝟐√𝟐
 ∫ 𝒔𝒊𝒏−

𝟏

𝟐∅ 𝒄𝒐𝒔𝟎∅𝒅∅
𝝅

𝟐
𝟎

 .  Using  ∫ 𝒔𝒊𝒏𝒑𝒙
𝝅

𝟐
𝟎

 𝒄𝒐𝒔𝒒𝒙 𝒅𝒙 =
𝟏

𝟐
𝜷 (

𝒑+𝟏

𝟐
,

𝐪+𝟏

𝟐
), 

    I =  
𝟏

𝟐√𝟐
.

𝟏

𝟐
𝜷 (

𝟏 

𝟒
 ,

𝟏

𝟐
) =  

𝟏

𝟒√𝟐
𝜷 (

𝟏 

𝟒
 ,

𝟏

𝟐
)  =

𝟏

𝟒√𝟐
 

𝜞(𝟏
𝟒⁄ )𝜞(𝟏

𝟐⁄ )

𝜞(𝟏
𝟒⁄ +𝟏

𝟐⁄ )
 = 

𝟏

𝟒√𝟐
 

𝜞(𝟏
𝟒⁄ )√𝝅

𝜞(𝟑
𝟒⁄ )

  . 

8.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∫
   𝒙𝟐 𝒅𝒙

√𝟏−𝒙𝟒

𝟏

𝟎
=

√𝝅

𝟒
 

𝜞(𝟑
𝟒⁄ )

𝜞(𝟓
𝟒⁄ )

.  

Solution: 

Let I  =∫
𝒙𝟐  𝒅𝒙

√𝟏−𝒙𝟒

𝟏

𝟎
𝒅𝒙 

Take 𝒙𝟒 = 𝒔𝒊𝒏𝟐𝜽 𝒐𝒓 𝒙 = 𝒔𝒊𝒏
𝟏

𝟐𝜽 ∴ 𝒅𝒙 =
𝟏

𝟐
𝒔𝒊𝒏−

𝟏

𝟐𝜽 𝒄𝒐𝒔𝜽𝒅𝜽 

When  x = 𝟎,  𝜽 = 𝟎;   When  x = 1,  𝜽 =
𝝅

𝟐
 . 

∴  I = ∫
𝒙𝟐  𝒅𝒙

√𝟏−𝒙𝟒

𝟏

𝟎
𝒅𝒙 =  

𝟏

𝟐
∫  

𝒔𝒊𝒏𝜽 𝒔𝒊𝒏
−𝟏
  𝟐 𝜽𝒄𝒐𝒔𝜽 𝒅𝜽

√𝟏−𝒔𝒊𝒏𝟐𝜽
=

𝝅

𝟐
𝟎

𝟏

𝟐
∫ 𝒔𝒊𝒏

𝟏

𝟐𝜽 𝒄𝒐𝒔𝟎𝜽
𝝅

𝟐
𝟎

𝒅𝜽  

∴  I  =  
𝟏

𝟐
.

𝟏

𝟐
𝜷 (

𝟏

𝟐
+𝟏

𝟐
,    

𝟏

𝟐
) =

𝟏

𝟒
𝜷 (

𝟑

𝟒
,

𝟏

𝟐
)  ,    Using ∫ 𝒔𝒊𝒏𝒑𝒙

𝝅

𝟐
𝟎

 𝒄𝒐𝒔𝒒𝒙 𝒅𝒙 =
𝟏

𝟐
𝜷 (

𝒑+𝟏

𝟐
,

𝐪+𝟏

𝟐
) 

      I=
𝟏

𝟒
 
𝜞(𝟑

𝟒⁄ )𝜞(𝟏
𝟐⁄ )

𝜞(𝟑
𝟒⁄ +𝟏

𝟐⁄ )
 = 

𝟏

𝟒
  

𝜞(𝟑
𝟒⁄ )√𝝅

𝜞(𝟓
𝟒⁄ )

 

9.  𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∫
   𝒙𝟐 𝒅𝒙

√𝟏−𝒙𝟒

𝟏

𝟎
∗ ∫

   𝒅𝒙

√𝟏+𝒙𝟒

𝟏

𝟎
=

𝝅

𝟒√𝟐
   

Solution: 

Let I1 =∫
𝒙𝟐 𝒅𝒙

√𝟏−𝒙𝟒

𝟏

𝟎
𝒅𝒙 

Take 𝒙𝟒 = 𝒔𝒊𝒏𝟐𝜽 𝒐𝒓 𝒙 = 𝒔𝒊𝒏
𝟏

𝟐𝜽 ∴ 𝒅𝒙 =
𝟏

𝟐
𝒔𝒊𝒏−

𝟏

𝟐𝜽 𝒄𝒐𝒔𝜽𝒅𝜽 
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When  x = 𝟎,  𝜽 = 𝟎;   When  x = 1,  𝜽 =
𝝅

𝟐
 . 

∴  I1 = ∫
𝒙𝟐 𝒅𝒙

√𝟏−𝒙𝟒

𝟏

𝟎
𝒅𝒙 =  

𝟏

𝟐
∫  

𝒔𝒊𝒏𝜽 𝒔𝒊𝒏
−𝟏
  𝟐 𝜽𝒄𝒐𝒔𝜽 𝒅𝜽

√𝟏−𝒔𝒊𝒏𝟐𝜽
=

𝝅

𝟐
𝟎

𝟏

𝟐
∫ 𝒔𝒊𝒏

𝟏

𝟐𝜽
𝝅

𝟐
𝟎

𝒅𝜽  

∴  I1 =  
𝟏

𝟐
.

𝟏

𝟐
𝜷 (

𝟏

𝟐
+𝟏

𝟐
,    

𝟏

𝟐
) =

𝟏

𝟒
𝜷 (

𝟑

𝟒
,

𝟏

𝟐
)……(1).   Using ∫ 𝒔𝒊𝒏𝒏𝒙

𝝅

𝟐
𝟎

 𝒅𝒙 =
𝟏

𝟐
𝜷 (

𝒏+𝟏

𝟐
,

𝟏

𝟐
) 

Let I2 =∫
 𝒅𝒙

√𝟏+𝒙𝟒

𝟏

𝟎
  

Take 𝒙𝟒 = 𝒕𝒂𝒏𝟐𝜽 𝒐𝒓 𝒙 = 𝒕𝒂𝒏𝟏/𝟐𝜽   ∴ dx= 
𝟏

𝟐
𝒕𝒂𝒏−

𝟏

𝟐𝜽 𝒔𝒆𝒄𝟐𝜽𝒅𝜽 

When x=0,  𝒕𝒂𝒏𝟐𝜽 = 𝟎  ∴ 𝜽 = 𝟎;   𝑾𝒉𝒆𝒏 𝒙 = 𝟏,   𝒕𝒂𝒏𝟐𝜽 = 𝟏   ∴ 𝜽 =
𝝅

𝟒
 . 

∴  I2  = ∫
 𝒅𝒙

√𝟏+𝒙𝟒

𝟏

𝟎
 = 

𝟏

𝟐
∫  

𝒕𝒂𝒏
−

𝟏
𝟐𝜽 𝒔𝒆𝒄𝟐𝜽𝒅𝜽

√𝟏+𝒕𝒂𝒏𝟐𝜽

𝝅

𝟒
𝟎

 = 
𝟏

𝟐
∫

𝒕𝒂𝒏
−

𝟏
𝟐𝜽 𝒔𝒆𝒄𝟐𝜽𝒅𝜽

𝒔𝒆𝒄𝜽

𝝅

𝟒 
𝟎

  

∴  I2 = 
𝟏

𝟐
∫ 𝒕𝒂𝒏−

𝟏

𝟐𝜽 𝒔𝒆𝒄𝜽
𝝅

𝟒
𝟎

 𝒅𝜽 = 
𝟏

𝟐
∫

𝒔𝒊𝒏
−

𝟏
𝟐𝜽 𝒅𝜽

𝒄𝒐𝒔
−

𝟏
𝟐𝜽𝒄𝒐𝒔𝜽

𝝅

𝟒
𝟎

 = 
𝟏

𝟐
 ∫

𝒔𝒊𝒏
−

𝟏
𝟐𝜽 𝒅𝜽

𝒄𝒐𝒔
𝟏
𝟐𝜽

𝝅

𝟒
𝟎

 = 
𝟏

𝟐
∫

 𝒅𝜽

𝒔𝒊𝒏
𝟏
𝟐𝜽𝒄𝒐𝒔

𝟏
𝟐𝜽

𝝅

𝟒
𝟎

 

∴  I2 =  
𝟏

𝟐
∫

 𝒅𝜽

√𝒔𝒊𝒏𝜽𝒄𝒐𝒔𝜽

𝝅

𝟒
𝟎

 =  
𝟏

𝟐
∫

 𝒅𝜽

√
𝒔𝒊𝒏𝟐𝜽

𝟐

𝝅

𝟒
𝟎

 = 
𝟏

√𝟐
∫

 𝒅𝜽

√𝒔𝒊𝒏𝟐𝜽

𝝅

𝟒
𝟎

 

Now take 2𝜽 = ∅  ∴ 𝜽 =
∅

𝟐
  ∴ 𝒅𝜽 =

𝒅∅

𝟐
 . 

When  𝜽 = 𝟎,   ∅ = 𝟎;    𝒘𝒉𝒆𝒏  𝜽 =
𝝅

𝟒
,   ∅ =

𝝅

𝟐
 . 

∴  I2 = 
𝟏

√𝟐
 ∫

𝟏

𝟐
𝒅∅

√𝒔𝒊𝒏∅

𝝅

𝟐
𝟎

 = 
𝟏

𝟐√𝟐
 ∫ 𝒔𝒊𝒏−

𝟏

𝟐∅ 𝒅∅
𝝅

𝟐
𝟎

 .  Using  ∫ 𝒔𝒊𝒏𝒏𝒙
𝝅

𝟐
𝟎

 𝒅𝒙 =
𝟏

𝟐
𝜷 (

𝒏+𝟏

𝟐
,

𝟏

𝟐
),  we get, 

    I2 =  
𝟏

𝟐√𝟐
.

𝟏

𝟐
𝜷 (

𝟏 

𝟒
 ,

𝟏

𝟐
) =  

𝟏

𝟒√𝟐
𝜷 (

𝟏 

𝟒
 ,

𝟏

𝟐
)  ……..(2).     

∴ ∫
   𝒙𝟐 𝒅𝒙

√𝟏−𝒙𝟒

𝟏

𝟎
∗ ∫

   𝒅𝒙

√𝟏+𝒙𝟒

𝟏

𝟎
  = I1 . I2 = 

𝟏

𝟒
𝜷 (

𝟑

𝟒
,

𝟏

𝟐
). 

𝟏

𝟒√𝟐
𝜷 (

𝟏 

𝟒
 ,

𝟏

𝟐
) 

 ∴ ∫
   𝒙𝟐 𝒅𝒙

√𝟏−𝒙𝟒

𝟏

𝟎
∗  ∫

   𝒅𝒙

√𝟏+𝒙𝟒

𝟏

𝟎
  =  

𝟏

𝟏𝟔√𝟐
 
𝜞(𝟑

𝟒⁄ )𝜞(𝟏
𝟐⁄ )

𝜞(𝟑
𝟒⁄ +𝟏

𝟐⁄ )
 . 

𝜞(𝟏
𝟒⁄ )𝜞(𝟏

𝟐⁄ )

𝜞(𝟏
𝟒⁄ +𝟏

𝟐⁄ )
 ,   using 𝜷(𝒎, 𝒏) =

𝜞(𝒎)𝜞(𝒏)

𝜞(𝒎+𝒏)
   

                                          =  
𝟏

𝟏𝟔√𝟐
 
𝜞(𝟑

𝟒⁄ )√𝝅

𝜞(𝟓
𝟒⁄ )

 . 
𝜞(𝟏

𝟒⁄ )√𝝅

𝜞(𝟑
𝟒⁄ )

  =  
𝝅

𝟏𝟔√𝟐
 
𝜞(𝟏

𝟒⁄ )

𝜞(𝟓
𝟒⁄ )

  

                                          =  
𝝅

𝟏𝟔√𝟐
 

𝜞(𝟏
𝟒⁄ )

𝜞(𝟏
𝟒⁄  +𝟏)

   =  
𝝅

𝟏𝟔√𝟐
 

𝜞(𝟏
𝟒⁄ )

𝟏 

𝟒
𝜞(𝟏

𝟒⁄ )
  =  

𝝅

𝟒√𝟐
. 
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𝟏𝟎.   𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝜞(𝒏) = ∫ (𝒍𝒐𝒈
𝟏

𝒚
)

𝒏−𝟏

𝒅𝒚
𝟏

𝟎
    

Solution: 

We have 𝜞(𝒏) = ∫ 𝒙𝒏−𝟏 𝒆−𝒙∞

𝟎
𝒅𝒙.  Take 𝒙 = 𝒍𝒐𝒈

𝟏

𝒚
   ∴ ex = 

𝟏

𝒚
    ∴  𝒆−𝒙  = y  

∴ − 𝒙 = 𝒍𝒐𝒈𝒚      ∴ 𝒙 = − 𝒍𝒐𝒈𝒚  ∴  dx = − 
𝟏

𝒚
 dy.  When  x = 0,  y = 1;     When x = ∞,  y = 0. 

∴ 𝜞(𝒏) = − ∫ (𝒍𝒐𝒈
𝟏

𝒚
)

𝒏−𝟏

𝒚.   
𝟏

𝒚
𝒅𝒚

𝟎

𝟏
 = ∫ (𝒍𝒐𝒈

𝟏

𝒚
)

𝒏−𝟏

 𝒅𝒚
𝟏

𝟎
 

 

11.   𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝜷(𝒑, 𝒒) = ∫
𝒚𝒒−𝟏

(𝟏+𝒚)𝒑+𝒒

∞

𝟎
𝒅𝒚 

Solution: 

We have 𝜷(𝒑, 𝒒) =  ∫ 𝒙𝒑−𝟏(𝟏 − 𝒙)𝒒−𝟏𝟏

𝟎
𝒅𝒙 

Take  x = 
𝟏

𝟏+𝒚
  ∴ dx = 

−𝟏

(𝟏+𝒚)𝟐 dy  and 1 – x = 1 − 
𝟏

𝟏+𝒚
 = 

𝒚

𝟏+𝒚
 

When x = 0,  1 + y = 
𝟏

𝒙
 = ∞   ∴  y = ∞;  When x = 1,  1 + y = 1 ∴ y = 0. 

∴ 𝜷(𝒑, 𝒒) = − ∫ (
𝟏

𝟏+𝒚
)

𝒑−𝟏

(
𝒚

𝟏+𝒚
)

𝒒−𝟏 𝟏

(𝟏+𝒚)𝟐 dy
𝟎

∞
 = ∫

𝒚𝒒−𝟏

(𝟏+𝒚)𝒑+𝒒

∞

𝟎
𝒅𝒙  

12.   𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝜷(𝒑, 𝒒) = ∫
𝒙𝒑−𝟏+ 𝒙𝒒−𝟏

(𝟏+𝒙)𝒑+𝒒

𝟏

𝟎
𝒅𝒙 

Solution:   

We have 𝜷(𝒑, 𝒒) =  ∫ 𝒙𝒑−𝟏(𝟏 − 𝒙)𝒒−𝟏𝟏

𝟎
𝒅𝒙 

Take  x = 
𝟏

𝟏+𝒚
  ∴ dx = 

−𝟏

(𝟏+𝒚)𝟐 dy  and 1 – x = 1 - 
𝟏

𝟏+𝒚
 = 

𝒚

𝟏+𝒚
 . 

When  x = 0, 1 + y = 
𝟏

𝒙
 = ∞ ∴   y = ∞;  When x = 1,  1 + y = 1  ∴  y = 0. 

∴   𝜷(𝒑, 𝒒) = − ∫ (
𝟏

𝟏+𝒚
)

𝒑−𝟏

(
𝒚

𝟏+𝒚
)

𝒒−𝟏 𝟏

(𝟏+𝒚)𝟐 dy
𝟎

∞
 = ∫

𝒚𝒒−𝟏

(𝟏+𝒚)𝒑+𝒒

∞

𝟎
𝒅𝒙  

∴   𝜷(𝒑, 𝒒) = ∫
𝒚𝒒−𝟏

(𝟏+𝒚)𝒑+𝒒

𝟏

𝟎
𝒅𝒚 + ∫

𝒚𝒒−𝟏

(𝟏+𝒚)𝒑+𝒒

∞

𝟏
𝒅𝒚 ………(1) 

Take   y = 
𝟏

𝒕
  in second integrand on RHS  ∴  𝒅𝒚 =  

−𝟏

𝒕𝟐 dt. 

When  y = 1,  t = 1 ; When  y = ∞,  t = 0.  



28 
 

∴   𝜷(𝒑, 𝒒) = ∫
𝒚𝒒−𝟏

(𝟏+𝒚)𝒑+𝒒

𝟏

𝟎
𝒅𝒚 + ∫

(
𝟏

𝒕
)𝒒−𝟏

(𝟏+
𝟏

𝒕
)

𝒑+𝒒 (
𝟎

𝟏

−𝟏

𝒕𝟐 )dt  

                   = ∫
𝒚𝒒−𝟏

(𝟏+𝒚)𝒑+𝒒

𝟏

𝟎
𝒅𝒚 + ∫

𝟏

(
𝒕+ 𝟏

𝒕
)

𝒑+𝒒 (
𝟏

𝟎

𝟏

𝒕𝒒−𝟏+𝟐)dt 

∴ 𝜷(𝒑, 𝒒) = ∫
𝒚𝒒−𝟏

(𝟏+𝒚)𝒑+𝒒

𝟏

𝟎
𝒅𝒚 + ∫

𝒕𝒑+𝒒

(𝟏+𝒕)𝒑+𝒒 (
𝟏

𝟎

𝟏

𝒕𝒒+𝟏)dt  

                  = ∫
𝒚𝒒−𝟏

(𝟏+𝒚)𝒑+𝒒

𝟏

𝟎
𝒅𝒚 + ∫

𝒕𝒑−𝟏

(𝟏+𝒕)𝒑+𝒒

𝟏

𝟎
dt. Replace y and t by x    

∴ 𝜷(𝒑, 𝒒) = ∫
𝒙𝒒−𝟏

(𝟏+𝒙)𝒑+𝒒

𝟏

𝟎
𝒅𝒚 + ∫

𝒙𝒑−𝟏

(𝟏+𝒙)𝒑+𝒒

𝟏

𝟎
dt = ∫

𝒙𝒑−𝟏+ 𝒙𝒒−𝟏

(𝟏+𝒙)𝒑+𝒒

𝟏

𝟎
𝒅𝒙. 

13.  Evaluate ∫
𝒙𝒄

𝒄𝒙  𝒅𝒙
∞

𝟎
    

Solution: 

Take 𝒄𝒙=𝒆𝒚   ∴  𝒍𝒐𝒈𝒄𝒙=𝒍𝒐𝒈𝒆𝒚  ∴  x logc = y loge  ∴  x logc = y    ∴   x = 
𝟏

𝒍𝒐𝒈𝒄 
 y 

Differentiating we get,  dx = 
𝟏

𝒍𝒐𝒈𝒄 
dy.  When x = 0,  y = 0;  x = ∞, y = ∞. 

∴ ∫
𝒙𝒄

𝒄𝒙  𝒅𝒙
∞

𝟎
= ∫ (

𝟏

𝒍𝒐𝒈𝒄 
𝒚)

𝒄 𝟏

𝒆𝒚  
𝟏

𝒍𝒐𝒈𝒄 
dy

∞

𝟎
= 

𝟏

(𝒍𝒐𝒈𝒄)𝒄  
𝟏

𝒍𝒐𝒈𝒄 
∫ 𝒚𝒄𝒆−𝒚𝒅𝒚

∞

𝟎
= 

𝟏

(𝒍𝒐𝒈𝒄)𝒄+𝟏 ∫ 𝒆−𝒚𝒚𝒄𝒅𝒚
∞

𝟎
 

                    = 
𝟏

(𝒍𝒐𝒈𝒄)𝒄+𝟏  𝜞(𝒄 + 𝟏) = 
𝜞(𝒄+𝟏)

(𝒍𝒐𝒈𝒄)𝒄+𝟏     Using 𝜞(𝒏 + 𝟏) = ∫ 𝒆−𝒙𝒙𝒏∞

𝟎
𝒅𝒙 

14.  Evaluate ∫ 𝒂−𝒃𝒙𝟐
 𝒅𝒙

∞

𝟎
 

Solution: 

Take   𝒂−𝒃𝒙𝟐
=𝒆−𝒕  Take log on both sides.   ∴  (−b log a) 𝒙𝟐 = −𝒕        ∴  (b log a) 𝒙𝟐 = 𝒕 

∴  (b log a) 𝟐𝒙. 𝒅𝒙 = 𝒅𝒕      ∴     𝒅𝒙 =
𝟏

𝟐(𝒃 𝒍𝒐𝒈 𝒂)𝒙
𝒅𝒕 = 

𝟏

𝟐(𝒃 𝒍𝒐𝒈 𝒂)√
𝒕

𝒃.𝒍𝒐𝒈𝒂
 
𝒅𝒕 

∴    ∫ 𝒂−𝒃𝒙𝟐
 𝒅𝒙

∞

𝟎
= ∫ 𝒆−𝒕  

𝟏

𝟐(𝒃𝒍𝒐𝒈𝒂)√
𝒕

𝒃.𝒍𝒐𝒈𝒂

𝒅𝒕 =
𝟏

𝟐√(𝒃𝒍𝒐𝒈𝒂)
∫ 𝒆−𝒕𝒕−

𝟏

𝟐 𝒅𝒕  
∞

𝟎
 

∞

𝟎
 

                               =
𝟏

𝟐√(𝒃𝒍𝒐𝒈𝒂)
𝜞 (−

𝟏

𝟐
+ 𝟏)       Using  𝜞(𝒏 + 𝟏) = ∫ 𝒆−𝒙𝒙𝒏∞

𝟎
𝒅𝒙 

∴    ∫ 𝒂−𝒃𝒙𝟐
 𝒅𝒙

∞

𝟎
=  

𝜞(
𝟏

𝟐
)

𝟐√𝒃𝒍𝒐𝒈𝒂
=

√𝝅

𝟐√(𝒃𝒍𝒐𝒈𝒂)
.   

   



29 
 

15.  Evaluate ∫ 𝒙𝟓 (𝒍𝒐𝒈
𝟏

𝒙
)

𝟑

 𝒅𝒙
𝟏

𝟎
 

Solution: 

  Take  𝒍𝒐𝒈
𝟏

𝒙
= 𝒕    ∴    x = 𝒆−𝒕    ∴   dx = −𝒆−𝒕𝒅𝒕     

When   x=0,   t = ∞;  When  x = 1,    t = 0.  

∴    ∫ 𝒙𝟓 (𝒍𝒐𝒈
𝟏

𝒙
)

𝟑

𝒅𝒙 
𝟏

𝟎
=∫ 𝒆−𝟓𝒕 𝒕𝟑(−𝒆−𝒕)𝒅𝒕

𝟎

∞
= − ∫ 𝒆−𝟔𝒕 𝒕𝟑𝒅𝒕

𝟎

∞
  =∫ 𝒆−𝟔𝒕 𝒕𝟑𝒅𝒕

∞

𝟎
   

Put   𝟔𝒕 = 𝒚    ∴  6 dt = dy    ∴    dt = 
𝟏

𝟔
 dy 

∴    ∫ 𝐱𝟓 (𝐥𝐨𝐠
𝟏

𝐱
)

𝟑

𝐝𝐱 
𝟏

𝟎
 =∫ 𝐞−𝐲 (

𝐲

𝟔
)

𝟑

 
𝐝𝐲

𝟔

∞

𝟎
  = 

𝟏

𝟔𝟒 ∫ 𝐞−𝐲𝐲𝟑 𝐝𝐲
∞

𝟎
  = 

𝟏

𝟔𝟒  𝚪(𝟒)= 
𝟏

𝟏𝟐𝟗𝟔
(𝟑!) =

𝟏

𝟐𝟏𝟔
   

 

 

HOME WORK: 

 1.  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞   (𝐢) 𝚪(𝟕
𝟐⁄ )   (ii)   𝛃 (

𝟏

𝟒
,

𝟏

𝟐
)   (iii)  𝛃 (

𝟕

𝟐
, −

𝟏

𝟐
) 

2.  Express the following integrals in terms of gamma functions     

      (i) ∫ 𝐞−𝐱𝟐
𝐝𝐱

∞

𝟎
       (ii) ∫ 𝐱𝐩−𝟏𝐞−𝐤𝐱𝐝𝐱,       (𝐤 > 0)

∞

𝟎
 

3.  Show ∫
𝐱𝟒

𝟒𝐱

∞

𝟎
𝐝𝐱 =

𝚪(𝟓)

(𝐥𝐨𝐠 𝟒)𝟓.  

4.  Given  ∫
𝐱𝐧−𝟏

𝟏+𝐱

∞

𝟎
𝐝𝐱 =

𝛑

𝐬𝐢𝐧 𝐧𝛑
  , show that 𝚪(𝐧)𝚪(𝟏 − 𝐧) =

𝛑

𝐬𝐢𝐧 𝐧𝛑
  

      hence evaluate  ∫
𝐝𝐲

𝟏+𝐲𝟒

∞

𝟎
.  

5.  Prove that ∫
𝐝𝐱

√𝟏+𝐱𝟒

𝟏

𝟎
=

𝟏

𝟒√𝟐 
𝛃 (

𝟏

𝟒
,

𝟏

𝟐
).   

6.  Prove that  ∫ 𝐱𝐦(𝐥𝐨𝐠 𝐱)𝐧𝐝𝐱 =
(−𝟏)𝐧 𝐧!

(𝐦+𝟏)𝐧+𝟏

𝟏

𝟎
, where n is a positive integer and m>-1. 

      Hence evaluate ∫ 𝐱(𝐥𝐨𝐠 𝐱)𝟑𝐝𝐱
𝟏

𝟎
.  

 


