ORDINARY DIFFERENTIAL EQUATIONS OF FIRST ORDER

Linear and Bernoulli’s differential equations. Exact and reducible to exact differential
equations. Applications of ODE’s-Orthogonal trajectories, Newton’s law of cooling.
Nonlinear differential equations: Introduction to general and singular solutions; Solvable
for p only; Clairaut’s equations, reducible to Clairaut’s equations. Problems.

Solutions of ordinary differential equations of first order and first degree:-

Definition of Differential Equation:

An equation involving a function of one or more independent variable and its derivatives is
called a differential equation.
Order of the Differential Equation:

The highest derivative present in the differential equation is called order of the differential
equation.

Degree of the Differential Equation:
The highest power of the highest derivative present in the differential equation is called degree
of the differential equation.

Linear Differential Equation of First Order and First Degree:

Definition:

A differential equation of the form % +Py=Q, where P and Q are functions

of x or constants, is called a linear differential equation.

The solution of the linear differential equation is given by y (I.F) = [ Q (L F) dx +c,
Where I.F = e/P9 jscalled the Integrating Factor.

Another form of the linear differential equation is given by 3—; + Px = Q, where P and Q are

functions of y or constants and its solution is given by x (I.F) = [ Q (I.F) dy + ¢, where

LF=elPdy,
Problems:
1. Solve ¥ -2 =y 4 x2.
dx X
Solution:
On comparing with % +Py=Q, weget P= —z , Q = x + x?, which are functions of x only.

2 —_—
LF = ef Pdx — ef—;dX — g—2logx — glogx™? — ¢-2 _ 12 .
X

. The solutionis y.(I.F) = [ Q(I.F)dx + c.




1 1
y.5 = f(x+xz)x—2 dx + c.

X
L=[(3+1)dx+c

= = logx +x + c is required solution.
2. Solve 3—i + 3x2%y = x5eX’.

Solution:
On comparing with % +Py=Q,weget P=3x% Q= x%eX’, which are functions of x only.

LF = e/ Pdx = of 3x%dx — ox°

The solution is y. (I.F) = [ Q (I.F)dx + c.

noyeX = x5 dx4c o oy.eX = [x3x2e2X dx +c.

Take x® =t - 3x’dx=dt - x’dx=dt

. x3 _1 2t . x2 1 e_Zt_e_Zt]

. y.e —3ft.e dt+c.  ~ ye© =clt———|+c
3 e2x®  e2x® . . .

L oy.eX =x3 + + c is the required solution.

6 12
3. Solve (x + 1)% —y = e3*(x + 1)?

Solution:

Lo . . dy vy _ .3
Dividing the equation both sides by (x+1), we get o= © *(x+1)
1

— a3X H
D Q = e3*(x + 1), which are

On comparing with % +Py=Q, wegetP=-—

functions of x only.

1
LF = o Pdx — of "e® = g-logtx+1) — glogx+D)™ — o108 Yxen] = 1L

X+1

The solutionis y.(I.F) = [ Q (L. F)dx +c.

1 — 3x 1 . 1 — 3x
Yoan = [e3*(x+ 1).(X+1) dx+c oy = [e3*dx +c.
y_ ¥ voy=(x+1) [ﬁ + c] is the required solution
(x+1) 3 ' 3 )




4. Solve x(1 —x?) 2—1 +(2x%* -1)y =x3
Solution:
Dividing the equation both sides by x(1 — x2), we get,

dy 2x%-1 X2
dx x(1—x2)y_(1—x2)

On comparing with d— +Py=Q,wegetP =

(1 xZ) V=9

. . . . 2x%-1 2x2-1 A B C
Resolving P into partial fraction, we get, oD~ R — x tt o

2x2—1=A1-x)(1+x) + Bx(1 +x) + Cx(1 — x).

Put x=0. ~ —1=A =~ A=-1. Put x=1. =~ 1=2B. =~ B=§.

Put x=-1. =~ 1=-2C. «~ C=-—=-.

1 1, 1 1, 01 1 1
[pdx = —f;dx+5f(1_x) dx—;f(lﬂ)dx = —logx — -log(1 —x) — Zlog(1 + x).

[ Pdx = —[logx + logV1 — x + logV1 + x] = —log(xV1 — x2) = log(xV1 — Xz)_l

LF = e/Pdx = elog(xx/l—xz)_1 —_1

xW1-x2 "’

The solutionis y.(I.F) = [ Q (L. F)dx + c.

1 X 1
y: xV1-x2 f(l—xz)'xxu—xz dx +c.
—x2) = y = oo = —E
XW f(l T dx+c Let (1—x*))=t «~ 2xdx=dt x dx -
B S . P 1 S SN S
y'x 1x2 27 ¢ - 2( 1/) h y'x 1-x2 t/2 |
y- X\/% = \/;7 + c. ~ y=x+cxv1l—x? isthe required solution.

5. Solve g—z+yc0tX=4xcosecx if y = 0 when ng.

Solution:

On comparing with % + Py =Q, weget P=cotx, Q= 4xcosecx, which are functions of x

only,. - LF= efPdx — gfcotxdx — glogsinx — ¢jp x.




The solutionis y. (I.F) = [ Q(L.F)dx + c.

y.sinx = [4x cosecx.sinx dx+c= [4x dx+ c.

y.sinx = 2x2 4+ ¢ ... (1) is the general solution. Given y = 0 when x = g
O=2.(§)+c. LoCc= —é.
ysinx = 2x? —? is the particular solution.
6. Solve (1+y?)dx+ (x—tan"ly)dy = 0.
Solution:
The given equation can be rewritten as j—; = tar:;;_x Lo j—i + 1fy2 = ti_ylzy .
This equation is a linear in x of the form j—; +Px=Q.
P= 1+1y2 , Q= ti;y , which are functions of y only.
LF=e/Pdy = efﬁdy = etan™'y,
The solutionis x.(I.F) = [ Q(I. F)dy + c.
x.etan™'y = ftj:;y eV dy +¢c. Take tanly=t. 1+1y2 dy = dt.
x.e® Y = [tetdt4+c ~ x.e@ V= (te—e')+c
x.e™'Y = (tan~ly — 1)e®@ 'Y 4+ ¢ is the required solution.
7. Solve ydx+ (3x—xy —2)dy = 0.
Solution:
The given equation can be rewrittenas ydx = —(3x — xy — 2)dy. - j—; +x (3%

On comparing with j—; +Px=0Q, weget P= (3_y), Q= s , Which are functions of y only.

y
3y 3_ 3
LF=elpdy = ef( y )ay = ef(y 1)dy = e3108Y-Y = elog” o7V = y3e7V,

The solutionis  x.(L.F) = [ Q(I. F)dy + c.




x.yle™V = f; (y3e¥)dy+c «~ x.yleV=2[y%e ¥ dy+c.
x.y’e™ =2{y*(—e™) - (2y)e™ + (2)(—e M)} +c.

x.y'eV = —2eV[y*+2y+2]+c -~ x.y =-2[y+2y+2]+.
x.y3 + 2[y? + 2y + 2] = ceV is the required solution.

8. Solve dr + (2rcot® + sin20)d0 = 0.

Solution:

The given equation can be rewritten as % + (2cot 0)r = — sin 26.
Here P = 2cot0, Q = —sin20 = —2sin6 cos6.

LF = eJPd0 — of2cot0dd — glogsin®6 — ¢in2p.

The solutionis r.(I.F) = [ Q(L.F) d0 + c.

rsin?0 = [ —2sin0cos 0 (sin?0)do6 + c.

rsin?0 = —2 [sin30cos0 d0 +c. Let sin6=t. - cos0 do =dt

rsin0=-2ft3 dt+c. - rsin?0= —2§+ c.

rsin?f = —@ +c. ~ 2rsin?0 + sin*0 = 2c is the required solution.
HOME WORK:

1. Solve x ¥+ y = logx.
dx
2. Solve (1 —x2) % + Xy = ax.
3. Solve xcos x% + (xsinx + cosx)y = 1.

4. Solve (x+ 2y3)% =y.

2x 1
TandY T ey

5. Solve the differential equation: % given y = 0,when x = 1.
Bernoulli’s Equation:

An equation of the form % + Py = Qy", where P & Q are functions of x or constants, is
called as Bernoulli’s Equation.




This equation can be reducible to the linear differential equation of the form % + Py =Qand
its solution is obtained as follows.

Method of Finding Solution to Bernoulli’s Equation:
1. Arrange the given equation in the form Z—z + Py = Qy"

2. Divide the equation throughout by y™ to obtain yin % +P ynl_l =Q....... (1)
3. Take substitution ynl_l = t and differentiate w.r.t. x.
4. Substitute in the above equation (1) and reduce it in the form 2—; + Pt = Q,

which is a linear equation in t.
5. Find Integrating factor I.F = eJPdx
6. Thesolutionis t(I.F) = [Q (L.F)dx+c

Note: Another form of the Bernoulli’s equation is Z—; + Px = Qx",
where P and Q are functions of y.

Problems:

d
1. Solve xi +y = x3yS.

Solution:
Given xj—i +y = x3y°.

Dividing both the sides by x, we get, % + iy =x%y% ... (1).
This is of the form % + Py = Qy".

This equation is a Bernoulli’s equation. Dividing both the sides by y® we get,

1dy 11 _ 2
5 dX+Xys—x ............ (2).

L—t di iati Sdy_d . 1dy_-ide
Take ys—t, differentiating w. r. t. X we get, o P 5o

Substituting in (2), we get, _?— =-t=x" Multiplying by —5, we get,
— — =t = —5x2. Thisis alinear equation of the form % + Pt =Q.

Where P = —z and Q = —5x2.

5 —_—
LF = ef Pdx — ef—;dX — g 5logx — glogx™® — -5 _ =
X




« Thesolutionis t.(LF.)=[Q (LF.)dx+c ~ t—== f;—ssxzdx +c.

X

1 1 1 1 -1
—_——= - — =-—-5({—)+
w= 5 mdxte e 5(25) +c.

1 5
= =+
X5y5 2x2

This is the required solution.
2. Solve (y logx—2)ydx—xdy = 0.

Solution:
Given (y logx—2)ydx—xdy =0. ie., Given (y?logx—2y)dx —xdy

dy _ y®logx-2y . dy n 2y _ y*logx (1)

dx X dx X X
This is of the form % + Py = Qy".

This equation is a Bernoulli’s equation. Dividing both the sides by y? we get,

1

1
" = 28X . (2).

1
y X

Q-lQ-
X<

42
X

Take }—1, = t, differentiating w.r.t.x we get

_idy _dt . 1dy —dt
y2 dx  dx Toy2dx 0 dx

I . dt 2, _logx . E_Z __logx
Substituting in (2), we get, w Tt il Sl

This is a linear equation of the form % + Pt = Q. Where P = —E and Q = — lofx.

-2 _
LF = e/Pdx = ef;dx — e-2logx — glogx™? — -2 _1

~ The solutionis t.(LF.)=[Q.(LF.)dx+c

logx 1
ts=/-—" S dx+c

%Xlz == — [logx X% dx + c. Using integration by parts, we get,
5=~ |00e0 (55) - T (5) 5 ax ] +e
%:% —%fx% dx + C.
5= 3G
1 _ (logx)

1 . . .
— + —+c. This is the required solution.
x2y 2x2 4x2




3. Solve xy (1 +xy?) % =1.

Solution:

Given ¥ =_1 o Zoxy + x%y3 ie, = _yx =y3x?...This is of the form
dx  xy +x%y3 dy gy

j—; + Px = Qx™. . This equation is a Bernoulli’s equation. Dividing both the sides by x?

weget, — X _Y=y3 )

get, gy =Y .
1 - . s -1 dx dt 1 dx —dt
Take —=t, differentiatingw. r.t.y weget, — vy ey

Substituting in (2), we get, —:—; —ty=y3 ie, ;‘_; 4yt = —y3.

This is a linear equation of the form :—; +Pt=Q, whereP=y and Q = —y3.

2
LF=e/Pdy = efydy = o7 The solution is t. (I.F.) = [ Q.(I.F.) dx +c.

v v v y2
tez =—[y3ezdy+c=—[y?ez ydy+c. Take S =u ~ ydy=du
y2
tez = —2 [ue" du + c . Integrating by using Bernoulli’s rule, we get,
y? y? 2 y? y?
tez = —2(ue* —e") +c. - §e7 =-2 (y?eT - eT) + c.
YTZ y2 y2 yZ 1
eT =—y?ez +2ez +c. -~ ez (; + y%— 2) =c. This is the required solution.
dy _ y
4. Solve T ey
Solution:
iven 9% = X% dx 1. _ _ VX
Given 5y e, &5 A (D)

This is of the form j—; + Px = Qx".

This equation is a Bernoulli’s equation. Dividing both the sides by VX, we get,

Take +/x =t, differentiating w.r.t.y, we get,

1 dx dt 1 dx dt . . .
L L Gy s Zd—y . Substituting in (2), we get,




t=2 e, S_li= L
- TV dy 2y _2\/3_/'

This is a linear equation of the form 2—; + Pt=Q, whereP = ;—yl and Q = —

2y’
. I.LF = edey = ef;_;dy = e—(%)logy =1
Jy
. The solutionis t(I.F) = [ Q (I.F) dy + c.
1 1 1
= f—g dy+c=—_logy+c=—log,/y+c
X
o =41 =c isth i lution.
ﬁ +log,/y = ¢ is the required solution
5. Solve rsin® — cos Bj—; = r2
Solution:
Given cos e;‘—; —r sin® = —r2. Dividing both sides by cos8, we get,
dr _ — 2
m rtan@ = —r“sech....... (D).
This is a Bernoulli’s equation of the form dd—; +Pr=Qr".
Dividing both the sides by r?, we get, ride—; — %tane = —secH ... ... (2)
1 . . -1 dr dt 1 dr —dt
Take - = t, differentiatingw. r. t. 6, we get, - —w o T Zws o
Substituting in (2), we get, —% — (tanB)t = —sech. - % + ttan® = sec®6.

This is the linear equation of the form :—; + Pt =Q, whereP = tanf and Q = sec®f.
LLF = e/Pd® — oftan6d® _ glog(sec®) — gacQ

=~ The solutionis t(I.F) = [Q(L.F)d® +c. - %(sec@) = [ secB.secBd0O + ¢

secB

%(sece) = [ sec?d® + c. = tan0 + c. This is the required solution.

HOME WORK:

1. Solve % =y tan x — y?sec x. 2. Solve 2xy'=10x3y>+y.

X

Y Y—yy2,

3. Solve x(x—y)dy+y2dx=0. 4. Solve i




Exact Differential equation:
A Differential equation of the form M(x,y)dx + N(x,y)dy = 0 is said to be exact if there

exists a function f(x,y) such that Mdx + Ndy = df.
Example: The equation 2xy dx + x? dy = 0 is an exact differential equation, since we have
2xy dx + x% dy = d(x?y)

Necessary condition:
A necessary condition for the equation M(x,y)dx + N(x,y)dy = 0 to be exact is 2—1;' = 2_1: :

The solution of exact equation is given by

[ M(x,y) dx (keepingy as constant) + [ N(y)dy (terms of N not containing x) = C.

Problems:
1. Solve (3x? + 6xy?) dx+ (6x%y + 4y3) dy = 0.

Solution:
Given (3x%+ 6xy?) dx+ (6x%y +4y3)dy=0........... (1). ie., Mdx+ Ndy = 0.

M =3x%2+6xy? and N = 6x%y + 4y3

oM ON M _ 0N : : .
ek 12xy and Pl 12xy. -~ i The given equation (1) is exact.

The solution is [ M(y is constant) dx + [(terms of N not containing x)dy = c.
f(3x% + 6xy?) dx + [4y3dy=c.

. x3 4 3x%y? + y* = c. This is the required solution.

2. Solve (x% —4xy — 2y?) dx + (y? — 4xy — 2x?)dy = 0.

Solution:
Given (x2 —4xy —2y?)dx+ (y? —4xy — 2x?)dy =0........... (1). ie., Mdx+ Ndy = 0.
M=x%—-4xy—2y? and N = y? —4xy — 2x?

oM oN aM _ 0N
E——4X—4y and 5——4y—4x. T A

. The given equation (1) is exact.
The solution is [ M(y is constant) dx + [(terms of N not containing x)dy = ¢
[(x? —4xy —2y?)dx + [y?dy =c.

3 2 3
L= - ? — 2xy? + %= c. This is the required solution.

10




3. Solve [y(1+i)+cosy] dx + [x+logx — xsiny] dy = 0.

Solution:

Given [y(l + i) + cos y] dx + [x+logx —xsiny]dy =0......... (1). i.e., Mdx+ Ndy = 0.

M=y(1+i)+cosy and N= x+logx—xsiny

a—M=(1+§)—siny and Z—N 1+i—siny.

_ oM _ N
dy x

ay  ox
. The given equation (1) is exact.

The solution is [ M(y is constant) dx + [ (terms of N not containing x)dy = c.
1
f[y(1+;) +cosy]dx+ fody=c

~ y(x+logx) + xcosy = c. This is the required solution.

d cos x+ siny+
4. Solve d—i+ yooRrm oAy —

sinx+xcos y+x

Solution:

Given equation can be written as (ycos x + siny + y)dx + (sinx + x cosy + x)dy = 0 ...

i.e., Mdx+ Ndy = 0.

M =ycosx+siny+y and N = sinx+ xcosy + x.

oM _ oN

oM aN
— =cosx+cosy+1 and &—cosx+cosy+1. oy = ox

dy
~ The given equation (1) is exact.

The solution is [ M(y is constant) dx + [(terms of N not containing x)dy = ¢
f(ycosx+ siny+y)dx+ [0.dy =c

. ysinx + x siny + xy = ¢ . This is the required solution.

5. Solve (2xy +y — tany) dx + (x? — xtan?y + sec?y) dy = 0.

Solution:
Given (2xy +y — tany) dx + (x? — xtan®y + sec?y) dy = 0........... (1).

i.e., Mdx+ Ndy = 0.
M=2xy+y—tany and N = x?— xtan?y + sec?y.

oM aN aM 0N
— =2x+1—-sec’?y and — = 2x—tan’y. .+~ —= — .
ady T y ox y ay ox

(D).

11



Highlight


. The given equation (1) is exact.
The solution is [ M(y is constant) dx + [(terms of N not containing x)dy = ¢
f(2xy +y —tany) dx + [sec?y dy =c

. x%y + Xy — xtany + tany = c. This is the required solution.

6. Solve y sin2x dx — (1 +y? + cos?x)dy = 0.

Solution:
Given ysin2xdx — (1 +y? +cos?x)dy=10........... (1). ie., Mdx+ Ndy = 0.

M =ysin2x and N= —(1+y?+ cos?x).

oM

. oN . . . oM _ 4N
P sin2x and Pl —2cosx (-sinx) = 2sin x cos X = sin 2x. — = —

dy  ox
. The given equation (1) is exact.
The solution is [ M(y is constant) dx + [(terms of N not containing x)dy = c.

Jysin2x)dx+ [—(1+yH)dy=c.

X 3 - H
y(— 00522 ) —y— y? = c. Multiply both sides by —6.

3y cos 2x + 6y + 2y3 = k. This is the required solution.
7. Solve (1 + 2xy cos x? — 2xy)dx + (sinx? — x?)dy = 0.

Solution:
Given (1 + 2xy cosx? — 2xy)dx + (sinx? — x?)dy =0....... (1). ie., Mdx+ Ndy = 0.

M=1+2xycosx?—2xy and N = sinx? — x2.

0

M ON oM N
a—y=2xcosxz—2x and £=2xcosx2—2x. — = —

dy  ox
. The given equation (1) is exact.
The solution is [ M(y is constant) dx + [(terms of N not containing x)dy = c.
f(1+ 2xycosx? —2xy)dx+ [0.dy =c.
X +Yy [ 2x cos x?2dx —x%y = c.
Take x*> =t . 2x dx=dt
x+ylcostdt —x%y =c. -~ x+ysint—-x%y =c.

~ X + ysinx? — x%y = c¢. This is the required solution.

12




8. Solve (y2 e®’ +4x3) dx + (2xye™” — 3y2)dy = 0.

Solution:
Given (y?e¥’ +4x3) dx + (2xye®” —3y?)dy = 0........... (1). ie., Mdx+ Ndy = 0.
M=y2e¥ 4+4x3 and N= 2xye™ —3y2

M — y2.e¥ 2xy + €9°.2y = 2xy3e®’ + 2y e’ and

dy s

‘;_1: = 2xy e¥’.y% + ¥’ 2y = 2xy3eX’ + 2y ¥’
oM _ 0N : , :
o The given equation (1) is exact.

The solution is [ M(y is constant) dx + [ (terms of N not containing x)dy = c.

[(y2e®® +4x3) dx + [(=3y?)dy =c.

2

yz'e; +x*—y3=c.  « e +x*—y®=c Thisis the required solution.
HOME WORK:

1. Solve (x* — 2xy? + 2y*) dx — (2x%y — 4xy? + siny)dy = 0.
2. Solve ye¥dx + (xe¥ + 2y)dy = 0.

3. Solve (secxtanxtany — eX)dx + secx sec’y dy = 0.
Equation reducible to exact equation:

A differential equation of the form Mdx 4+ Ndy = 0 which is not exact can be reduced to exact
equation on multiplying it by an appropriate function is called an integrating factor.

Rule to find Integrating Factors:

oM

Suppose the equation M dx + N dy = 0 is not exact, i.e., oy * g—z , then we obtain the integrating

factors as follows.

1/0M 0N\ . .
ﬁ(_ - —) is a function of x

. . oM ON . .
(i) If the difference rria is very close to expression of N and 5 o

say f(x), then LFise/f®dx

ﬁ(a_M — a—N) is a function of y say

- . oM ON . .
(i) If the difference i is very close to expression of M and % o

g(y), then LFise™/8Wd,

13




Problems:
1. Solve y(2x—y+ 1) dx+x(3x —4y + 3) dy = 0.

Solution:
Given y2x—y+1)dx+x(3x—4y+3)dy=0......... (1)

M=2xy—y?+y and N =3x?—4xy+ 3x.

oM ON
E—ZX—2y+1 and o = 0x—4y+3.

X

‘2—1: * Z—z . Therefore, the equation is not exact. We find that
M _ N _4x+2y—2=-2(2x—y+1). Itis close to M.
dy 0x

1 (oM N 1 2

i (5~ 5) = sy 2@y A D ==

2
_ —24 "
o LF.=e J8Wdy = ¢y = g2logy — glogy” = y2,

Multiplying the equation(1) with y?, we get,

(2xy3 —y* +y3) dx + (3x?y? — 4xy3 + 3xy?) dy = 0. It is an exact equation.

Now take M = 2xy3 —y*+y3 and N = 3x%y? — 4xy3 + 3xy?.
The solution is [ Mdx + [ N(y) dy = c.

v fxy?—y*t+y3)dx+ [0dy=c
x2y3 — xy* + xy3® = ¢, is the required solution.

2. Solve (xy3+ y)dx+2x?y?+x+yH)dy=0

Solution:
Given (xy3+ y)dx+2 x2y?+x+y*)dy=0 ......(0)
Let M= (xy>*+y) and N=2 x?y?+x+y*)
M _ 2 N _ 2
3 =3xy*+1 and ax—2(1+2xy )

oM ON

oy * ol Therefore, the equation is not exact. We find that
M _ON_ 2 .
3y ox (xy? 4+ 1) # 0. Itis close to M.
Lo LM _oN) _ 1 —(xv? _ _1_
M (ay 6x) - y(xy2+1) ° (Xy + 1) y g(Y)

14




. IF=e-J8dy — e_f_idy = elogy =y,
Multiplying the eqution (1) with y, we get,
(xy* +y?) dx+ 2 X%y + xy + y°) dy = 0. It is an exact equation
Nowtake M = (xy*+y?) and N =2 %y +xy+y°).

. The solutionis [ Mdx + [ N(y)dy = c.

v Jxy*+yHdx+ [2ySdy =c.

X2y4 2 y6 . . .
- txy + 2 T =G s the required solution.

3. Solve (y logy) dx+ (x—1logy)dy =10

Solution:
Given (y logy)dx+ (x—logy)dy=0......... (1

Let M = (y logy) and N = (x— logy).

oM N
E—1+logy and 5—1

AN . )
oy * ol Therefore, the equation is not exact. We find that

oM 0N

oy 7x =logy # 0. Itis close to M.

1 (oM ON 1 1
M(E _5) = Jogy 108V =5 = 8

1
LF.= e J8Wdy — ¢ Jyd — g-logy — 1
y

Multiplying the equation (1) with i, we get,

(logy) dx + (E — lo%) dy = 0. It is an exact equation.

Now take M =logy and N =§—l°%
The solution is [ Mdx + [ N(y) dy = c.
- flogydx+f—l°%dy: C.

~ xlogy — % (logy)? = ¢, is the required solution.
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4. Solve y(2xy + 1) dx —xdy = 0.

Solution:
Given y(2xy+1)dx—xdy=0........(1)

M=2xy?+y and N=-x

oM oON
E—4Xy+1 and g——l.

oM

AN L )
3y * ol Therefore, the equation is not exact. We find that

oM 0N

= 4xy + 2 = 2(2xy + 1). Itis close to M.

1 (0M 0N 1 2
' H(E - E) oy’ 22y +1) = v 80

2
. L.F.= e_fg(Y)dy = e_ f3_/dy = e_ZIOgy = el()gy_z = iz
y
Multiplying the equation (1) with y—lz,we get,
(ZX + i) dx — y—Xz dy = 0. Itis ani exact equation.

X

Now take M=2x+}—1, and N=—}7.

The solution is [ Mdx + [ N(y) dy = c.
f(ny+1)$dx+f0 dy = c. f(2x+§)dx=c.
X% + 3 = ¢, is the required solution.

5. Solve y(x+y)dx+ (x+2y—1) dy =0.

Solution:
Given y(x+y)dx+ (x+2y—1)dy=0....... ().

LetM = y(x+y) and N = (x+2y—1).

oM oN
E—X+2y and 5—1.

oM ON

3 oy * ol Therefore, the equation is not exact. We find that

oM

ON :
oy ox (x + 2y — 1). Itis very close to N.

1 (0M oN 1
E(E_&) = 2y - D =1=1()
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o LF. = eff®dx — of1dx _ ox

Multiplying the equation(1) with e*, we get,

y(x+y)e*dx + (x + 2y — 1)e* dy = 0. It is an exact equation

Now take M = y(x +y)e* and N = (x+ 2y — 1)e*

. The solutionis [ Mdx + [ N(y)dy = c.

v [fyx+yeXdx+ [0dy=c - [(yxe*+y?e¥) dx =c.
y(xeX — 1eX) + y?e* = ¢, is the required solution.

6. Solve (xy% — el/*’) dx — x%y dy = 0.

Solution:

Given (xy? — e?/**) dx — x2y dy = 0 ....... (1)

Let M = xy? — e/**.and N = —x?y.

oM oM _ 9N

N o
rrie 2xy and Pl —2Xy. 5 il Therefore, the equation is not exact.
oM 0N : 1 (0M 0N\ _ -4
ay ax 4xy. ItisveryclosetoN. - N (E - 5) =—= f(x).

-4
_ Aff)dx — f—dx _ _—4logx _ 1
LF=el =ex =e B =—

L . a1
Multiplying the equation (1) with — e get,

(xy2 —e¥/¥*) 2= dx — XY dy = 0.

x4 x4

2
(% - % el/x3) dx — % dy = 0. Itis an exact equation.

2
Nowtake M = ¥ — Ze/x*, N=_-X
X X

x2

The solution is [ Mdx + [ N(y) dy = c.

vy 1 q/x3 _ . 2 -1 , 1 3 1/x3 _
f(;—;e/x)dx+f0dy—c. Sy ﬁ+—3f(—ge /X)dX—C.
_y2 -x3 2
Lz+ie1/x3:c. » =— -2 = cisthe required solution.
2x 3 3 2x

7. Solve (6x% + 4y3 + 12y)dx + 3x(1 + y?)dy = 0.

Solution:
Given (6x% + 4y3 + 12y)dx + 3x(1 + y?)dy = 0 ...... (1)

17




Let M = (6x% 4+ 4y® + 12y) and N = 3x(1 +y?).....(1)

M_-12y2+12 and 2—1: =3(1 +y?).

dy
E * —X Therefore, the equation is not exact. We find that
‘2_1; _?3_12 =9y2 +9 =9(y? + 1) # 0. Itis very close to N.

NGy~ %) = 5ams 907D =11

IF = of f0dx — oJ3dx _ g3logx — glogx® — 43
Multiplying the equation (1) with, we get,
(6x° + 4 x3y® + 12 x3y)dx + 3x*(1 + y?)dy = 0. Itis an exact equation
Now take, M = (6x° + 4 x3y3 + 12x3y) and N = 3x*(1+ y?).
~ The solutionis [ Mdx + [ N(y)dy = c.
~ The solution is 6 [ x°dx + 4y3 [x3dx + 12y [ x3dx = c.

x® + x*y3 + 3yx* = cis the required solution.
8. Solve 2xydy — (x*?+y?+1)dx=0

Solution:
Given (—x2 —y? — 1)dx+ 2xydy = 0 ....(1).

M= (—x?—-y?—1) and N = 2xy.

oM ON

3y —2y and ol 2y.
Z—I\; * —X . Therefore, the equation is not exact. We find that
M  ON
rrintrvie —2y — 2y = —4y.It closeto N
aM 9N
(E - 5) E( 4y) = —= = f(x).
- IF = of f0dx — ef—idx — e~2logx — glogx™2 _ 1

x2’

Multiplying the equation(1) Wlth , we get,

1y21d2yd—OI' i
(_ _;_X—2> x+; y = 0. Itis an exact equation
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2
Nowtake M= -1-L -2 and N=2Z,
X X X

2

. The solutionis [ Mdx + [ N(y)dy = c.
21
f(—l—i—z—x—z)dx+f0 dy = c.

A | . . .
—X + y; t_=cis the required solution.

HOME WORK:

1. Solve (x2 +y3 + 6x)dx + y?xdy = 0.

2. Solve (8xy — 9y?)dx + 2 (x? — 3xy)dy = 0.
3. Solve (x? + y? + x)dx + xydy = 0.

4. Solvey(x +y+ 1)dx + x(x + 3y + 2)dy = 0.
5. Solve (y* + 2y)dx + (xy3 + 2y? — 4x)dy = 0.

6. Solve (3x%y* + 2xy)dx + (2x3y3 — x?)dy = 0.

Applications of Differential Equations:

Orthogonal Trajectories (O.T):
Two families of curves are said to be orthogonal trajectories to each other if every member of
one family cuts every member of the other family at right angles.

Orthogonal Trajectories in Cartesian form:

Let f(x,y,a) =0..... (1), where a is an arbitrary constant be the equation of a family of curves
in cartesian form. Then the process of finding the orthogonal trajectories of this family is as
follows.

1. Differentiate (1) w.r.t. x and eliminate a to obtain a differential equation of the form
F(x v, ¥)=0
Y i '

dy dx dx\ _
2. Replace& by ~ to get F(x, y, —d—y) =0...... (2).
This equation represent a differential equation of the orthogonal trajectories of (1).

3. Solve the equation (2) to obtain a relation of the form g(x, y, b) = 0, where b is an
arbitrary constant. This equation represents the orthogonal trajectories of (1).
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Problems:

1. Find the orthogonal trajectories of the family of parabolas y? = 4ax, a being arbitrary
Constant.

Solution:
Given y? =4ax ......... ).

Differentiating (1) w. r. t. x, we get, Zy% = 4a.

o 2 _ o, 4y . dy _y? . dy _ o _
Substituting in (1), We get, y* = 2y X o 2y m=—. 4 22X -y =
This is the D. E of the given family (1).

dy _ & . . . X L y=
Replace ™ by y 2x( dy) y=0. -~ 2x 3 +y=0.

Separating the variables, we get, 2xdx + ydy = 0.
2
Integrating we get, 2 [xdx+[ydy=c. - x*+%=c
2x% +y? =2c ie, 2x%+4y?=b. Thisisthe required orthogonal trajectories of (1).

2. Find the orthogonal trajectories of the family of coaxial circles x? +y? + 2Ax + ¢ = 0,
L being a parameter.

Solution :
Given x2 +y2+2kx+c=0......... ().

Differentiating (1) w. r. t. x, we get,

d d .
2x + Zyd—§+ 2A,=0, wherey;, = . «~ A= — (x+ yi). Putin (1).
d d
X2+y2_2(x+yd—§)x+czo_ R yZ—XZ—ny£+C=0.
dy _ & Cou2 2 dx _
Replace -~ by R At + 2xydy+ c=0.
d_x — 2 _u2 _ - . d_x _ l 2 _ _E
2xyoly x* —y“ —c. Dividing both sides by y we get, 2x o= X VTS
ox & _lyz = _ y—— Take x? =t. Differentiate w.r.t.y. = 2x dx_ &t
dy 'y y dy dy
dt 1 [o .. . . dt
o ytT T (y + ;) This is a linear equation of the form ay +Pt=0Q,
e —l — — E g e dey e f_ldy: _IOgy:l
where P 5 and Q (y+y). ~ LF=e e v e ;

20




Solutionis t(LF) = [Q(LF)dy+c - ti =[- (y+ 5) i dy + ¢,

2 2

X; =—[dy— fyc—z dy +¢;. - X; = —y+§+ c;. Multiply both sides by y.
x2 = —-y2+c+cy. Putc =2

. X% +y? — 2ux — ¢ = 0. this is the required orthogonal trajectories of (1).

2 2
3. Find the orthogonal trajectories of the family of curves :—2 + bzyﬂ =1, Where A is a
parameter.

Solution:

N N
Given S +5—=1......... (D).

Differentiating (1) w. r. t. X, we get,

2_X+ZYY1=O X _ Y Lo =X
a2 ' bZ+A ) a2 b2+ b2+A  a?yy;

Substituting in (1), We get,

X oz (2X) = XXy L2 N 2
=ty (yyl) =1 = 3 2y 1. «~ x gy = A (2).
This is the D. E of the given family (1). Replace % by — j—; ie., y; by —yi in (2).
1
d d
L X%+ xyy; =at o x2+ Xyd—z =a% - xyﬁ =a? —x2.
; . (aZ_XZ)
Separating the variables, we get, ydy = dx.

X
2
v ydy = a? dx —xdx Integrating we get,

2 2 2
fydyzfa;dx—fxdx. y?:azlogx—x?+§ ~ y?=2a%logx—x*+c.

» x2+y?—2a%logx—c=0. Thisis the required orthogonal trajectories of (1).

4. Show that the family of confocal & coaxial parabolas y? = 4a(x + a) is self
orthogonal.

Solution:
Given y? = 4a(x + a) ------ 1)

Differentiating w. r. t. X, we get,

2yj—§ =4a. -~ a= % where y; = %. Substituting in (1), we get,
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y? = 2yy,; (X +yz£) Yy =2y (X + yzﬂ) oWy =2Xy;, + y ------ (2).

dx

This is the D. E. of the given family. Replace % by — ™

cy=2x (-2 +y (-2).

ie., y, by —yil in (2).

y =24 2 Multiply both sides by yZ2.
Y1 y1
y = ZXyl + yy% """ (3)

This is the D.E. of the orthogonal trajectories of (1), which is same as (2).

Hence y2 = 4a(x + a) is self-orthogonal.

2 2

5. Show that the family of conics a;+x + b;,+)\ = 1, Where A is a parameter is self
orthogonal.
Solution:
- X2 y2 - - -
Given o ton = 1o, (1). Differentiating w. r. t. X, we get,
2X_ | 2yy1 _ . X_ _ Zyyi
=0 T = O S B T Ty e (2)

a C a—cC

We have a property in ratio and proportion that if % = 3, then ==-

b_d _ b-d’
X _-yyi _ Xty o X XWYL o4 SV Xy
a2+L  b2+)  a%-b2 a2+).  a?-b? b2+).  a%-b?
1 X+ 1 —(x+ . . .
=9 and = W) gyhtituting in (1) we get,

b2+L  yyi(a?-b?)
2 (_Xtyya ) 2 ( —(x+yy1) ) -
X (x(aLbZ) Y Gn@e-vn) =1

X(X+yy1)  y(x+yy1) _ ; ; 2 _ K12
@b @b 1. Multiply both sides by a* — b

aZ+n  x(a?-b?)

X(x +yy1) — y(x + yy,) = a* — b?.

x+yy1) (x - yl) =a’—b%.......... (3). This is the D.E of the given family.
1
Now replacing y; by —yi in (3), we get,
1

(x - %) (x+yy;)=a?2—-b% ... (4) This is the D.E of orthogonal trajectories of (1),

which is same as (3). Hence the given family of conics is self-orthogonal.
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HOME WORK:

2 2 2
1. Find the orthogonal trajectories of the family of curves x3 +y3 = a3, Whereaisa
parameter.

2. Find the orthogonal trajectories of the family of coaxial circles x% + y2 + 2pux + ¢ = 0,
p being the parameter.

3. Show that the family of confocal & coaxial parabolas x* = 4a(y + a) is self
orthogonal.

4. Find the orthogonal trajectories of the family of curves y? = cx3, Where cis a
parameter.

Orthogonal Trajectories in Polar form:
Let f(r,0,a) =0..... (1), where a is an arbitrary constant be the equation of a family of curves
in polar form. Then the process of finding the orthogonal trajectories of this family is as follows.

1. Differentiate (1) w.r.t. 6 and eliminate a to obtain a differential equation of the form

dr
f(r, 0, ) =0.
2. Replace % by — r? % to getf(r, 0, —r? %) = 0....... (2). This equation represent

a differential of the orthogonal trajectories of (1).
3. Solve the equation (2) to obtain a relation of the form g(r, 6, b) = 0, where b is arbitrary
Constant. This equation represents the orthogonal trajectories of (1).

Problems:
1. Find the orthogonal trajectories of the family of cardiods r = a(1 —cos9),
where a is the parameter.

Solution:
Given r = a(1 + cos0)...... (1). Taking Log on both the sides, we get,

logr = loga + log(1 + cos 0). Differentiating w.r.t. 6, we get,

1dr __ —sinf _ -2 sin(0/2) cos(6/2) __ _ . dr 2 do
r d0  1+cosf 2c0s2(6/2) = —tan(6/2). Replacing de by —r ar ' WE get,
% (—r? %) = —tan (6/2). -~ r % = tan (0/2). Separating the variables, we get,
do _dr . o _ pdr . cdr _
wno/a - Integrating, we get, ftan(e/z) = [= = [—=[cot(6/2) dob.
logr = 2logsin (0/2) +logc -~ logr— logsin? (6/2) =logec.
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r — . r — . — )
IOgsinZ(e/z) =logc. - smop — & r=csn (0/2).
r=c(1_czie) o r=c(1_czﬂ s~ r=b (1 - cosb).

This is the required orthogonal trajectories of the family (1).

2a

2. Find the orthogonal trajectories of the family of curves r = Trcos o)’ where a is
the parameter.
Solution:
. 2a .
Givenr = (reos) "0 (1). Take log on both the sides. . logr = log2a —
log(1 + cos9).
. s 1dr _  sin® _ 2sin(0/2)cos(0/2) __
Differentiating w.r.t. 6, weget, - —=——= rcost(o/z) = tan (6/2).
ing & _ 291, 2d0y N
Replacing L by -—rio. o~ - (=rf ) =tan 0/2). ~ -r 5. = tan (0/2).
. . do _ —_dr .
Separating the variables, we get, w0 - T Integrating, we get,
do dr dr
ftan(e/z)_ )T f7+fcot(9/2) do = 0.
logr + 2logsin (0/2) =logc -~ logr +logsin? (0/2) = logc
. 5 _ ) 5 _ ) b 2pb
log[rsin® (6/2)] = logc. .~ rsin“(0/2)]=c. ~ r= 02 = (ocost)”

This is the required orthogonal trajectories of the family (1).

3. Find the orthogonal trajectories of the family of curves r* = a" sin no,
where a is the parameter.

Solution:
Givenr™ = a"sinnf ........ (1)
Take log on both the sides. ~. nlogr = nloga + log sin né.

Differentiating w.r.t. 0, we get, = & = ncosnd

1dr_ cot nd
rdo '

r d0  sinno
ing & 2801 240y Lo 90
Replacing m by — r el (—r Clr) =cotnf .~ —r — = cotn.
Separating the variables, we get, codtene = _Tdr . Integrating, we get,
[ = & &y [ tann0 do = 0.
cotnd r r
logr + %logsec nd =logc ~ nlogr+logsecnd = nlogc.
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logr™ + logsecn6 = log c"

bn
log(r" secnf) =logc™. ~ r%secnf=c". .~ "= — Where b" =c".

r™ = b" cosn6. This is the required orthogonal trajectories of the family (1).

4. Find the orthogonal trajectories of the family of curves r? = a? cos 20, where
a is the parameter.

Solution:
Givenr? = a% cos20........ (1.

Take log on both the sides. -~ 2logr = 2loga + log cos 20.

. .. 2 dr 2 sin 26 1 dr
Differentiating w.r.t. 6, we get, S cosa ~ = —tan 20
ing & 291 20 a8 _

Replacing m by — r R ( dr) = —tan 260. r dr—tan26
Separating the variables, we get, taieze = % . Integrating, we get,

do dr dr dr
Jom =17 = Jeot20d0=[—. « [—=—[cot20d0=0.

logr —% logsin20 =logc - 2logr — logsin 20 = 2logc.

2 2
logr? —logsin26 = logc?. = log (Si:1 29) =logc?. - sirrl = c2.

r> =b?sin20. Where b% =c2.
This is the required orthogonal trajectories of the family (1).

5. Find the orthogonal trajectories of the family of curves r" cosn0 = a",
where a is the parameter.

Solution:
Givenr" cosnf =a"........ (1) Take log on both the sides. .. nlogr + log cos nf = nloga.
Differentiating w.r.t. 0, weget, =S 42280 _ o . 14 nng
g w.rto, get r do cosnd " rae  Annw
ing & py — 2% . 129 o . —r B
Replacing m by — r = 7 (—r dr) tannf - —r — = tanno.
Separating the variables, we get, taiene = _Tdr . Integrating, we get,
[ = ¥ o ¥4 [ cotnodo = 0.
tann6 r r
logr + %logsin nd =logc ~ nlogr+logsinn6 = nlogc.
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logr™ + logsinn® = logc™
. log(r"sinnb) =logc™. ~ r"sinn® =c". ~ r"sinn®=Db". Where b" =c".
This is the required orthogonal trajectories of the family (1).
HOME WORK:

1. Find the orthogonal trajectories of the family of cardiodsr = a(1+ sin ),
where a is the parameter.

2. Show that the orthogonal trajectories of the family of curves r" = asecn0
is the family of curves r" = bcosecn0,where a,b are constants.

3. Show that the family of curves r = 2a(sin 0 + cos 8) and r = 2b(sin0 — cos 0) intersect
each other orthogonally.

2
4. Find the orthogonal trajectories of the family of cardiods (r + kT) cos0 =a,
where a is the parameter.

5. Show that the orthogonal trajectories of the family of Cardioids r = acos?(08/2) is
another family of Cardioids r = b sin?(0/2).

Applications of D.E in Newton’s law of cooling:

Newton’s law of cooling:

The change of temperature of a body is proportional to the difference between the
temperature of the body and that of the surrounding medium.

Let T, be the temperature of the surrounding medium and T be the temperature of the body

at time t, then i—f « (T—T,). ie. % = —k (T — T,). Where k is the constant of

proportionality. (— sign for cooling down of temperature).

Problems:

1. A body originally at 80°C cools down to 60°C in 20 minutes, the temperature of the air
being 40°C . What will be the temperature of the body after 40 minutes from the original?

Solution:
Given T =80°C whent =0 minute. T=60°C whent =20 minutes. T, = 40°C.

When t = 40 minutes, T = 2.

By Newton's law of cooling, We have, % = —k(T—T,), k> 0 is a constant
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I =k (T — 40). Separating the variables and integrating, we get,

dt
fT(i—:O = —k [ dt. log(T — 40) = —kt + logc, where c is a constant.
log(T — 40) —logc = —kt.
log (%) = —kt. T_C40 = e Kt,
T—40 =ce X ......(1).
T =80°C whent = 0 minute. 40 =c ¢ =40.
T =60°C when t = 20 minutes. 20 = ce 2%, 20 = 40e72%, . % :eZ%
20k = 2. 20k = log2. k=--log2 . Substitute in (1).

T — 40= 40e~Go°82)t, - T= 40 + 40e~Go°22)t. put t= 40,

0

1
T= 40 + 40e~(21082) =40 + 40el°g(1) =40 + 40 X i =50c. T = 50°.

2. If the temperature of the air 30°C and the substance cools from 100°C to 70°C in 15
minutes, find when the temperature will be 40°C.

Solution:
Given T =100°C whent =0 minute. T =70°C whent =15 minutes. T, = 30°C.

When T =40°C, t=7.

By Newton's law of cooling, We have, % = —k(T—T,), k> 0 is a constant

2 i—: = —k (T — 30). Separating the variables and integrating, we get,

f% = —k [ dt. log(T — 30) = —kt + logc, where c is a constant.
log(T — 30) — logc = —kt. log (T_C3O) = —kt. T_CSO = ek,
T—30=ce X ......(0).

T =100°C whent =0 minute. 70 =c. c=70.

T =70°C when t = 15 minutes. 40 = ce 20k, 40 = 70e71%, . B=—g
ek = % = %. . 15k = Iog(i). k= %log(i) . Substitute in ().
T — 30=70e" (983t put T =40°C .
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1. 7 1, 7 1, 7
10= 70e_(ElOgZ )t e_(EIOgZ )t: % e(ElOgZ )t: 7. (% log%) t= |Og 7.
t =127 = 52.17 ~ 52.2 minutes.

Elogz

3. If the air is maintained at 30°C and the temperature of the body cools from
80°C to 60°C
in 12 minutes. Find the temperature of the body after 24 minutes.

Solution:
Given T =80°C whent=0minute. T=60°C whent=12 minutes. T, = 30°C.

Whent = 24 minutes, T = 2.

By Newton's law of cooling, We have, % = —k (T —T,), k> 0 is a constant
2 z—f = —k (T — 30). Separating the variables and integrating, we get,
f% = —k[dt. ~ log(T—30) = —kt+ logc, where c is a constant.
_ . T-30\ _ . T-30 _ _kt
log(T — 30) —logc = —kt. - log( - ) =—kt. ~ —=e™

T—30=ce X ......(D).

T=80°C whent=0minute. ~ 50=c¢. «~ c=50.
T=60°C whent=12 minutes. . 30=ce 2%k, . 30=50e"1%k % = eﬁ
12k _ 30 _ 5 . - 5 . _ 1, (5 Lo
et = =2 & 12k = Iog(g). ~ k= 12I0g(3) . Substitute in (1).
1 5 1 5
T—30=50e" 9% )t . T=30+50e~ (%) pyt t=24.
T= 30 +50e (151983 )29 & T=30 +50e~(21085). . T=48°C.

4. Water at temperature 100C takes 5 minutes to warm up to 2000C in a room
at
temperature 400C. Find the temperature after 20 minutes.

Solution:
Given T =10°C whent =0 minute. T =20°C whent =5 minutes. T, =40°C.

When t = 20 minutes, T = 7.

By Newton's law of cooling, We have, % = —k(T—T,), k> 0 is a constant

. ‘;—I = —k (T — 40). Separating the variables and integrating, we get,
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f_T(io = —k[dt. -~ log(T—40) = —kt + logc, where c is a constant.

log(T — 40) —logc = —kt. = log (T_4O) = —kt. ~ =gkt

C

T—40 =ce X ......(1).

T=10°C whent =0 minute. . c¢=-30.
T =20°C whent=>5minutes. . —20 = ce >k oW =20 = —30e7 5K,
sk _ 30 _ 3 . _ 3 . _1 3 . ]
e == 5k = Iog(z). ~ k= 5Iog(z) . Substitute in (1).
1 3 1 3
T—40=—30e"G8B) . T=40-30e (°8) put t=20.
T= 40 — 30~ (51°82) 20 s T= 40— 30e~(*10%;), ~ T=34.07°C.

5. A bottle of mineral water at a room temperature of 72°F is kept in a refrigerator where
thetemperature is 44°F . After half an hour, water cooled to 61°F. How long will it take
to cool to 50°F?

Solution:
Given T=72°F whent=0minute. T=61°F whent =30 minutes. T, =44°F.

When T=50°F , t=".

By Newton's law of cooling, We have, i—: = —k (T —T,), k > 0 isa constant
. Z—;F = —k (T — 44). Separating the variables and integrating, we get,
f% = —k[dt. -~ log(T— 44) = —kt + logc, where c is a constant.
_ ) T-44) COT-44 ¢
log(T — 44) —logc = —kt. = log (T) =—kt. ~ —=e"
T—44=ce X .. ...
T=72°F whent=0minute. ~ c=28.
T=61°F whent=30 minutes. .~ 17 =ce 3%k . 17 =28e 3%,
30k _ 28 . _ 28 . _ 1 28 . .
et =—. - 30k = log(ﬂ). ~ k= 30log(17) . Substitute in (1).

—(ilogﬁ)t
T — 44 =28e \30°°17/°, Put T=50.

1 28 1 28 1 28
6= 280~ (Galos7 )t ., e_(ﬁlogﬁ os_3 . o(GglosTs Jro 14, (l log Q) t=log =,
28 14 3 30 17 3
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log— .
t= 1—328 = 92.80 minutes.
ﬁlogﬁ

HOME WORK:

1. If a substance cools from 370k to 330k in 10 minutes, when the temperature of the
Surrounding air is 290K, find the temperature of the substance after 40 minutes.

2. A body in the air at 25°C cools from 100°C to 75°C in one minute, find the
temperatureof the body at the end of 3 minutes.

3. A cup of tea at temperature 90°C is placed in the room with temperature as 25°C and it
cools to 60°C in 5 minutes, find its temperature after an interval of 5 minutes. Also find

the time at which the temperature of tea will come down further by 20°C .

[Hint: T =90°C whent =0 minute. T=60°C whent =5 minutes. T, = 25°C.
() Whent=5+5=10 minutes, T =7. (ii) When T =40°C, t="?.]
Ans: (i) 43.85°C.  (ii) 11.84 min.

Differential equations of first order and higher degree:

A differential equation of the first order of n™ degree is of the form

Aopm + Aipm L+ Aopn P+ o +AR =0 L (1) Wherep= & and Ao, A1,A>

Ix Ay are

........

functions of x and y. This being a differential equation of first order, the associated general
solution will contain only one arbitrary constant.

Equation Solvable for p:
Suppose that the LHS of (1) is expressed as a product of n linear factors, then the

equivalent form of (1) is [p — f1(x, Y)IIp — f20c, V)] ... .....[p — fa(x, ¥)] = 0.

v Ip=f1eM1=0, [p—f2069)]1=0, ........, [p—falx, )] =0........... 2)

All these are differential equations of first order and first degree . They can be
solved by the known methods.

If F1(x,y,¢) =0, Falx,y,c) =0, .......(x,y,c) =0, respectively represents the
solution of equations (2), then the general solution (1) is given by the product

of all these solutions. i.e., Fi(x, y, ¢).Fa(x,y,c). ... .... (x,y, c) = Ois the general

solution of (1)
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Problems:
2
1. Solve (j—y) - 7% +12=0.

Solution:

Given p2—7p + 12 = 0........ (1) Where p=%. Factorizing, we get,
(p—=3)(p—4)=0. ~ p-3=0and p—4 =0. ~ p=3and p=4.
%:3 and 2—3{':4. ~ dy=3dx and dy=4dx. Integrating, we get,

y=3x+c and y=4x+c. .~ 3x-y+c=0 and 4x-y+c=0.

. The general solutionof (1) is (3x—y+c) (4x-y+c)=0.

2. Solve ¥ _&x_x_¥
dx dy y X
Solution:
i dy _dx _x_y oL _X_Y —dy 1_dx
Given a oy X (1. S PToEL T where p ™ and bt
p?-1 _ x*-y? W X VDZ— XV = x2p — v2 . XVD2— x2p + V2D — xv = 0
S “XYpT-Xy=x°p—y°p.  ~ Xyp - xp+y‘p — xy=0.
XPYpP-x)+ylyp-x=0. ~ (yp-x)(xp+ty)=0. - yp-x=0and xp+y=
0.
dy _ dy _ . .
2 ya—x—o and Xa*Y-O- Separating the variables, we get,
~ ydy—-xdx=0 and idy+§dx:0. Integrating we get,
y? x2_c — C N2 y2 = — ; —
55 and logy+logx=logc. -~ y*—x*=c and logxy=logc ie,xy=c.

~ X—y?’+c=0 and xy-c=0.

The general solution of (1) is (x?—y?+¢) (xy—c) =0.

3. Solve p?+ 2py cot x = y2.

Solution:
Given p?+2pycotx=y?......... (1). Adding y?cot’x on both sides we get,
p? + 2py cot X + y2cot’x = y? + y?cot>x .~ (p + Yy cot X)? = y?(1+cot?X).

Taking square root on both sides we get, p +y cotx =+ y cosec X.

p+ycotx=ycosecx and p+YyCotX=—Yy COSEC X.
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p=ycosecXx—ycotx and p=-—ycosecXx -y cotX.

a
£l

j—z =y (cosec x —cot x) and Y = _y (cosec x + cot X).

o

% = (cosec x — cot x)dx and 7” = — (cosec x + cot x)dx
log y = log(cosec x — cot x) — log sin x +log ¢ and

log y = — [log(cosec x — cot x) + log sin x] + log c.

C

log y = log 222X =919C and log y = lo
gy 9 sin x 9y 9 (cosec x - cot x)sin x
_(1-cosx)c _(1-cosx)c _ (1-cosx)c _ c d _ c
y sin?x 1- cos?x (1-cosx)(1+cosx) 1+cosx y 1-cosx '

y(l+cosx)=c and y(l—cosXx)=c.

y(1+ cosx) —c=0 and y(1—cosx)—c=0.
- The general solution of (1) is [y(1 + cosx) — c][y(1 — cosx) — c]=0
4. Solve p(p +y)=x(x+Y).

Solution:
Given  p*+py—x(x+y)=0........ (1).  This is of the form ax? + bx + ¢ = 0.

Using X = %:_m , we get, p= —y+y y2;4x2+4xy - —y+y (2y+2x)2 _ _yi(2y+2x) .
2p=—yx(y+2x). ~ 2p=—-y+(y+2x) and ~ 2p=-y— (y+ 2x).
2p=2x and =~ 2p=—-2y—2x. ~ p=x and -~ p=-y-—xXx
dy _ dy_

L ox and —~—=-y-x

Integrating (2) we get, y = % +c o 2y=x?+4 2c. e, x> =2y + 2c=0.

The equation (3) is a Linear Equation of the form jy +Py=Q, where P=1and Q=-x.

dx
|LF=elPdx = gf1dx =ex . Splutionis y(I.F) = [ Q(L. F)dx + c.
y e*= [ —xe*dx + c. o e¥y = — [xeX — eX] +C.
e’y + xe* —e* — ¢ =0.

The general solution of (1) is (x> — 2y + 2c¢)(e*y + xe* —eX —c) =0.
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2
5. Solve xy(%) —(x2+y2)%+xy:0.

Solution:
Given xyp? — (x> +y?)p+xy=0......... (1). Using p= %:_4“ , We get,

_ (RP4+y2) /(B +yD)2—ax2y? _ (x2+y?)t/xt+yt+2xyZ—4ax2y? _ (x2+y?)+/xt+yt-2x2y?

p

2xy 2xy 2xy
p _ (X2+y2)i (Xz_y2)2 _ (X2+y2)i(xz—y2)

2xy 2xy '

24v2) 4 (x2—y2 2 4y2) — (x2—y2 2x2 22

p:(x y)+ (") o p:(x y) - (oy?) p=2 and p=22

2xy 2xy 2xy 2xy

_X _y dy _x dy_vy ; i
p= and p= - xy and et Separating the variables, we get,
dy _ dx

ydy=xdx and 3 T X Integrating we get,

2

v _ ¢ _
- =5 t3 and logy=logx+logc
y’=x*+c and logy=logcx ie., y=cx
x>—y*+¢c=0 and y-cx=0.
The general solution of (1)is (X2 — y? + ¢)(y - cx)=0.
HOME WORK:

1. Solve x?p?+xp—(y®+y)=0.
2. Solve y(%)2 + (x—y)%— x=0.
3. Solve p?—2psinhx—1=0.
General solution of an ordinary differential equation:
A solution of an ordinary differential equation is an expression for the dependent variable in
terms of the independent one(s) which satisfies the relation.
The general solution of a differential equation includes all possible solutions and typically

includes arbitrary constants.

Particular solution of an ordinary differential equation:




A solution of a differential equation that contains no arbitrary constants is called a particular
solution.

Singular solution of an ordinary differential equation:
A singular solution of a differential equation is also a type of particular solution, but it cannot
be taken from the general solution by designating the values of the random constant.
i.e., Asingular solution is a solution not obtainable by assigning particular values to the
arbitrary constants of the general solution.
Clairaut’s Equation:
An equation of the form y =P x + f(p) is known as Clairaut’s equation.
General and Singular solution of Clairaut’s equation:
1. The general solution of the Clairaut’s equation y = P x + f(p) is obtained on replacing p by c.
e, y=cx+flc)......... (1) is the general solution.

2. The singular solution of the Clairaut’s equation y = P x + f(p) is obtained by differentiating
the

general solution (1) partially w. r. t. ¢ and eliminating c from it.

Problems:

1. Solve y=xp+ s . Also find the singular solution.

Solution:
Given y= pX +% .......... (1). This is a Clairaut’s equation form y=p x + f(p).
Put p=c. «~ y=cx+ % ....... (2). Which is the required general solution of (1).

Differentiate (2) w. r. t. c.

0:x+a(:—21). x:i_ . ciz=Z C:\/é' SUbStitutein(Z)_
Y:\/é x+a\/§. foy=vax+yax. o y=24/ax. o y?=dax

Which is the required singular solution of (1).
2. Solve P =log (p x-Yy). Also find the singular solution.

Solution:
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Given P=log(px-Yy). «~ px-y=e’. o y=px-—e’..... (1).

This is a Clairaut’s equation form y=p x+ f(p). Put p=c.

. y=CX—€®....... (2). Which is the required general solution of (1).

Differentiate (2) w.r.t. ¢. ~ 0=x-€°. ~ e°=x. ~ c=logx. Substitutein (2).
y =X log x — x. Which is the required singular solution of (1).

3. Solve p =sin (y —x p). Also find its singular solution.

Solution:
Given p=sin(y—-xp). « sinTlp=y—xp. ~ y=px+sinlp......... (1).

This is a Clairaut’s equation of the formy=px+f(p). Putp=c.

y=cx+sin1c. Which is the required general solution of (1).

. . 1 1 1
Differentiate (2) w.r.t. c. «~ 0=x+ : WX =— R :
1-c? 1-c? 1-c?
1 1 ! Vx2-1 . .
1-c?==. «» F=l-—=—. N Substitute in (2).
X X X X
VxZ-1 . _qVx2-—1 . 1 Vx2-1
y= XX X+ sin™? sz . % y=vx?—1 +sin? sz :

Which is the required singular solution of (1).
4. Find the general and singular solutions of x p?+px—py+1-y=0.

Solution:
Given Xxp?+px—py+1-y=0. -~ xp*+px+1=py+y

~ Xp(p+l)+1=y(p+1). Dividing both sides by p+ 1, we get,

xp+L:y. y:px+i.........(1).

p+1 p+1

This is a Clairaut’s equation ofthe formy=px+ f(p). Putp=c.

y=cX+ i vevre (2). Which is the required general solution of (1).
. . . _ 1 . _ 1 . 2 l
Differentiate (2) w.r.t. ¢. =~ 0=X- ek XS TEe (c+1D*=_.
_ 1 . _1 . .
c+1l= = sCEg 1.  Substitute in (2).
y:(é—l)x+\/§. S y=Vx-x+Vx. s y=2vVx-x

Which is the required singular solution of (1).




HOME WORK:
1. Find the general and singular solutions of y = px —/1 + pZ.

2. Find the general and singular solutions of p =cosy cos px + sin y sin px.
Equations Reducible to Clairaut’s Equations:

1. Solve the equation (px—Yy) (p y + X) = 2p by reducing into Clairaut’s form by taking the
Substitutions X =x2,Y =y?

Solution:
Given (px-yY)(py+x)=2p.......... (1).
Take X=x% and Y=y2 . dX=2xdx and dY=2ydy.
Now take P = % = zz gz = g p. p :3 P. Substituting in (1), we get,
(;Px—y)(;Py+x):2;P. (;P—y)(xP+x)=2;P.
(szy_yz ) x(P +1) = 23 P. Multiplying both sides by % we get,
(x?P—y2)(P +1)=2P. +~ (XP-Y)(P +1)=2P. - (XP—Y)=(P2+"1).
Y=PX-—.

This is a Clairaut’s equation ofthe formy=px+ f(p). Put P =c.

2¢ L2
c+1° y

Y=cX-—

=cx? — % . Which is the required general solution of (1).

2. Solve the equation (p — 1)e3* + p3e?’ = 0 by reducing into Clairaut’s form, taking the
substitutionsu =e*, v=e.

Solution:
Given (p—1)e3* + p3e? =0............. (D).
Take u=e*® and v=eY. .~ du=e*dx and dv=eYdy.
_dv _eddy _v . _u T
Now take P = priairreiaul USRI Ve P. Substituting in (1), we get,
Erp-Dw+Spvz=0 - (Ew+pi=o
v v v v

- - - v

Multiplying both sides by — e get, uP—v+P3=0.
v =Pu + P3. This is a Clairaut’s equation of'the formy=px+f(p). Put P=c.
v=cu+c3 « e¥=ce*+ c¢3 Whichis the required general solution of (1).

36




3. Solve the equation (p x —y) (py + X) = a?p by reducing into Clairaut’s form, taking the

substitutions X =x2, Y =y?.

Solution:

Given (px—y)(py+x)=a?p............. (D).

Take X=x% and Y=y2 =~ dX=2xdx and dY=2ydy.
_ay _2ydy _y . _x e

Now take P=—=-—="p. - p—yP. Substituting in (1), we get,

x — x = 2% . (b _ — 2%

(ny y)(yPy+x) ayP. o (yP y)(xP+x) ayP.

(xzpy—yz ) x(P +1) =a2ZP. Multiplying both sides by % we get,

y
2
(x?P—y2)(P +1)=a?P. .~ (XP-Y)(P +1)=a?P. . (XP—Y)= (;‘j) .
2
Y=PX-— ;fl . This is a Clairaut’s equation ofthe formy=p x+ f(p). Put P =c.
2 2
Y=cX-— ::1 .o yP=cx?— % . Which is the required general solution of (1).

4. Solve siny cos?x = cos?y. p? + sin x cos X cos y. p. Take u =sinxand v =siny.

Solution:
Given siny cos?x = cos?y. p? + sin X cOS X COS Y. P........... (1)

Takeu=sinx and v=siny. «~ du=cosxdx and dv=sinydy.

Now take P =2 = 05Y® 057 1y . n= 9% p - guptituting in (1), we get,

du cosx dx cosx ' cosy

2
sin y cos?x = cos?y. ——= P2+ sin X COS X COS Y. —— . P
coscy cosy

sin y cos?x = cos?x. P2+ sin x cos?x. P.  Dividing both sides by cosx, we get,
siny=P2+sinx.P. ~ v=P?+uP. . Vv=Pu+PZ2
This is a Clairaut’s equation ofthe formy=px+f(p). Put P=c

v=cu+c? ~ siny=csinx+c2 Thisis the required general solution of (1).
HOME WORK:

1. Solve the equation x?(y — px) = p%y by reducing into Clairaut’s form, using X = x?, Y

:yZ_
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2. Solve the equation (p — 1)e** + p%e?¥ = 0 by reducing into Clairaut’s form, using u
— p2x
= e**,

v=e?.
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