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Module-2

Series Expansion and Multivariable Calculus

Syllabus:

Taylor’s and Maclaurin’s series expansion for one variable (Statement only) — problems.
Indeterminate forms-L’Hospital’s rule. Problems. Partial differentiation, total derivative-differentiation
of composite functions. Jacobian and problems. Maxima and minima for a function of two variables-
Problems.

Taylor’s series Expansion:
The Taylor's series of a function f(x) about a point x = a is given by
(x=a) ¢/ (x-a)% . x=a)% oy (x-a)*
f(X)= f(a) + Tf (a)+ Tf (a) + Tf (a) + T f "(a)+ .............
OR

— —2a)? —-a)l —a)*
C Dy + Eo ey + B2y 4 Eo gy 4

y(x) =y(a) +
Problems:

1. Expand loge x in powers of (x — 1) and hence evaluate log(1. 1) correct to four
decimal places using Taylor’s series Expansion.

Solution:
Taylor’s series is given by

— _2)2 _2)3 _3)4
(0= f(a) + 22 (@) + S22 7 (a) + 2217 (@) + 22 £ () e (1)

By data f(x) = log; a=1.  f(1)=loge1=0.

fw=;  ~fM=L  f=-5 =fM=-1
=5 W=z [frw=-5 ~f*1)=-6
Taylor's series (1) with a = 1 is given by

logex =0+ (x— D1 +%X (1) + T2 (2) + £ (—6) + -

—_1)2 —1)3 _1)4
logex=(x—1)—(le) +(X31) —(X41) Fons




Now substitute x = 1.1 to obtain log (1.1)

) _ (1.1-1)2 n (1.1;1)3 _ (1.1;1)4 n

logos(1.1)=(11-1) ————+————"—+...ccc....

Thus loge (1.1) = 0.0953.

2. Find the Taylor’s series expansion of f(x) = log cosx at x = g up to fourth
degree term.

Solution:
Taylor’s series is given by

— —a)2 —_2)3 _a\4
f(x)=f(a) + %f’(a) + %f"(a) + %f”’(a) + %f"’(a) o

001+ (- e )+ @) o ) e -

Given f(x) = log(cosx); a= g, (g) g(l/z) = —log2

Differentiating f(x)successively we get,

f'(x) = Colsx = —tanx o f (g) = —tan G) = —/3;
iz — _ 2 . " E — _ ZE —

f"(x) = —sec”x --f(B)— sec” 7 = 4

f"'(x) = (—2secx)secxtanx = —2sec®xtanx;

so that f'” (g) = —2sec? (g) tan (g) = —8+3
f'V(x) = —2[sec®x.sec?x + tanx. 2secx. tanx] = —2sec*x — 4sec’xtan?x;

so that f'V (g) = —2sec* (g) — 4sec? (g) tan? (g) = —80. Substituting in (1) we get,
+ log(cosx) = —log2 — V3 (x— ) + (- 4)( ) + (- 8\/_)( )3+( 80)( n)4 .

~ log(cosx) = —logz—ﬁ(x—g)—Z(X—E)Z—%(X—E)g—l—o(X—E)4+"'

3 3 3 3

- . T s s 4

3. Expand sin x in powers of (X - E) up to the term containing (X - E) .
Hence find the value of sin 91° correct to 4 decimal places.

Solution:
Using Taylor’s series we have,




=1+ (- r @)+ e )+ e @5 @0

Given f(x) = sinx, . f(=
F/(x) = —si .
X) = —sinx, 3

77 _ o () Ty _

f"(x) = —cosx, «~f (5) = — cos (E) =

fV(x) = sinx, . Y (g) = sin (g) = 1. Substituting in (1) we get,

To determine sin91°, take x = 91° so that x — g =1°= %radian

\ sin91° ~ 1 — l(i)2 + i(l)4 ~ 0.9998

2\180 24 \180

1

4. Expand tan™ " x in powers of (x — 1) up to the term containing fourth degree.

Solution:
Taylor’s series is given by

— —_1)2 _2)3 _a)4
(0= f(a) + 2 (@) + 225 7 (a) + 27 (@) + 22 £ (@) oo
- _ PRY
2 100 = £(1) + (= DFF (D) + E2 (1) + S22 (1) + E v (1) 4--(1)
Given f(x) =tan™'x; a=1, ~ f(1) =tan™11 = g

Differentiating f(x)successively we get,

f'(x) = 1+1 > - (1) = %;
1+x) f'x)=1
A+xf"x)+2x f'(x) =0 () = _%

A+x) "X +2x ") +2xf"(x)+2f'x) =0
1+x) "X +4x f"x)+2f'(x) =0
so that f""'(1) =%

A+ x5 +6xf""(x)+6f"(x) =




sothatf'V(1) =0

Substituting in (1) we get,

1, _T o1, eD?ot (x-1)°% (1 (x-1)* N
- tan X_4+(X 1)2+ 2! ( 2)+ 3! (2)+ 4! (0)+

—_1)2 _1\3
tan‘1x=3+(x_1)l+(x D2 &b
4 2 4 12

HOME WORK

1. Expand tanx in powers of (x — E) upto 3"degree term.
2. Expandvx in powers of (x — 2) up to the third degree terms.
Maclaurin’s series Expansion:

Put a=0 in Taylor’s series expansion, then we obtain

00 = £(0) +XF'(0) + 5 £7(0) + S £7/(0) + -+ v

!
This expression is called Maclaurin’s series Expansion.

Alternatively, it can also be written as

Y0 = y(0) +x31(0) + 23, (0) + 2 y5(0) + e

Problems:

1. Using Maclaurin’s series, expand y = /(1 + sin 2x) in powers of x up to the
term containing x*.

Solution:
Given 1 + sin 2x = (cos?x + sin?x) + 2 sinx cos x = (cos x + sinx)?2.

v/ (1 + sin 2x) = cosx + sinx = f(x), we find that f(0) = 1.
f'(x) = —sinx+ cosx, ~ f'(0)=1. f"(x)=—-cosx—sinx, ~ f”"(0)=-1.
f""(x) =sinx —cosx, ~ f"'(0)=—-1. f"V(x) = cosx + sinx, ~ fV(0) = 1.

Maclaurin’s series is given by

f00 = £(0) + GOF'(0) + 2-£(0) + Z-£(0) + £ (0) + -

2 3 4
aJ(A+sin2x) =14+x—=-Z4+Z ...
2 6 @ 24




2. Find the Maclaurin’s series of log (1 + x).
Hence deduce that log /g =X+ —+ = Frurr.

Solution:
Lety =log(1+x), ~ y(0)=1logl=0

1 1
i=1m @=L y=-om, 2y(0)=-1
— 2 . — . — 6 . —
Y3 - (1+X)3 y °t Y3(O) - 2 ) y4- - _(1+X)4 >t Y4(0) - _6
24
Ys = s 0 y5(0) = 24.

Maclaurin’s series is given by
x? x3 x* x5
y(x) =y(0) +xy1(0) + = y2(0) + ;}I3(O) +5v.(0) + EYS(O) F o

~ log(1+x) =0+x(1) +’;—2!(—1) +’;—?(2) +§(_6) +’;—f(24) e T

3 4 5

2
~log(l+x) =x—— 4T -2 +=—- )

changing x to — x in the above expression, we get

log(1 —x) =S TX- ST T T T e (ii)
1 1 1
log 1—z=51 (ﬁ)—;[log(1+x)—log(1—x)]
1+ 1 2 3 4 5 1 2 3 4 5 i . N
. log :t=E{X—X?+X?—X:+X?—--~}+E{x+x?+xg+xz+x?...}byusmg(l)and(u).
3 5
log g=x+x?+x?+

. 2 4 5
3. Prove that e¥"* = 1+x+%—3%—8%+...

Solution:
Let y = esmx, y(O) — esmO y(O) — e0 — 1;

Differentiating we get,

y; = eS"¥cosx =ycosx ~ y;(0)=1. y,=ycosx—ysinx. -~ y,(0)=1.




Y3 = y,C0s X — 2y ;sinx —ycosx -~ y3(0) =0.
Y4 = y3€08 X — 3y,sinx — 3y; cosx +ysinx ~ y,(0) = —3.
Ve = y4C0S X — 4y;sin X — 6y, cos X + 4y;sinx + ycosx -~ ys(0) = —8.

Maclaurin’s series is given by
x? x3 x* x5
y(x) = y(0) + xy,(0) + Zyz(O) + ;y3(0) + Zy4(0) + ;yS(O) + o
esinx =1 +X+£_3§_8X_5+
2! 4! 51

4. Prove that e®"* = 1 4+ x2 + % Foinn

Solution:
Let y = eXsinX ~ y(0) =

Differentiating we get,

y; = eX¥IX(x cosx + sinx) y,(0) =0

y1 = y(xcosx + sinx)

y, = y(—xsinx + 2 cosx) + y; (x cos x + sinx)

y,(0) =1(0+2) +0 @ y,(0) =2

y3 = y(—xcosx — 3sinx) + y;(—xsinx + 2 cosx) + y;(—xsinx + 2 cos x)

+ y,(xcosx + sinx)
y3 = y(—xcosx — 3sinx) + 2y; (—xsinx + 2 cos x) + y,(x cos x + sinx)
y3(0)=0+0+0 ~ y3(0)=0
ys = y(xsinx — 4 cosx) +y;(—xcosx — 3sinx) + 2y;(—xcosx — 3 sinx)

+2y,(—xcosx + sinx) + y,(—xsinx + 2 cosx) + y3(x cos X + sin x)
y4(0) = —4+0+0+8+4 @ ya(0)=8.

Maclaurin’s series is given by
x? x3 x4 x5
y(x) =y(0) +xy1(0) +=y2(0) + e (0) +2;v4(0) + 5 Vs ((0) S T—
. %2 %3 x4
. XX =14 x(0) +;(2) +;(O) +Z(8) F o

. exsinx:1+X2+X3—4+ ...............




HOME WORK

3 4
x° X
e

- _ xz
1. Prove thatlog (1 +sinx) = x-—+—-—

2. Using Maclaurin's series, expand y = eXcosx in powers of X.

3. Using Maclaurin’s series, expand log(secx) in the powers of x up to the term
containing x°

4. Using Maclaurin's series, expand y = €35 X in powers of x

5. Expand log(1 + e*) in power of x upto the term containing x*

6. Using Maclaurin's series, expand y = log(1 + cosx) in powers of x.

. a ! . -1 .
7. Using Maclaurin's series, expand y = e "X in powers of x

8. Using Maclaurin's series, expand y = log(secx + tanx) in powers of X.

Indeterminate forms:
. 0 . .
Expressions of the forms 5 2 , 0 X 00, 00— 00, 0% 000 1% are called the indeterminate forms.

L’ Hospital’s Rule:
Statement: If f(x) and g(x) are two functions such that
(i) 25 f(x) =0and [T g(x) =0 ie., f(a) =0=g(a).

W ’ i ’ tim &) _ im )
(i) f'(x) and g’ (x) exist and g'(a) # 0, then , 7% T = 0 g

limM_ lim&

X9 gy = XA g and soon.

Again, if f'(a) = 0 = g'(a) then, we have

. i . t
Note: lmg M2 = 1, lim anx
X

X x-0 X

1
=1, lim(1+x)x=e.
x—0

: 0
Indeterminate forms: -, =, 0 X 00, ©—00

Problems:

lim xe*—log(1+x)
1. BEvaluate 5 ————.
Solution:

xe*—log(1+x)
x2

Let L= lirg (%) Applying the L’Hospital’s Rule, we get,
xX—




1
xe*+e¥———

L =lim——— (9) Again, applying the L’Hospital’s Rule, we get,
x—0 2x 0
Xy Xy oX 1
L= lim e Tz 23
x—0 2
lim x*-x
2. Evaluate 1} i logs
Solution:
. x¥—x 0 . , © 1,
Let L —;1_r)r11 T ilogx (5). Applying the L’Hospital’s Rule, we get,
_ . X*(1+logx)-1 0 . aix*)
L—il_)rrll —1_% (0). Using =X (1 + logx).

Again using L’Hospital’s Rule, we get,

xx(1+logx)2+xx(i) 141

L= lim < L = 2.
x-1 1+—2 1
X
lim €f—e *-2log(1+x)
3. Evaluate , 15 e
Solution:

—e"—2log(1+x) (g). Applying the L Hospital’s Rule, we get,

. eX
Let L=lim :
x—0 x sinx

Letim 262 (9) again, applying the L' Hospital’s Rul
—xlir(l) p———— (5)' gain, applying the ospital’s Rule, we get,
X_ =X 1
L=lim ° e +2((1+x)2) s
x—0 Xx(—sinx)+cosx+cosx 0+1+1 '

lim tanx—x

4. Evaluate .53 s

Solution:

s tan x—x 9 . . . .
Let L‘}}I,% S yo—— (O) Multiplying and dividing denominator by x, we get,

_1: tan x—x . tanx—-x tan x—x tanx _
L=lim —z%— = lim =1.
2

X—0 X = X

—. - =lim—;
x-0 X x—-0 tanx x-0 X

.1 (g) Using Lil%

Applying the L’Hospital’s Rule, we get,

2 2
.. sec’x—-1 . tan“x
L=lim ——=—=1lim —;
x—0 3X x—0 3X 3 x-0

2
1,. t 1 1 .
= -lim ( a:X) =3.1=. Using sec?x — 1=tan?x.




Note:
. . . 0
In case of indeterminate forms g 0 X oo, co — oo, We first reduce them to 5 form.

lim logx
5. Evaluate G v

Solution:

Let L=lim 2% (f)

x—0 cotx ©

Applying the L’Hospital’s Rule, we get,

1

L=lim —*— = —lim sin’x (9) Again, applying the L’Hospital’s Rule, we get
x>0 —cosec?x x>0 X o/ ! ! !
-1 Zsinxcosx:

L= 361_1)1(1)—1 0.

6. Evaluate '™ logg;, , sin 2x.

Solution:
_ lim . _1:.. logsin2x  (—oo . __loga
Let L=,50 logsin x Sin ZX—LI_I)I(l) Tog sinx (_OO). Using log, a = Toa b
Applying the L’Hospital’s Rule, we get,
_1: 2(2?,?22;6) 1. 2cot2x .. tan x 0 . . , .1
L_}clin — s —}CI_I‘)I;I)W = }Cl_r)r(l)z. p—— (6) Again, applying the L’Hospital’s Rule, we get,

sinx

. 2sec’x _ 2
L=lim ===1

X0 2sec?2x 2

7. Evaluate ‘'™ (1 — x?)tan (?)

Solution:
—1; ) nx
Let L—ilir%(l X )tan( > ) (0 X o0)

—1: (1_x2) 9 H ) : 5
L—)lcl_r)ri (D) (0). Applying the L’Hospital’s Rule, we get,
L=lim _—me = 27 = i
x—1 —cosecZ(T); 5 T

8. Evaluate x’i’f)‘( ! —3)

sin x X
Solution:
. 11 _
Let L—}CI_I’)I’(I) (sinx x). (00 — 00).

10




i, X=Sinx (0 . ) 10
L—}CILI(I) — (0). Applying the L’Hospital’s Rule, we get,
_1: 1-cosx 0 . . , s 1
L—chlilzl) pyS—— (0) Again, applying the L’Hospital’s Rule, we get,
L=lim—2% __ — ¢
x—0 —xsinx+2cosx
lim L_ 1
9. Evaluate (x—Z log(x—l))'
Solution:
—lim ( = — —t _
Let L—}Clll’% ( x—2 log(x—l)) (oo oo)
. log(x—1)—(x-2) 0
L_}cl_rg [ (x-2)log(x-1) (0)

Applying the L’Hospital’s Rule, we get,

T
—1; @-1) s { 2-x } 0
L }ggg {(x—Z) +log(x—1)} }}L‘% (x=2)+(x—1) log(x—1) (o)'

(x-1)

Again, applying the L’Hospital’s Rule, we get,

. -1 -1
L=lim =

x—2 1+log(x—1)+(x—1).(x_1)

om [ 1
10. Evaluate [ [x—z - cotzx]

Solution:
“lim [X — cot2 —
Let L—}CILI(I) [xz cot x] (00 — 0)

= lim | — — ] = lirr(l) [M] Multiplying and dividing denominator by x?2, we get,
X—

x>0 Lx2  tan2x x2tan?x

. tan?x—x? . tan?x-x? .. x \2 .. tan?x—x2 0 . . tanx
L=lim [——5—| = lim : .llm( ) =lim———.1 (—) Using lim =1.
x—0 xZszxZ x—0 x x—0 \tanx x—0 x 0 Xx-0 X

b

Applying the L’Hospital’s Rule, we get,

. 2tanxsec’x—2x (0 . . , PR
L=lim ————— (—) Again, applying the L’Hospital’s Rule, we get,
x—0 4x 0
. 2tanx.2sec®xtanx+2sec*x—2 . 4sec?x tan?x+2sec*x—2 2 .. 2sec’xtan®x+sectx—1
L=lim = lim = — lim

X—0 12x2 x—0 12x2 12 x50 x?
Again, applying the L’Hospital’s Rule, we get,

Now sec*x —1 = (sec?x — 1)(sec?x + 1) = tan?x(sec?x + 1) = sec?x tan?x + tan®x

11




1 ,.  2sec®x tan?x+sec?x tan®x+tan®x _ 1 ,.  3sec®x tan’x+tan®x _ 1 ;. tan®x(3sec?x+1)
. L==Ilim = —lim :—111'1’1—2
6 x—0 x2 6 x>0 x2 6 x—0 x
_1 (. [tanx]? .. 2 1 2
~ L=={lim Jdim3secx + 1){=-(1)4) ==.
6 (x—0 x x—-0 6 3

Indeterminate forms: 09, o9, 1.
Let L=lim[f (x)]9™
x—a
Taking logarithm on both sides, we get,
log, L = jlcigllg(x) log[f (x)]. Evaluate the limit on RHS by using L’Hospital’s rule to get,
log, L =k (say). ThuslL = ek,

1
lim , 7
1. Evaluate ,7} x 1=
Solution:

1
Let L= lin} x1-x (1%*) Taking log on both sides, we get,
xX—

.1 .1 0 . , o\ s
log, L = }CI_I)I} Elogx = chlir} fi’: (E)' Applying the L’Hospital’s Rule, we get,
; 1
= lim % = — ] =11
logeL—il_I)I} = 1. ~ L=e =

2. Evaluate lim "™ (sin x)tanx  (1%)

T
x 2
Solution:

Let L= sin x*a"*. Taking log on both sides, we get,
2

X

log, L = "™ tanxlogsinx (0 X o)
g.L=""x g
2
m logsi : :
log, L = :_)mz ofostlzx (g). Applying the L Hospital’s Rule, we get,
2
lim ('1 )cosx lim e lim _;
log, L = "7 S ——= "5 S = — "% sinxcosx.
X—=5  —cosecx x=7 —inZx xo7
~ log,L=0. ~ L=¢e%=1.
1
: X4 b¥cF\x
3. Evaluate lim (a e ) (1)
x-0 3

12




Solution:
1

Let L =lim (axwgﬂ);. Taking log on both sides, we get,

x—0

.1 aX*+b*+c* . logla*+b*+c*]-log3 0
log, L = lim-log (—) = lim 2l 1-log (—)
x—-0X 3 x—0 x 0

Applying the L’Hospital’s Rule, we get,

1
———— a¥loga+b*logb+c*logc]
log, L = lim &b+
8e R 1

1
log, L = g[log a+loghb+logc] = glog(abc) = log(abc)s

1
. L = (abc)3

. tan x\ 2 ©
4. Evaluate !rlll(} ( . ) (1)

Solution:
1

Let L=1lim (taﬂ)x_z Taking log on both sides, we get,

x—0 X

log, L = lim = log (tan x) (9). Applying the L’Hospital’s Rule, we get,

x>0 X2 x 0

(tanx x2
log, L = lim—* = lim .
x—0 2x x—0tanx x50 2x3

1 (x.seczx—tan x)

x.sec’x—tanx (0)
0

. x(2sec?xtanx)+sec?x—sec?x . x(2sec?xtanx 1,. sec’x tanx
log, L = 1.1im ( )2 = lim (—Z)Z—llm—
x—=0 6x x—0 6x 3x-0

1., . tanx 1 1
log. L = =lim sec?x. lim =-, s~ L=es
3x-0 x-0 X 3

5. Evaluate lim xSinx
x—0

Solution:
Let L= lin}) xSmX(09). Taking log on both sides, we get,
X—

log, L = lir% sinxlogx (0 X —o0)
xX—

L=lim —28% (_—w) Applying the L’Hospital’s Rule, we get,

x—0 cosecx -0

1

log, L = lim ——&—— = —lim 22 limtanx = (-1).0 = 0.
x—>(0 —cosec x.cotx x>0 X x—-0
L=e? = 1.

13




6. Evaluate ling (cot x)tanx
X—

Solution:
Let L= ling (cot x)ta*  (0?). Taking log on both sides, we get,
xX—

log, L = lir% tanxlogcotx. (0 X —o).
X—
log cotx -0 . , T
log, L= )lcl_)0 otx (_—w) Applying the L’Hospital’s Rule, we get,
2

log, L = lim — 2% _ = limtanx = 0. ~ L=e=1.

-0 —cotx.cosec?x x—0

1
7. Evaluate lim 222 —¢
x—0

Solution:

(1+x)% —e

. 1
Let L= lim (9) Because [M(1+x)x=e
x—0 0

Applying the L’Hospital’s Rule, we get,

=——l=im2 ()

Where u = (1 + x)% . Taking logarithm on both sides, we get,

2 3 4 5
logu——log(1+x) M Using log(1+x)=x—%+%—%+%—~--,weget,
1 x>  x3 x*  x° _ x  x2 x3  x*
logu==7|x~5+5-F+T—]p1-S+5-T+5 -

Differentiating w. r. t. X, we get,

1du 1, 2x 3x% | 4x°
wax . 2 3 T T T
du 1 2x 3x 2x 3% 4x3
e (1”)"[“*——T+?—‘“]
11m E = 11m 1+ x)x hm [—— y2_x + —_—— ] e (— —) = _78 Substitute in (1).
=
L—z.

x(a+b cos x)—c sinx

8. Find the values of a, b, ¢ such that lim = =1
X—
Solution:
. . x(a+b cosx)—c sinx . 0
Given 1”% — =1..... (1). We observe that the LHS is of the form(a).
X—

14




. Applying the L’Hospital’s Rule on LHS, we get,

x(—bsinx)+(a+bcosx)—ccosx _

=1 ... (2). Applying limit on LHS, we get,

lim

x—0 5x%

a+b-c

- =1 ~a+b-c=0 ..(3).

As the denominator on LHS of (2) is zero for x — 0, we assume that LHS of (2) is of the form

(%) and applying the L’Hospital’s Rule on LHS, we get,

—b(x cosx+sinx)—b sinx+csinx

lirr(l) o3 = 1. Again applying the L’Hospital’s Rule on LHS, we get,
X—

lim —b(—x sin x+cosx+cozx)—b cosx+ccosx 1

x—0 60x

. bxsinx+cosx(—3b+c
lim ( ) — 1

.. (4). By applying limit on LHS, we get,

x—0 60x2
_33“ =1. «~ c¢=23b.....(5) Substituting in(4) we get,

bxsinx . bsinx b ;. sinx . . sinx
im———=1. « lim——=1. «» —lim—=1. Using lim— =1, we get
x—0 60x x—0 60x 60 x>0 X x-0 X
= =1« b=60. Putin (5. = c=3(60)=180. Substitute in (3).
~ a+60-180=0. ~ a=120.

a=120, b=60, c=180.

HOME WORK:

1. Evaluate the following limits:

T
N lim a*-b* ..\ lim Xcosx—sinx ..., [j 108("“)
(I) ng x (“) xi’g x2sinx (I“) xi)"gl tramx2 (IV) xlm [ _COt(x/a)]

2 tan
lim x“t+2cosx—2 li 1 . i
(V) ng)l x sin3x (VI) xi}"& [xz smzx] (V”) xlgz [2 ( )]

) 1 x
(viii) xlf,"ll (1 —x»bs@x  (ix) Lm ( a)

lim ae*—bcosx+ce™™
x-0

2. Find the constants a, b, ¢ such that may be equal 2

xsinx
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PARTIAL DIFFERENTIATION:
Definition:
Consider a function u = f( x, y ) of two independent variables x and y . The derivative of

f(x,y) w.r. t. x by treating y as a constant is called the partial derivative of u=f(x,y)
of du
w.r. t. X. Itis denoted as ™ or fy or — o O Uy .

Thus 2 = f, = Jim V-
0x h—>0 h

Similarly, the partial derivative of u = f( x, y ) w. r. t. y by treating x as a constant is called

: — . of
the partial derivative of u=f(x,y) w.r. t.y. Itis denoted as 3y T fy or

du of . fx,y+k)-f(x,y)
—oru Thus—=f = lim —=-
ady y ady y k-0 k

The second order Partial derivatives of u = f( x, y ) are denoted by

af\ _ 92f af\ _ 0%t
0 o = 5 (5) = 5 (D iy =55 (5) = 55
_a (af\ _ 9% (6f) _ o
(ii) fxy oy (6x) ~ dyox’ (IV) B %y xdy
02t 9%f .
Also note that yox = Ixdy Le, fy =fix

Problems:
1. Find the first and second order partial derivatives of z = x3 + y3 — 3axy.

Solution:
Given z = x> + y3 — 3axy .......(1)

Differentiating (1) partially w. r. t. x (treating y as constant) we get,
9z _ 342 _
pl 3x% —3ay .....(2)

Differentiating (1) partially w. r. t. y (treating x as constant) we get,
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2

Differentiating (3) partially w. r. t. x we get, 2= 9 (%) = —3a....

0x 0y dx \dy
. . . 0%z _ 9 (oz\ _
Differentiating (2) partially w.r. t. y we get, Gy on oy (&) = —3a
0%z 0%z
From (4) and (5) we get, xdy — dyon

2. If(x+y)Z:x2+y2,provethat(%—a—;)z=4(1—%—%).

Solution:
2
Given z = % ........ (1)

Differentiating (1) partially w. r. t. x (treatingy as constant) we get,

9z _ (x+y)2x—(x*+y?)(1) _ x*+2xy-y?

ax (x+y)2 (x+y)?

Differentiating (1) partially w.r. t. y (treating x as constant) we get,

9z _ (x+y)2y-(x*+y*)(1) _ y*+2xy-x*

ay (x+y)2 (x+y)2
0z 0z _ x*+2xy-y?  y2+2xy-x® __ x*+2xy-y’-y?-2xy+x? _ 2x%-2y?
ax dy (x+y)2 (x+y)?2 - (x+y)2 (x+y)?

0z 0z _2(x*-y?) _ 2(x+y)(x-y) _ 2(x-Y)

Coax o 9y Hy)? T )2 (xHy)
dz  9z\>2 _ 4x-y)?
F-9) =5..@
_ 6_z _ 0z (x*+2xy-y?)  (v*+2xy-x?)
Now 4 (1 ) 4 [ (x+y)? (x+y)?

4 [(X+y)2 —(x?+2xy-y?)-(y?+2xy-x?)
(x+y)?

—4 [x2+2xy+y2—x2—2xy+y2—y2—2xy+x2]_ 4 [X2—2xy+y2]
- (x+y)? - (x+y)?

4(1—@—ﬂ)=4("—‘”2.....(3)

ox 9y (x+y)?
0z 0z 0z 0z
From (2) and (3) we get (— - 5) =4 (1 - a_y)
— w2 tan-1(Y) _ v2tan-1(* %u _ @%u
3. If u=x“tan (X) y~ tan (y) show that 5xy — Byox

Solution:
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Givenu = x?tan™?! (g) —y?tan~?! (g) ........... (1)

Differentiating (1) partially w. r. t. x (treating y as constant) we get,

2ot 2) () @0y ()

= ¥ oxtan? (g) = ) | oy tan~? G)

- x24y2  y2+4x2 x2+y2

. Z—: = —y + 2x.tan™?! (g) ........ (2)

Differentiating (1) partially w. r. t. y (treating x as constant) we get,

= T () 0 g (i e Qe

x2

L 0w _ x3 +£_ 2ytan"1 (3) _ x(x2+y?) 2ytan—1 (g)

dy  xZ+y? | y24x? X2 +y2

g—; =x — 2y.tan" ! (3) )

Differentiating (3) partially w. r. t. x we get,

2 2 2_ 2
=1y () =12 = (4)

oxdy (1+;—2) y x2+y?  x%+y?

Differentiating (2) partially w. r. t. y we get,

%u _ 1 (1 _ 2x? _ x*-y?

m = 1+ 2x. _(1+%> (X) = 1+ y2+X2 = X2+y2 .......... (5)
F (4)and (5)weget u _ 0%

- from a get axdy  dyox

4.1f z = e®™*PYf(ax — by) prove that b% + ag—; = 2abz

Solution:
Given z = e™**Pf(ax — by) ........... €))

Differentiating (1) partially w. r. t. x (treating y as constant) we get,

% = e®*bYf'(ax — by)a + f(ax — by) e®**bva

. 0z

o= ae®™*bYf’(ax — by)+ az. (using (1)). Multiplying both sides by b we get,

b% = abe™*Pf'(ax — by)+ abz ....... (2)
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Differentiating (1) partially w. r. t. y (treating x as constant) we get,

‘;—; = eX+bYf’(ax — by)(=b) + f(ax — by) e**PVh

Z—; = —be®*b¥f'(ax — by)+ b z. Multiplying both sides by a we get,
0z ax+by¢r

ag = —abe f'(ax — by)+ ab z. ......... 3

Adding (2) and (3) we get, b % + ag—; =2abz.

2 2
5. If z = f(x + ct) + @(x — ct) prove that % =c? %.
Solution:
Given z=f(x+ct)+0(x—ct)....... (1)

Differentiating (1) partially w. r. t. x (treating t as constant) we get,

% =f'(x + ct) + @ (x — ct). Again differentiating partially w. r. t. X we get,
Lo+ )+ 0 (= ) oo @)

Differentiating (1) partially w. r. t. t (treating x as constant) we get,

% =cf (x + ct) + @'(x — ct)(—c). Again differentiating partially w. r. t. t we get,

2 n n n n
% =% (x +ct) + 20 (x — ct) =c*{f (x + ct) + @ (x — cv)}
62Z _ 2 & .
ol Using (2)
6. If u = log(x3 + y3 + z% — 3xyz) provethat () 2+ 2+ 2 =_3 _ 3nd
’ g y y p J0x 0y 0z x+y+z
(0,0  8\2 -9
(11) (& + 6_y + E) u= (x+y+z)?2
Solution:

Given u = log(x® + y® + z3 — 3xyz)
(i) Differentiating the given equation partially w.r.t. x, y and z we get,

6_u (3x2—3yz) du (3y2—3xz)

== ... (1) A T 33103 oo e (2)

0x  x3+y3+z3-3xyz dy  x3+y3+z3-3xyz

ou (322—3xy)
0z x3+y3+z3-3xyz

v .(3)  Adding (1), (2) and (3) we get,

19




du Odu , Jdu 3(x —yz+y?—xz+z —xy) 3(x +y?+z%—xy-yz— XZ) _ 3
ax  dy o0z x3+y3+z3-3xyz T (x+y+2) (X2 +y2+22—Xy—yz—Xxz)  X+y+Z

(i) (%+;—y+%)2u= Gtatm)Gruts)=(Grats) ()

5} 3 5} 3 a 3
- 2) + 5 )+ 2 )
0x \x+y+z 0y \x+y+z 0z \x+y+z

-3 -3 -3 -9

- (x+y+2z)2 T (x+y+2)2 T (x+y+2)2  (x+y+2z)2

62
7. If xXyYz? = ¢, prove thatatx =y = z, ax_azy = —(x.logex)!
Solution:
Given x*yYz* = c........ (1). Here we have to treat z as function of x and y.

Taking logarithm on both the sides of (1) we get,
xlogx+ylogy + zlogz =logc .......... 2)

Differentiating (2) partially w. r. t. x we get,

1 10z 0z 0z
X+ logx +z-—+ (logz)& =0. ~(1+logx)+ o (1+1ogz) =0

0z _ % _ (1+logx)

&(1+ logz) = - (1+ logx). x = (itlogm) U 3)
Similarly by differentiating (2) pa
] oz _ (1+logy)
ially w.r. t. y we get, 3y =~ (tlogn) " 4)

Differentiating (4) partially w. r. t. x we get,

0%z _ 10z _ (1+logy) (_ (1+logx) .

axdy 1+ log Y) {(1+10gz)2 (z Ox) } " z(1+logz)? (1+logz))' using (3).
0’z _ —(1+logx)(1+logy) —y—
oy~ 21tloga) When x=y=z we get,

9%z _ (1+logx)(1+logx) _ 1 _ 1 _ 1

dx dy o x(1+logx)3 o x(1+logx) o x(loge+logx) B x(log ex)

Thus i = —(x.logex)™ !

azr 1]|/0r
8. Ifx=rcos®, y=rsin0 prove that ayZ == [(5)

2 ar 2
+(5) |

Solution:

Givenx =rcos 0, y = rsin®6 Squaring and adding we get,
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x2 + y2=r?

Differentiating (1) partially w. r. t. x (treating y as constant) we get,

] ] L i :

2r 0—; =2x - a—; = % Again differentiating partially w. r. t. X, we get,
2_y2

?r _ r(1)—xg—; _ r—x(?) _ L rX 122 . 9 _r2-x? )

ox2 r2 T o2z T 2 T 3 e e

Differentiating (1) partially w. r. t. y (treating x as constant) we get,

2r 2—; =2y Z—; = % Again differentiating partially w. r. t. y, we get,
' _ r(l)_yl% - r—y(%) _ #- r’—y? . 9%r _ri-y? 3
. 2 2 2 Sy (3)

Adding (1) and (2) we get,

9%r | 0°r _ r?-x?  r?-y? 2r2—(x2+y2) 2r2—(r2)

etz B T = = == Usmg 1)
%r  9%r 1
Pye) ﬁ=_ ........ 4)
1frar\? | far\2] _1(x® | yA| _ 1(3+y?\ _ 1(r%) _ 1
;[(&) +(3) ]—;{r—zﬂ—z}—;( )=1(2) =1
or ar\2 1
[(ax) +(5) ]_; ....... (5)
. a%r  9%r 1[/or\? ar\?2
Using (4) and (5) we get, o=+ = ;[(&) n (5) ]
HOMEWORK:
1. If u=x", show that u,, = uy
. a3u
— @XyZ
2. If u=e find Sxay0z
2
3.Ifv=(x?+y?+ zz)‘l/z , prove that 2—2+—+a— =0

4. 1f u =log(x3 +y3 — x%y — xy?), then prove that uy, + 2uyy, +uy, =

9%u  10u 1 8%u
ozt 1ar T e = O

6. If u=f(r) where r = /x% + y2 +z2 prove that

a%u a%u a%u " 2 o
67-'-@-'-6?_ f (I‘)+;f (r)

5. If u= e cos(alogr), prove that

21
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TOTAL DERIVATIVES:

Definition:

For a function u = f(x,y) where x = x(t) and y = y(t) that is x and y are functions of an

independent variable t, the derivative of u w. r. t. t is called the total derivative of u and is

. du _ du dx , du dy
defined by dt = 4x dt ady dt

If u=f(xy,z) wherex = x(t), y=y(t)and z= z(t), then
du ou % 6_u ﬂ ou %

dt ~ 9x dt | 9y dt ' 9z dt

Problems:

1. If u=tan™?! G) wherex =et—e™, y=et+ e find :l—l:

Solution:

du du dx . Jdu dy
Weh —=— =4+ = —= ...
€ have dt dx dt Jdy dt ( )

Givenu = tan™? (%) ..... (2) and x=e'—e", y=et+e"...... (3)
Differentiating (2) partially w. r. t. x and y we get,

e @(‘l) = ayz and Z_; - (Hli_;)(i) = Ty

Differentiating (3) w.r. t. t we get,

% =et+et=y and % = e' — e"' = x, using (3). Substituting in (1) we get,
du _ —y? x2 xP-y? _ (et—e7t)’—(et+et)’

= = + = =
dt  x24+y?2  x2+y?2  x%+4y?  (et-e7t)Z24(et+e7P)2

Cdu _ (e?'+e7?t-2ete ) —(e?t+e 2 42etet) -4 -2

dt T (e?t+e—2t—2ete~t)+(e2t+e-2t+2etet) = 2e2t42e-2t ~ e2tye—2t

. ., df
2. If f =x?+y?+2z% and x = e?!, y = e?*cos 3t, z = e?'sin 3t find o
as a total derivative and verify the result by direct substitution.

Solution:
df _ of dx , of dy , of dz
We have T T 3y dt T g (D
Given f=x%+y? +z......(2) and x = €%, y = e?* cos 3t, z = e?'sin 3t....(3)

Differentiating (2) partially w.r. t. x, y and z we get,
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af
ax

of of

ZXJ a_y - y; a -

27.

Differentiating (3) w.r. t. t we get,

d d . d .
d—)t( = 2e?t d—‘z = —3e?tsin 3t + 2e?' cos 3t, d—i = 3e?' cos 3t + 2e?'sin 3t.

Substituting in (1) we get,

% = 2x.2e?' + 2y(—3e?'sin 3t + 2e?t cos 3t ) + 2z(3e?! cos 3t + 2e?t sin 3t)
df
i 2e2t,2e?t + 2e?t cos 3t (—3e?'sin 3t + 2e?tcos 3t )
+2e?tsin 3t (3e2t cos 3t + 2e?! sin 3t), using (3)
- % = 4e** — 6e*" cos 3t sin 3t +4e*'cos?3t +6e*! sin 3t cos 3t +4e*'sin?3t
% = 8e#t

Verification by direct substitution:

Substituting (3) in (2) we get,

f=(e?")? + (e*' cos 3t)? + (e?'sin 3t)? = e*' + e*cos?3t + e?tsin?3t
f = e*t + e**(cos?3t + sin?3t) = et + ett= 2t

Differentiating w. r. t. t we get,

daf _ 4ty _ qaat
dt—2(4e )= 8e™".

: %= 8e*t. Hence verified.
3. If u = e*sin(yz) wherex=1t%, y=t—1, z =% find % att=1.

Solution:

ﬂ_audx du dy 6_ug

We have o ac oy ac oz @ (D

Givenu = e¥sin(yz) ....(2)and x=t%, y=t—1, z= % ....... (3)

Differentiating (2) partially w.r. t. x, y and z we get,

M _ g M _ o 2 _ o
o = € sin(yz), 3y~ © cos(yz) z, S, =€ cos(yz)y

. . dx ﬂ _ E _ 1
Differentiating (3) w.r. t. t we get, i 2t, o 1, il

Substituting in (1) we get,
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du

i e*sin(yz) .2t + e* cos(yz) z(1) + e* cos(yz)y (— tlz) Using (3) we get,

du

i et” [Zt.sin((t— 1)%) +cos((t— 1)%)%+cos<(t— 1)%) (t—1) (—ti2 ]

. d
Putting t = 1 we get, d—ltl =e

HOMEWORK:
1. Find c:l—‘tl when u = x3y? + x%y3 with x = at?, y = 2at
2. If z= xy? + x%y when x=at, y=2at show that % = 18 a3t?

3. Given u =sin(¥/y), x = e' and y = t* find % as a function of t.
Also verify the result by direct substitution.

du

5. Find ™

for u = x> —y?, where x =etcost, y =e'sint at t = 067.

6. Find % given u = y? — 4ax, where x = at?, y = 2at.

PARTIAL DERIVATIVES OF COMPOSITE FUNCTIONS:
Chain Rule:

If f=1f(x,y) is a function of two variables x and y where x and y are functions of two other
variables u and v then

o _9f ox  of ay . O _Of ox  of oy
du  9x du dy O0u v dx ov dy ov

If f=f(x,y,z) is a function of three variables X, y, z where x,y, z are functions of three
variables u, v, w then

of of ox | of dy |, of o0z of _of ox | of 9y |, of 0z

22 , —=2Z and
du dx du 0dy du 0z Ou av dx dv 0Oy O0v 0z Ov

of _ of 0x of ay of 0z

ow  9x ow dy ow 0z Oow

Problems:
1. If z=f(xy), and x=e"+e7", y=e " —¢e"
0z 0z 0z 0z
prove that v X Yy

Solution:
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Given z = f(x,y), where x = x(u,v) and y = y(u, V)

0z dz 0x , 0z dy 0z _ 0z 0x |, 0z 0y

We have E=£ £+E u (1) and v % av 3y ov (2)

U_ev.(3)

Givenx =e"+e™V, y=e~

Differentiating (3) partially w. r. t. u and v we get,

X _u 9X_ v 9y _ __-u 9 __ v PR

L=e o=—eT, —==—eT —= =—e . Substituting in (1) and (2) we get,
92 _ 97 cquy 4 92 _ou 92 _ 02 vy L 9% (_gv

6u_6x(e )+6y( € ) and 6V_0x( € )+6y( e)

9z _ quf%_ —u0z 0z _ _o-v0z_ w0z

o= el-—e ay....(3) and —==-—e'--—e ay"'"(4)

. (3) = (4 gi 0z (')z_(')z( Utev) 62( U vy = 0z 0z
h BVES u” av ax - ¢ dy T e Yoy

2. Ifz=f(x,y)andx = e"cosv ,y = e"sinv prove that

) x4y ez (i (327, (22) _ go2u[(22) (22)°
(I) X6V+y6u_e ay (“) (ax) +(6y) - € [(au) +(6v) '
Solution:
Given x =e"cosv, y=eYsinv .......... (1)

Differentiating (1) partially w. r. t. u and v we get,

ox 0x . ad . a
—=¢e%cosv, —=—esinv, —y=e“51nv, Y = eUcosv.

au av au av

(i) We have %z%.g—i Z—;.Z—z %=%-%+Z—§-Z—§
%z%(e“ cosv)+g—;(e“ 51197 RECETTRID (2)

And %=%(—e“ sinv)+Z—;(e“ COSV) +oevee e (3)

w2502 _ qu 9z (o 9% (ou
- x—+y—=(e COSV){ax( e smv)+ay(e cosv)}
U o3 E u % u ~: }
+(eYsinv) {ax (e"cosv) + ay(e sinv)

. 0z 0z . 0z . 0z
= —e?Ysinvcos v+ eZ“coszva + e?Ysin v cos v+ e2Usin?y —

dy
0z 0z
— A2u 2 f N2 — A2U
= e —(CoSs™v SIn“v) = e~ —
6y( t ) dy
0z 0Z _ 94 0z
av yau - dy
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(i) Squaring and adding (2) and (3) we get,

az\2 022_02u 0Z , y . 2 0z U . 0z , 4 2
(E) +(E) —{&(e cosv)+g(e smv)} +{&(—e smv)+a—y(e cosv)}

0z 2 0z 2 . 0z 0z .
(—) e?Ycos?v + (—) e?Usin?v + 2e?" —=cosv—sinv
ox dy 0x ady

0z 2 . 0z 2 0z 0z .
+ (—) e?Usin?v + (—) e?Ucos?v — 2e?" —=cosv—sinv
ax ay x ady

0z 2 0z 2 . 0z 2 . 0z 2
= (— e2“c052v+(5) e?Usin?v + (&) e2“sm2v+(5) e?Ucos?v

8z 2 az\2 . az\? . a7\ 2
—) coszv+(a—y) sin®v + (&) smzv+(a—y) cos?v

el

>

—)2 (cos?v + sin?v) + (Z—;)Z (sin?v + coszv)}
)+ =G + ()}
97)? 02\2 _ s [(07)? A%
(6X) +( y) =€ [(au) + (av) ]
3. Ifu=f(x,y) and x =rcos0, y=rsin0 prove that
G+ (G =) +a ()

Solution:
Given u = f(x,y) , where x = x(r,0) and y = y(r, 6)
ou _ du ox  ou dy

h — = .
We have Jar 0x Or dy Or

du_du dx | 2u dy
... (1) and % = ox ae+ay P (2}

Given x=rcosO, y=rsin0 ...... 3)

Differentiating (3) partially w. r. t. r and 6 we get,

0x 0x . dy . dy
—=c0s0, —=—-rsinB, == =sin6, —= =rcoso.
ar ’ 90 ’ or ’ 90

Substituting in (1) and (2) we get,

du du ou , . du __Ou, _ . Ou
E—a(cose)+a—y(sme) -+ (4) and i ax( rsm9)+ay(rc059)
10u ou , . du
;% = —5(811’1 9) +a—y(COS 9) """ (5)

squaring (4) and (5) adding we get,
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(Z_;)z = (3—2)2 cos?0 + (Zy) sin?0 + 2 cos 02 —y sin O

Jdu 2 1
(E) t=

) 2
+(a—u) sin?0+ (a_u) 0520 - 2 2%in 0 2% cos 0
Ix ay ox 9y

= ( ) (sin?0 + cos?0) + ( ) (sin?0 + cos?0)

au\ 2 1 fou\? w2 w2
(5) +=G) =) + (a—y)
du du

du
4. Ifu=f(x—y, y—z, z-—x), thenprove that &+5+5— 0
Solution:
Consider r=x—y, s=y—1z t=z—x, thengiven, u= f(r,s,t)
ﬂ _ or or ds s s ot ot ot

w=L 5=-1L 5=0 =0 2=1 2=-1 Z=-1, ==0, ==1

du du Or A Ou 0ds ., Ju o0t du du Odr . du O0s du o0t
Wehave —=— —+— —+— —, —=— —+— —+— —
ax dr dx 0s 0x at o0x ay dr dy 0s dy 0t 0y

du _ du or odu 0s Ju ot
dz or 8z 0s 0z ot 9z
au _

== (1)+—(0)+ ( 1)———5----"(1)
au du

5 :_( 1)+_(1)+ (O)——_ P (2)
du

du = du
RO+ R D +E M = -5+ 5 (3)
Adding (1), (2), (3) we get,
a_u du , du du du Odu  Ju Ou , Ju

Ty T m T w w awta mta

5. Ifu:f(%, %) prove that x2 +yza“+ 228 = o,

0z
Solution:
. y—X 1 1 Z—X 1 1 .
Consider r=—=- — - and s =— =-——, thengiven, u=f(r, s)
Xy X y XZ X zZ
or 1 oar 1 ar_O s _ 1 Js Js 1
ox  x2’ ay y2’ oz ' ox  x2’ a9y O’ oz z2’
du du Or du 0s du du Or du 0s du du Or du 0Js
Wehave —=— —+— —, —=— —+— —, —=— —+—= =
0x or 0x 0s 0x dy dr dy O0s 0y 0z or 0z 0s 0z
Jdu Jdu 1 du 1 1 du 1 du
2 )+ E () =2 _ 1
0x ar ( XZ) + as ( X2) x2dr x20s ( )
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du ou /1 du 1 du

%_5(37_2)4_%(0)_},_2;......(2)

du du du (/1 1 du

ORGP RO

20u | 20uy p0u _ Ou_du_ ou Ou_;

- XAty ay+Z > = o 3 Tt o =0 Using (1), (2) and (3).

. g20u 20w  o0u

. X 6X+y 6y+Z 62_0
HOMEWORK:

_ _X g_Y 7% gu 0w, Ou_
1. If u=f(r, s, t) and r—y , $=>, t—X prove that xax+yay+zaz—0
2. If u=f(2x—3y, 3y—4z, 4z — 2x), provethat 224 1% 10u_
y, oy p

20x 30y 49z

du du du
— y—z Z—X X-y o oz =
3. If u="f(e¥?%, e**, e*7¥), prove that 6x+ay+az 0.
JACOBIANS:
Definition:

If u and v are functions of two independent variables x and y then the Jacobian of u, v with

. a(u, v) u, v .
respect to X, y is denoted by | or or (—) and is
p y y] 3 y) ]xm
u u
o(u, v) _ |0x 0dy
axy) [v av
dx 0y

defined by

similarly, If u, v and w are functions of three independent variables x, y and z then the
Jacobian of u, v, w with respectto %, y, zis defined by

du Jdu Jdu
ox B_y E
uvw) _ a(uv,w) 0_V ﬂ O_V
]( )_ a(xy,2) “lox oy oz
ow Jow Jw

ox 6_y 0z

X, y,Z

Problems :

1. If u=x?-2y? v=2x%*—-y? wherex=rcosd andy = rsin6,

then show that 2®Y — 6r2sin26.
a(xy)

Solution:
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Given u = x% — 2y?, v = 2x% — y2. Differentiating partially w.r. t.xand y

Jdu du av av
We get, &—ZX, 5——4y, &—4X, = y.
ou ou
a(uwv) _ |ox oy C v |2x —4y| B _
We have 2y~ |ov av T amy o lax -2y T 4xy + 16xy = 12xy
dx 0dy
Given x =rcosf, and y = rsin®. PG/ 12r?cosBsin®
axy)
9MY)  6r25in20 (~+ sin26 = 2sinBcos0)
a(xy) '
2. If u=x+3y? —z3 v=4x%yz, w=2z?—xy, then find E:j((l:‘;":)) at(1,-1,0).
Solution:
Given u = x + 3y? —z3, v = 4x%yz, w = 2z% —xy.
Differentiating partially w.r. t. x Z we get u _ 1; u _ 6y; u _ —3z%; w_ 8xyz;
gp yw.r.t. %y, g’ax_’ay_ i 5T bk XY
o _ g2, OV _ o2 OW__ . ow_ 0w _
6y_4XZ' az—4xy, Pl £ oy X; az_4Z'
oo
s _ |0 o o O P A
uwvw) |ov ov 0OV . uv,w) 2 2
We have oy |ox ay a2 "t yD) 8xyz 4x°z 4x°y
aw ow  ow yoox &
dx dy 0z
Seavw) 1 -6 0
~ Atthe point (1,—1,0), weget, —2 =10 0 —4|=20
AR PR R

3. If x = rsinBcos®, y = rsinBsin®, z= rcos0, then show that

I(xy,z)
a(r,0,0)

= r2sin®.
Solution:

Given x = rsinBcos®, y = rsinBsin@, z = rcos0. Differentiating partiallyw.r.t. r, 6, @ we

0x . ox ox . . dy . .

— = sin ; —=r ;. — = —rsinBsin@; —= = sinBsin®;
get, 5 = S 0cos®; 6 cosOcos?; 30 sinBsin®; > = S Osin®;
dy . dy . 0z 0z . 0z
—= = rcos0sin®; —= =rsinOcosP; — = cosO; — = —rsinf; — = 0.

90 @ 1) ? ar a0 a9
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ox O0x O0x

ar % %

oxyz) _ dy dy 0y

We have are,p  |or o0 a9
dz 0z 0z

or 00 09

sinBcos® rcosBcos® —rsinOsin®

o(uyv, . . . .
a(uvw) = [sinBsin® rcosBsin®  rsinBcosP
(xy.2) .
cosH —rsin@ 0
= sinBcos@(0 + r?sin?0cos@) - rcosBcos@(0 - rsinBcosBcosd)
— rsin®sin@(- r sin?0sin® - r cos?0sin®).
% = r?sin30 cos? @ + r?sinBcos?0 cos? @ + r?sin30 sin? @ + r?sinBcos?0 sin? Q.
(?a((u;;‘g)) = r?sinBcos? P(sin?0 + cos?0)+ r?sind sin® @(sin?0+ cos?0).
% = r?sinBcos? @ + r?sind sin? @ = r?sinB(cos? @ + sin? V).
o(uv,w) o .
oyn T sin®.
4. Find ?j((ux'—‘;‘:’)) whereu =x%+y?2+2z% ,v=xy+yz+zx,w=x+y+z
Solution:

Given u=x?>+y*+1z% v=xy+yz+zx, w=x+y+z

Differentiating partially w.r.t. x, y, z we get,

du du du av av ov
&—Zx, 5—2y, E_ZZ' woYtz a_y_X+Z’ 5, - Ytx
ow ow ow
— = 1; — = 1; — =
0x dy 0z

du OJdu Jdu

0x Oy 0z

owv,w) _[ov  av  dv

) ]: 0(xy,z) - & 6_y E
ow w ow
ox dy 0z
Sewvw) 2X 2y 27
e, Ytz xt+z y+x
xy,2)
1 1 1

=2x{(x+2) - +x} - 2y{(y +2) -y + 0} + 2z{(y + 2) - x + 2)}.

=2x(z—y) = 2y(z—x) + 2z(y — x) = 2(Xx2 — Xy — yZ + Xy + yZ — XZ).
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o(uv,w)
0(xy,z) -
X2X3

5. |fY1 = )

X1

respect to X1,X2,X3

Solution:

_ X3X1

2 =

’
X2

3

_ X1X

X3

we have Jacobian of y4,y,, y3 with respect to x4, X5, X3 is

Oys  Oy1
ad X1 6X2
0(y1y2ys) _ |9z 9yz
0(x1,X2,X3) 0x1 0%z
Oys  Oys
a X1 aXZ
. XpX
Giveny, = =22, vy,
X1
0y1 — TX2X3 9y1
0 x4 x% 0x,
Iys _ %2 Oys _ %1
d X1 Xg. 0X2 X3
I—X2X3
xi
0(y1y2¥3) — X3
0(X1,X2,X3) X2
X2
X3
_ xx3x3
x3x2x32
0(y1y2¥3)
Thus —_— =
0(X1,X2,X3)
HOMEWORK:

1. fx=u(1l—-v), y=uv, find

2. If x = acosh&cosn, y = asinhgsinmn, show that

ay1
0x3
ayz
0x3
ays
0x3

X2

X3X1

y3

91
0x3

—X1X3

a(u

a(x,

3. Ifx = e"secv, y=e"tanv, find

, find the Jacobian of y;, y,, y3 with

~X3X1 0y, _ %1
x3 0x3 Xy

—“11-1D-1(-1-1D+1(1+1) = 4.

_ X1Xp

= -

Xz 0yz _ X3 Oy2 _
X1 6X1 X2 6X2

y)

V)

Axy) _
)

a(xy)
a(uv)

Maxima and Minima for functions of two variables:

Definition:

31
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A function f(x, y) is said to have maximum valueat x = a,y = b, if f(a,b) > f(a+ h,b + k)
for all small values of h and k. The value f(a, b) is called the maximum value of f(x, y).

A function f(x, y) is said to have minimum value at x = a,y = b, if f(a,b) < f(a+ h,b + k)
for all small values of h and k. The value f(a, b) is called the minimum value of f(x,y).

A maximum or minimum value of a function is called its extreme value.

Conditions for f(x,y) to be maximum or minimum:

The necessary conditions for f(x,y) to have a maximum or minimum value at (a, b) are
fx(a,b) =0, f,(a,b) =0

a%f a%f

— _ o*f _ _ _ _ _ —
Suppose that f, =0, f, =0 and Ietﬁ = fx =1, oy fey =m, 37 = fyy =1

then (i) f(a, b) is a maximum value if In —m? > 0and [ < 0

(i) f(a, b) is a minimum value if In—m? >0and! >0
(iii) f(a, b) is not a extreme value if In —m? <0
(iv) If In — m? = 0 then f(x, y) fails to have maximum or minimum value and it needs

further investigation.

Working Rule to find the maximum or minimum values of f(x,y)

1.

Find Z—£ = f, and Z—; = f, and solve the equations f,= 0 and f,,=0 to obtain the stationary
points.

. _9*f _o%f
Find [ =—-—=, m

_%r : , o
=2y "= 3y for every stationary point (a, b) obtained in stepl.

(i) If In—m? > 0and L < 0 at (a,b) then (a,b) isa point of maximum and f (a, b) is
maximum value

(ii) If In—m? > 0and | > 0 at (a, b) then (a, b) is a point of minimum and f(a, b) is
minimum value

(iii) If In — m? < O at (a, b) then f(a, b) is not an extreme value i.e., there is neither
maximum nor a minimum at (a, b). In this case (a, b) is a saddle point.

(iv) If In —m? = 0 at (a, b) no conclusion can be drawn about maximum or minimum and
needs further investigation. Similarly examine the other stationary points.

PROBLEMS:

1.

Find the extreme values of the function f(x,y) = x3 + y> —3x — 12y + 20

32




Solution:

fl,y)=x3+y3—3x—12y + 20

Q)

Differentiating (1) partially w. r. t. x and y, we get,

of of

a=fx=3X2—3 (2) £=fy=3y2—12 (3)

o2f f f _ oo

'5_6 6x6y_0_m' 6y2_6y_n

Take f, =0 andf, =0. ~ 3x2—-3=0and 3y*—12=0.

~ x*=1and y*=4

~ x==21and y=42

Therefore (1, 2), (1, —2), (=1, 2), ( —1, —2) are the stationary points.

(1,2 (1, =2) (=12 (=1,-2)
[ =6x 6>0 6 —6 —6<0
m=20 0 0 0 0
n = 6y 12 —12 12 —12
In — m? 72>0 —72 —72 72>0
Conclusion Minimum point Saddle point Saddle point Maximum point

Maximum value of f(x,y): f(—1,-2) = (—=1)3 + (—-2)3 = 3(—1) — 12(—2) + 20 = 38.
Minimum value of f(x,y): f(1,2) = (1)3+ (2)3 —-3(1) —12(2) + 20 = 2.

Thus the extreme values of the given function are 38 and 2.

2. Examine the function for extreme values f(x,y) = x* + y* — 2x% + 4xy — 2y?

Solution:
flx,y) =x* +y*—2x% + 4xy — 2y% ... (1)

Differentiate partially w. r .t. x and vy.

af of

=f= 4x3 —4x + 4y .. (2). o fy=4y>+4x—4y ...(3).
o2f 2 4 o’ f . o%f 2 .
pyeie 12x 4 =1, 359y 4 =m, 37 12y 4 =n.

Take f, =0 and f, =0.

. 4x3 —4x+4y =0 and 4y3+4x —4y =0.
. x3—x+y=0 ...(4) and Y3 +x—y=0 ...(5
Solving (4) and (5) we get x3 + y3 = 0. (x+y)(x?2—xy+y?) =0.
x+y=0. « y=—x...(6) Substitutingin (4), weget, x3 —x —x = 0.
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Wx3—=2x=0. « x(x?=2)=0. ~ x=0, x2=2.

. x =42,
~ x=0, +V2, —V2. Substitutein (5). ~y =0, —V2, +V2.

Therefore (0, 0), (V2, —V2), (=2, V2) are the stationary points.

(0,0 (VZ,—V2) (—VZV2)
l=12x%>—-4 —4 20>0 20>0
m=4 4 4 4
n=12y%—4 —4 20 20
In — m? 16—16=0 384>0 384>0
Conclusion -

Minimum point

Minimum point

Since In —m? >0, 1 > 0 the function is Minimum at both points (vV2, —v2), (—=v2, v2).

= The Minimum value of f(x,y) ie., f(vV2, —V2) and f(—V2, V2) = -8

3. Examine the function f(x,y) = sin x + sin y + sin (x + y) for extreme values.

Solution:
f(x,y) =sinx+siny+sin(x+y) ...(1)

Differentiating partially w. r. t. x and y we get,

%=fx=cosx+cos(x+y) o

f = f, = cosy + cos(x +y)

ay
i —sinx —sin(x+y) =1 L - —sin(x+y)=m
0x2 y " oxdy y !
92f . .
oy = —siny — sin(x +y) = n.

Take fy =0 and f, = 0.

cosx+cos(x+y)=0 ....(2) and cosy+cos(x+y)=0 ....3)

Subtracting (3) from (2) we get cosx —cosy =0. .~ cosx=cosy. <~ X=Y...(4)

& (2) => cosx + cos2x = 0. . cosX + 2cos?’x—1 =0 => 2cos’x+cosx—1 = 0.

.~ 2c0s’x + 2cosx — cosx — 1 = 0. 2cosx(cosx+ 1) —1(cosx+ 1) = 0.

(cosx+1)(2cosx—1) =0. 2cosx—1=0 and cosx+ 1 =0.

1 4 (1 _
COsX =~ =>x = cos 1(5). .ngand cosx=-1=>x=cos"}(-1). «~ x=m.

Substitute in (4). -~ y = g and y =m. -~ The stationary points are (gg) and (m, ).
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(E E) (m, )

3’3
[ = —sinx —sin(x + y) —/3<0 0
m = —sin(x + y) -3 0

2

n = —siny — sin(x + y) —/3 0
In — m? 9 0

7 >0
Conclusion Maximum point -

Sinceat (m,m), [ =0, m =0, n=0, the case needs further investigation.

Hence £ (x, y) is Maximum at (g g) and the maximum value is

T Vs . T . s .
f(—, —) = sin—+ sin—+ sin
3’ 3 3 3

2m 343

3 2

4. Discuss the maxima and minima of f(x,y) = x3y*(1 —x — y)
Solution:

fOy) =x3y2(1—x—y) = x3y? —x*y? —x3y% .. (1)

Differentiating partially w. r. t. X and y we get,

of
— = f, =3x%y? —4x3y2 -3y ... (2

ax

of
P fy = 2x3%y = 2x*y = 3x3y* ... (3)

% f _ 5 _ 2 3 _ 2

ﬁ—l—6xy —12xy° = 6xy“(1—2x—y).
O%f _ o _ a2 3 202 _ a2
axay—m—6x y —8x°y — 9x°y* = x“y(6 — 8x — 9y).
o%f 3 4 3 3
a—yz=n=2x —2x* —6x°y = 2x°(1 — x — 3y).

Take f, =0 and f, =0
3x2y? —4x3y2 —3y3 = 0and 2x3y — 2x*y — 3x3y? = 0.
x?y?(3—4x—-3y)=0=>x=0,y=0,3—4x—3y =0.
And x?y(2—-2x—-3y)=0=>x=0,y=0,2—2x—3y = 0.
Solving x =0 and 3—4x—-3y =0, x=0 and 2—-2x -3y =0,
y=0and 3—4x—-3y =0, y=0and 2—-2x—3y =0,
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2—2x—3y=0and 2—-2x—-3y =0

We get the stationary points (0,0), (0, 1), (0, g) G 0), (1, 0) and (%%)

Now In —m? = [6xy?(1—2x —y) ][2x3(1 —x — 3y) | — [x?y(6 — 8x — 9y)]?
In—m? = (x%y)?[12(1 — 2x —y)(1 — x — 3y) — (6 — 8x — 9y)?]

At all points except (% g) we get In —m? = 0 i.e., there are no extreme value.

A (5 3): l"—mz=(i-%)z{lz[l—Z(%)—%][1—%—3() [s-3G) -9}

NN S EY Tf{_q_1)__1
In—m? = —{2 1}_ ->0 li._3@. 1 3)_ 2 <0,

T 144

f(x,y) is Maximum at G, %)

Thus the maximum value of f(x,y) = f(l,l) = (1.1) (1 —l—l) = i(l—l) =1

2°3 8 9 2 3 72 \2 3 432

5. A rectangular box open at the top is to have volume of 32 cubic ft. Find the dimension of
the box requiring least material for its construction.

Solution:
Let x ft, y ft, z ft be the dimension of the box and let S be the surface of the box then we have

S=xy+2yz+2zx ...(1) (Since open at the top)

Given that the volume xyz =32. «~ z= % ... (2) Substituting (2) in (1), we get,

S=xy+ 6x—4 + 6y—4 = f(x,y). Differentiating partially w. r. t. x and y, we get,

of _ . _ 64 64
moh=yoE geh=xn
T R N T
T oxz T X3’ T oxoy T oyz T y3
Take fy=0Oand f, =0. « y—%5=0and x-%=0.
64 64
y=x—2 ...(3 and x=37 ... (4.
s . 64 x* x3
Substituting (3) in (4), we get, x_w aox—==0. = x(1_6_4)_0_
3 . 64
x>=64. ~ x=4. Putin(3). - y==0 Ny =4,

The stationary point is (4, 4).
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At (4, 4), l=162—48=2>0, In-m?=4—-1=3>0.

Thus f(x,y) is minimum i.e., S is minimum when x=4, y=4.

From(2), z=2=2=

xy_16_

The dimensions of the box for least material for its construction are (4, 4, 2).

HOME WORK:

1. Find the maximum and minimum values of the function
f(x,y) = x3 + 3xy? — 15x% — 15y% + 72x.

2. Examine the function f(x,y) = xy(a — x — y) for extreme values.
3. Examine the function f(x,y) = 1 + sin(x? + y?) for extremum.

4. Show that the function f(x,y) = x3 + y3 — 63(x + y) + 12xy is maximum (-7, —7) and
minimum (3, 3).

3

5. Find the maximum and minimum values of f(x,y) = xy + a; + a; .
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