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Module-2 

Series Expansion and Multivariable Calculus 

Syllabus: 
    Taylor’s and Maclaurin’s series expansion for one variable (Statement only) – problems. 
Indeterminate forms-L’Hospital’s rule. Problems. Partial differentiation, total derivative-differentiation 
of composite functions. Jacobian and problems. Maxima and minima for a function of two variables- 
Problems. 

 

Taylor’s series Expansion:  

The Taylor's series of a function f(x) about a point x = a is given by 

f(x)= f(a) + 
(x−a)

1!
f ′(a)+ 

(x−a)2

2!
 f ′′(a) + 

(x−a)3

3!
 f ′′′(a) + 

(x−a)4

4!
 f ′v(a)+………….  

OR 

𝑦(𝑥) = y(a)  + 
(x − a)

1!
y′(a) +  

(x − a)2

2!
 y′′(a)  +  

(x − a)3

3!
 y′′′(a)  +  

(x − a)4

4!
 y′v(a) + ⋯ … 

Problems: 

1.  Expand 𝐥𝐨𝐠𝒆 𝒙 in powers of (𝒙 − 𝟏) and hence evaluate log(𝟏. 𝟏) correct to four  
      decimal places using Taylor’s series Expansion. 

Solution:  
Taylor’s series is given by   

f(x)= f(a) + 
(x−a)

1!
 f ′(a) + 

(x−a)2

2!
 f ′′(a) + 

(x−a)3

3!
 f ′′′(a) + 

(x−a)4

4!
 f ′v(a) +…… (1) 

𝐵𝑦 𝑑𝑎𝑡𝑎 𝑓(𝑥)  =  𝑙𝑜𝑔 ;            𝑎 = 1.        𝑓(1) = log𝑒 1 = 0. 

𝑓′(𝑥)= 
1

x
             ∴  f' (1) = 1;               𝑓′′(𝑥) = − 

1

x2
          ∴  𝑓′′ (1) = −1, 

𝑓′′′(𝑥) =  
2

x3        ∴   𝑓′′ ′ (1) = 2;            𝑓′𝑣(𝑥) = − 
6

x4           ∴ 𝑓′𝑣 (1) = −6 

𝑇𝑎𝑦𝑙𝑜𝑟′𝑠 𝑠𝑒𝑟𝑖𝑒𝑠 (1) 𝑤𝑖𝑡ℎ 𝑎 = 1 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦  

loge x = 0 + (x − 1)1 +
(x−1)2

2
(−1) +

(x−1)3

6
(2) +

(x−1)4

24
(−6) + ⋯ 

∴   loge x = (x − 1) −
(x−1)2

2
+

(x−1)3

3
−

(x−1)4

4
 +……….. 
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𝑁𝑜𝑤 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡e 𝑥 = 1.1 𝑡𝑜 𝑜𝑏𝑡𝑎𝑖𝑛 log (1.1) 

loge(1.1) = (1.1 − 1) −
(1.1−1)2

2
+

(1.1−1)3

3
−

(1.1−1)4

4
 +………… 

𝑇ℎ𝑢𝑠 log𝑒 (1.1) = 0.0953.   

2.  Find the Taylor’s series expansion of f(𝒙) = 𝐥𝐨𝐠 𝒄𝒐𝒔𝒙 𝒂𝒕 𝒙 = 
𝛑

𝟑
  up to fourth    

    degree term. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:    
Taylor’s series is given by   

f(x)= f(a) + 
(x−a)

1!
 f ′(a) + 

(x−a)2

2!
 f ′′(a) + 

(x−a)3

3!
 f ′′′(a) + 

(x−a)4

4!
 f ′v(a) +……  

∴   f(x) = f (
π

3
) + (x −

π

3
) f ′ (

π

3
) +

(x−
π

3
)

2

2!
f ′′ (

π

3
) +

(x−
π

3
)

3

3!
f ′′′ (

π

3
) +

(x−
π

3
)

4

4!
f ′v (

π

3
)+--(1) 

Given  f(x) = log(cos x) ;       a =
π

3
 ,            ∴   f (

π

3
) = log(1

2⁄ ) = − log 2   

Differentiating f(x)successively we get, 

 f ′(x) =
1

cos x
. (− sin x) = − tan x          ∴   f ′ (

π

3
) = − tan (

π

3
) = −√3; 

f ′′(x) = −sec2x           ∴   f ′′ (
π

3
) = −sec2

π

3
= −4 

f ′′′(x) =  (−2 sec x) sec x tan x = −2sec2x tan x ; 

so that   f ′′′ (
π

3
) = −2sec2 (

π

3
)  tan (

π

3
) = −8√3  

f ′v(x) = −2[sec2x. sec2x + tanx. 2secx. tanx] = −2sec4x − 4sec2xtan2x; 

so that f ′v (
π

3
) = −2sec4 (

π

3
) − 4sec2 (

π

3
) tan2 (

π

3
) = −80. Substituting in (1) we get, 

∴  log(cos x) = − log 2 − √3 (x −
π

3
) + (−4)

(x−
π

3
)

2

2!
+ (−8√3)

(x−
π

3
)

3

3!
+ (−80)

(x−
π

3
)

4

3!
+..  

∴  log(cos x) = − log 2 − √3 (x −
π

3
) − 2 (x −

π

3
)

2

−
4

√3
(x −

π

3
)

3

−
10

3
(x −

π

3
)

4

+ ⋯  

3. Expand 𝐬𝐢𝐧 𝐱  in powers of   (𝐱 −
𝛑

𝟐
)  up to the term containing  (𝐱 −

𝛑

𝟐
)

𝟒

.  

     Hence find the  value of 𝐬𝐢𝐧 𝟗𝟏𝟎 correct to 4 decimal places. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:    
Using Taylor’s series we have,   
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f(x) = f (
π

2
) + (x −

π

2
) f ′ (

π

2
) +

(x−
π

2
)

2

2!
f ′′ (

π

2
) +

(x−
π

2
)

3

3!
f ′′′ (

π

2
) +

(x−
π

2
)

4

3!
f ′v (

π

2
)+…(1) 

Given f(x) = sin x ,     ∴    f (
π

2
) = sin (

π

2
) = 1.     f ′(x) = cos x,       ∴    f ′ (

π

2
) = cos (

π

2
) = 0  

f ′′(x) = − sin x ,       ∴    f ′′ (
π

2
) = − sin (

π

2
) = −1. 

 f ′′′(x) = − cos x,        ∴  f ′′′ (
π

2
) = − cos (

π

2
) = 0.    

.f ′v(x) = sin x ,            ∴  f ′v (
π

2
) = sin (

π

2
) = 1. Substituting in (1) we get, 

∴   sin x = 1 −
(x−

π

2
)

2

2!
+

(x−
π

2
)

4

4!
+ ⋯  

To determine sin910,   take x = 910 so that x −
π

2
= 1° =

π

180
radian  

∴  sin 910 ≈ 1 −
1

2
(

π

180
)

2

+
1

24
(

π

180
)

4

≈ 0.9998   

4.  𝐄𝐱𝐩𝐚𝐧𝐝 𝐭𝐚𝐧−𝟏 𝐱 in powers of  (𝒙 − 𝟏) up to the term containing fourth degree. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:    
Taylor’s series is given by   

f(x)= f(a) + 
(x−a)

1!
 f ′(a) + 

(x−a)2

2!
 f ′′(a) + 

(x−a)3

3!
 f ′′′(a) + 

(x−a)4

4!
 f ′v(a) +……  

∴   f(x) = f(1) + (x − 1)f ′(1) +
(x−1)2

2!
f ′′(1) +

(x−1)3

3!
f ′′′(1) +

(x−1)4

4!
f ′v(1)+--(1) 

Given  f(x) = tan−1 x ;       a = 1 ,            ∴   f(1) = tan−1 1 =
π

4
  

Differentiating f(x)successively we get, 

 f ′(x) =
1

1+x2         ∴   f ′(1) =
1

2
; 

(1 + x2)  f ′(x) = 1 

(1 + x2)f ′′(x) + 2x  f ′(x) = 0          ∴   f ′′(1) = −
1

2
 

(1 + x2)  f ′′′(x) + 2x  f ′′(x) + 2𝑥 f ′′(x) + 2 f ′(x) = 0 

(1 + x2)  f ′′′(x) + 4x  f ′′(x) + 2 f ′(x) = 0 

so that   f ′′′(1) =
1

2
  

(1 + x2)f ′v(x) + 6x f ′′′(x) + 6 f ′′(x) = 
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so that f ′v(1) = 0  

Substituting in (1) we get, 

∴   tan−1 x =
π

4
+ (x − 1)

1

2
+

(x−1)2

2!
(−

1

2
) +

(x−1)3

3!
(

1

2
) +

(x−1)4

4!
(0)+-- 

∴  tan−1 x =
π

4
+ (x − 1)

1

2
+

(x−1)2

4
+

(x−1)3

12
  

 

HOME WORK 

1. 𝐄𝐱𝐩𝐚𝐧𝐝 𝐭𝐚𝐧 𝐱  𝐢𝐧 𝐩𝐨𝐰𝐞𝐫𝐬 𝐨𝐟 (𝐱 −
𝛑

𝟒
)  𝐮𝐩𝐭𝐨 𝟑𝐫𝐝𝐝𝐞𝐠𝐫𝐞𝐞 𝐭𝐞𝐫𝐦. 

2. Expand √𝐱  in powers of   (𝐱 − 𝟐)  up to the third degree terms. 
 
Maclaurin’s series Expansion: 

Put a=0 in Taylor’s series expansion, then we obtain  

f(x) = f(0) + xf ′(0) +
x2

2!
f ′′(0) +

x3

3!
f ′′′(0) + ⋯ … … … …  

This expression is called Maclaurin’s series Expansion.  

Alternatively, it can also be written as 

y(x) = y(0) + xy1(0) +
x2

2!
y2(0) +

x3

3!
y3(0) + ⋯ … … … …    

 
Problems: 

1. Using Maclaurin’s series, expand  𝐲 = √(𝟏 + 𝐬𝐢𝐧 𝟐𝐱)  in powers of x up to the     

     term containing 𝐱𝟒. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧:    
Given 1 + sin 2x = (cos2x + sin2x) + 2 sin x cos x = (cos x + sin x)2.  

√(1 + sin 2x) = cos x + sin x = f(x), we find that f(0) = 1.  

f ′(x) = − sin x + cos x ,    ∴  f ′(0) = 1.       f ′′(x) = − cos x − sin x ,     ∴  f ′′(0) = −1.  

f ′′′(x) = sin x − cos x ,    ∴  f ′′′(0) = −1.   f ′v(x) = cos x + sin x ,         ∴  f ′v(0) =  1.    

Maclaurin’s series is given by 

f(x) = f(0) + (x)f ′(0) +
(x)2

2!
f ′′(0) +

(x)3

3!
f ′′′(0) +

(x)4

4!
f ′v(0) + ⋯  

∴   √(1 + sin 2x) = 1 + x −
x2

2
−

x3

6
+

x4

24
+ ⋯  
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2. Find the Maclaurin’s  series of   log ( 1 + x ).  

    𝐇𝐞𝐧𝐜𝐞 𝐝𝐞𝐝𝐮𝐜𝐞 𝐭𝐡𝐚𝐭 𝐥𝐨𝐠 √
𝟏+𝐱

𝟏−𝐱
= 𝐱 +

𝐱𝟑

𝟑
+

𝐱𝟓

𝟓
 +……… 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 
Let y = log(1 + x),     ∴  y(0) = log 1 = 0  

y1 =
1

1+x
 ,         ∴  y1(0) = 1;        y2 = −

1

(1+x)2  ,      ∴  y2(0) = −1  

y3 =
2

(1+x)3  ,    ∴  y3(0) = 2 ;         y4 = −
6

(1+x)4  ,    ∴  y4(0) = −6  

y5 =
24

(1+x)5  ,    ∴   y5(0) = 24. 

Maclaurin’s series is given by 

 y(x) = y(0) + xy1(0) +
x2

2!
y2(0) +

x3

3!
y3(0) +

x4

4!
y4(0) +

x5

5!
y5(0) + ⋯ … … … … 

∴   log(1 + x) = 0 + x(1) +
x2

2!
(−1) +

x3

3!
(2) +

x4

4!
(−6) +

x5

5!
(24) +  ………… 

∴   log(1 + x) = x −
x2

2
+

x3

3
−

x4

4
+

x5

5
− ⋯          … … . .  (i)  

changing  x  to − x  in the above expression, we get     

log(1 − x) = −x −
x2

2
−

x3

3
−

x4

4
−

x5

5
− ⋯       … … …  (ii) 

∴  log √
1+x

1−x
=

1

2
log (

1+x

1−x
) =

1

2
[log(1 + x) − log(1 − x)]   

∴  log √
1+x

1−x
=

1

2
{x −

x2

2
+

x3

3
−

x4

4
+

x5

5
− ⋯ } +

1

2
{x +

x2

2
+

x3

3
+

x4

4
+

x5

5
… }  by using (i)and (ii).                                          

∴  log √
1+x

1−x
= x +

x3

3
+

x5

5
+ ⋯   

3.   Prove that  𝐞𝐬𝐢𝐧 𝐱 = 𝟏 + 𝐱 +
𝐱𝟐

𝟐!
− 𝟑

𝐱𝟒

𝟒!
− 𝟖

𝐱𝟓

𝟓!
+ ⋯   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 
Let  y = esin x,     ∴    y(0) = esin 0     ∴   y(0) = e0 = 1; 

Differentiating we get,    

y1 = esin xcos x = y cos x    ∴   y1(0) = 1.      y2 = y1cos x − y sin x.     ∴   y2(0) = 1.  
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y3 = y2cos x − 2y1sin x − y cos x     ∴    y3(0) = 0. 

y4 = y3cos x − 3y2sin x − 3y1 cos x + y sin x    ∴   y4(0) = −3. 

y5 = y4cos x − 4y3sin x − 6y2 cos x + 4y1sin x + ycos x    ∴   y5(0) = −8.  

Maclaurin’s series is given by 

 y(x) = y(0) + xy1(0) +
x2

2!
y2(0) +

x3

3!
y3(0) +

x4

4!
y4(0) +

x5

5!
y5(0) + ⋯ … … … … 

∴  esin x = 1 + x +
x2

2!
− 3

x4

4!
− 8

x5

5!
+ ⋯  

4.   Prove that  𝐞𝐱𝐬𝐢𝐧 𝐱 = 𝟏 + 𝐱𝟐 +
𝐱𝟒

𝟑
+. . . . . . . .. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 
Let    y = exsin x                                        ∴        y(0) = 1  

Differentiating we get, 

y1 = exsin x(x cos x + sin x)                 ∴          y1(0) = 0  

y1 = y(x cos x + sin x)  

y2 = y(−x sin x + 2 cos x) + y1(x cos x + sin x)  

y2(0) = 1(0 + 2) + 0                                  ∴      y2(0) = 2  

y3 = y(−x cos x − 3 sin x) + y1(−x sin x + 2 cos x) + y1(−x sin x + 2 cos x) 

                                                                                                            + y2(x cos x + sin x)  

y3 = y(−x cos x − 3 sin x) + 2y1(−x sin x + 2 cos x) + y2(x cos x + sin x)  

y3(0) = 0 + 0 + 0                                     ∴         y3(0) = 0  

y4 = y(x sin x − 4 cos x) + y1(−x cos x − 3 sin x) + 2y1(−x cos x − 3 sin x) 

                          +2y2(−x cos x + sin x) + y2(−x sin x + 2 cos x) + y3(x cos x + sin x)  

y4(0) = −4 + 0 + 0 + 8 + 4                    ∴       y4(0) = 8. 

Maclaurin’s series is given by 

 y(x) = y(0) + xy1(0) +
x2

2!
y2(0) +

x3

3!
y3(0) +

x4

4!
y4(0) +

x5

5!
y5(0) +………….. 

∴   exsin x = 1 + x(0) +
x2

2!
(2) +

x3

3!
(0) +

x4

4!
(8) +…………… 

∴   exsin x = 1 + x2 +
x4

3
+……………  
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HOME WORK 

1.  Prove that log (1 + sin x ) =  x - 
𝐱𝟐

𝟐
 + 

𝐱𝟑

𝟔
 - 

𝐱𝟒

𝟏𝟐
 + -------------------- 

2.  𝐔𝐬𝐢𝐧𝐠 𝐌𝐚𝐜𝐥𝐚𝐮𝐫𝐢𝐧′𝐬 𝐬𝐞𝐫𝐢𝐞𝐬, expand 𝐲 =  𝐞𝐱 𝐜𝐨𝐬 𝐱   in powers of x. 

3.  Using Maclaurin’s series, expand  𝐥𝐨𝐠(𝐬𝐞𝐜𝐱)  in the powers of x up to the term  

      containing 𝐱𝟓 

4.  𝐔𝐬𝐢𝐧𝐠 𝐌𝐚𝐜𝐥𝐚𝐮𝐫𝐢𝐧′𝐬 𝐬𝐞𝐫𝐢𝐞𝐬, expand  𝐲 = 𝐞𝐚 𝐬𝐢𝐧−𝟏 𝐱 in powers of x 

5.  𝐄𝐱𝐩𝐚𝐧𝐝 𝐥𝐨𝐠(𝟏 + 𝐞𝐱)  𝐢𝐧 𝐩𝐨𝐰𝐞𝐫 𝐨𝐟 𝐱 𝐮𝐩𝐭𝐨 𝐭𝐡𝐞 𝐭𝐞𝐫𝐦 𝐜𝐨𝐧𝐭𝐚𝐢𝐧𝐢𝐧𝐠 x4 

6.  𝐔𝐬𝐢𝐧𝐠 𝐌𝐚𝐜𝐥𝐚𝐮𝐫𝐢𝐧′𝐬 𝐬𝐞𝐫𝐢𝐞𝐬, expand 𝐲 =  𝐥𝐨𝐠(𝟏 + 𝐜𝐨𝐬 𝐱)   in powers of x. 

7.  𝐔𝐬𝐢𝐧𝐠 𝐌𝐚𝐜𝐥𝐚𝐮𝐫𝐢𝐧′𝐬 𝐬𝐞𝐫𝐢𝐞𝐬, expand 𝐲 = 𝐞𝐭𝐚𝐧−𝟏 𝐱    in powers of x 

8.  𝐔𝐬𝐢𝐧𝐠 𝐌𝐚𝐜𝐥𝐚𝐮𝐫𝐢𝐧′𝐬 𝐬𝐞𝐫𝐢𝐞𝐬, expand 𝐲 =  𝐥𝐨𝐠(𝐬𝐞𝐜 𝐱 + 𝐭𝐚𝐧 𝐱) in powers of x. 

 

Indeterminate forms: 

Expressions of the forms  
0

0
 ,

∞

∞
 , 0 × ∞, ∞ − ∞,  00, ∞0, 1∞ are called the indeterminate forms. 

L’ Hospital’s Rule: 

Statement: If 𝑓(𝑥) and 𝑔(𝑥) are two functions such that  

(i)  𝑥→𝑎
𝑙𝑖𝑚 𝑓(𝑥) = 0 and   𝑥→𝑎

𝑙𝑖𝑚 𝑔(𝑥) = 0  i.e., 𝑓(𝑎) = 0 = 𝑔(𝑎). 

(ii) 𝑓′(𝑥) and 𝑔′(𝑥) exist and 𝑔′(𝑎) ≠ 0, then  𝑥→𝑎
𝑙𝑖𝑚 𝑓(𝑥)

𝑔(𝑥)
=  𝑥→𝑎

𝑙𝑖𝑚 𝑓′(𝑥)

𝑔′(𝑥)
 . 

Again, if 𝑓′(𝑎) = 0 = 𝑔′(𝑎) then, we have   𝑥→𝑎
𝑙𝑖𝑚 𝑓′(𝑥)

𝑔′(𝑥)
=  𝑥→𝑎

𝑙𝑖𝑚 𝑓′′(𝑥)

𝑔′′(𝑥)
  and soon. 

Note:   𝐥𝐢𝐦
 𝒙→𝟎

  
𝐬𝐢𝐧 𝒙

𝒙
= 𝟏,    𝐥𝐢𝐦

 𝒙→𝟎
 
𝐭𝐚𝐧 𝒙

𝒙
= 𝟏,    𝐥𝐢𝐦

 𝒙→𝟎
 (𝟏 + 𝒙)

𝟏

𝒙 = 𝒆. 

Indeterminate forms: 
𝟎

𝟎
 ,   

∞

∞
, 𝟎 × ∞, ∞ − ∞ 

Problems:  

1. Evaluate   𝒙→𝟎
𝒍𝒊𝒎 𝒙𝒆𝒙−𝐥𝐨𝐠(𝟏+𝒙)

𝒙𝟐  . 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let  L =  lim
𝑥→0

𝑥𝑒𝑥−log(1+𝑥)

𝑥2  .     (
0

0
).  Applying the L’Hospital’s Rule, we get, 
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L = lim
 𝑥→0

𝑥𝑒𝑥+𝑒𝑥−
1

1+𝑥

2𝑥
   (

0

0
).    Again, applying the L’Hospital’s Rule, we get, 

∴    L=  lim
 𝑥→0

𝑥𝑒𝑥+𝑒𝑥+𝑒𝑥+
1

(1+𝑥)2

2
 .          ∴     L =

3

2
   

2. Evaluate   𝒙→𝟏
𝒍𝒊𝒎 𝒙𝒙−𝒙

  𝒙−𝟏−𝒍𝒐𝒈 𝒙
 . 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L = lim
𝑥→1

 
𝑥𝑥−𝑥

  𝑥−1−𝑙𝑜𝑔 𝑥
   (

0

0
).   Applying  the L’Hospital’s Rule, we get, 

L= lim
𝑥→1

 
𝑥𝑥(1+log 𝑥)−1

  1− 
1

𝑥

      (
0

0
).  Using   

𝑑(𝑥𝑥)

𝑑𝑥
= 𝑥𝑥(1 + log 𝑥).  

Again using L’Hospital’s Rule, we get, 

L=  lim
𝑥→1

 
𝑥𝑥(1+log 𝑥)2+𝑥𝑥(

1

𝑥
)

  1+
1

𝑥2

 = 
1+1

1
    ∴   L = 2. 

3. Evaluate  𝒙→𝟎
𝒍𝒊𝒎 𝒆𝒙−𝒆−𝒙−𝟐𝒍𝒐𝒈(𝟏+𝒙)

𝒙 𝒔𝒊𝒏 𝒙
 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

 Let L=lim
𝑥→0

𝑒𝑥−𝑒−𝑥−2𝑙𝑜𝑔(1+𝑥)

𝑥 𝑠𝑖𝑛 𝑥
    (

0

0
).     Applying  the L’Hospital’s Rule, we get,                       

L=lim
𝑥→0

𝑒𝑥+𝑒−𝑥−2(
1

1+𝑥
)

𝑥𝑐𝑜𝑠𝑥 + 𝑠𝑖𝑛𝑥
    (

0

0
).   Again, applying the L’Hospital’s Rule, we get, 

L=lim
𝑥→0

 
𝑒𝑥−𝑒−𝑥+2(

1

(1+𝑥)2)

𝑥(−𝑠𝑖𝑛𝑥)+𝑐𝑜𝑠𝑥+𝑐𝑜𝑠𝑥
  =

1−1+2

0+1+1
 =1. 

4. Evaluate   𝒙→𝟎
𝒍𝒊𝒎 𝒕𝒂𝒏 𝒙−𝒙

𝒙𝟐𝒕𝒂𝒏 𝒙
  

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L=lim
𝑥→0

 
𝑡𝑎𝑛 𝑥−𝑥

𝑥2𝑡𝑎𝑛 𝑥
   (

0

0
). Multiplying and dividing denominator by x, we get, 

L=lim
x→0

 
tan x−x

x2tan x

x
 x

 = lim
x→0

tan x−x

x3 . lim
x→0

 x

tan x
 = lim

x→0

tan x−x

x3 . 1  (
0

0
).  Using  lim

x→0
 
 tanx

x
 = 1. 

Applying  the L’Hospital’s Rule, we get,  

L=lim
x→0

sec2x −1

3x2  = lim
x→0

 
tan2x

3x2 =
1

3
lim
x→0

(
tan x

x
)

2

= 
1

3
. 1= 

1

3
 .  Using sec2x − 1= tan2x. 
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Note: 

In case of indeterminate forms  
∞

∞
, 0 × ∞, ∞ − ∞, we first reduce them to  

0

0
  form. 

5. Evaluate    𝒙→𝟎
𝒍𝒊𝒎 𝒍𝒐𝒈 𝒙

𝒄𝒐𝒕 𝒙
 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L=lim
𝑥→0

 
𝑙𝑜𝑔 𝑥

𝑐𝑜𝑡 𝑥
    (

∞

∞
) 

Applying  the L’Hospital’s Rule, we get,    

L=lim
𝑥→0

 
1

𝑥

−𝑐𝑜𝑠𝑒𝑐2𝑥
= −lim

𝑥→0
 
𝑠𝑖𝑛2𝑥

𝑥
    (

0

0
).   Again, applying the L’Hospital’s Rule, we get, 

L=− lim
𝑥→0

2 sin 𝑥 cos 𝑥

1
 = 0. 

6. Evaluate    𝒙→𝟎
𝒍𝒊𝒎 𝐥𝐨𝐠𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝟐𝒙. 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L=  𝑥→0
𝑙𝑖𝑚 logsin 𝑥 sin 2𝑥=lim

𝑥→0

log 𝑠𝑖𝑛2𝑥

log 𝑠𝑖𝑛𝑥
  (

−∞

−∞
).   Using  log𝑏 𝑎 =

log 𝑎

log 𝑏
 

Applying  the L’Hospital’s Rule, we get, 

L=lim
𝑥→0

2(
cos 2𝑥

sin2 𝑥
)

cos 𝑥

sin 𝑥

 =lim
𝑥→0

2 𝑐𝑜𝑡 2𝑥

cot 𝑥
= lim

𝑥→0
2.

tan 𝑥

tan 2𝑥
   (

0

0
). Again, applying the L’Hospital’s Rule, we get, 

L=lim
𝑥→0

2 𝑠𝑒𝑐2𝑥

2𝑠𝑒𝑐22𝑥
 = 

2

2
 = 1 

7. Evaluate    𝒙→𝟏
𝒍𝒊𝒎 (𝟏 − 𝒙𝟐) 𝐭𝐚𝐧 (

𝝅𝒙

𝟐
) 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L=lim
𝑥→1

(1 − 𝑥2) tan (
𝜋𝑥

2
)   (0 × ∞) 

∴   L=lim
𝑥→1

(1−𝑥2)

cot(
𝜋𝑥

2
)
   (

0

0
).  Applying the L’Hospital’s Rule, we get,  

L=lim
x→1

−2x

−cosec2(
πx

2
)

π

2

=
2 
π

2

 = 
4

π
 . 

8. Evaluate    𝒙→𝟎
𝒍𝒊𝒎 (

𝟏

𝒔𝒊𝒏 𝒙
−

𝟏

𝒙
) 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L=lim
𝑥→0

(
𝟏

𝒔𝒊𝒏 𝒙
−

𝟏

𝒙
).   (∞− ∞). 
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∴    L=lim
𝑥→0

𝑥−sin 𝑥

𝑥 sin 𝑥
  (

0

0
).  Applying  the L’Hospital’s Rule, we get, 

L=lim
𝑥→0

 
1−cos 𝑥

𝑥 cos 𝑥+sin 𝑥
  (

0

0
).  Again, applying the L’Hospital’s Rule, we get, 

L=lim
𝑥→0

sin 𝑥

−𝑥 sin 𝑥+2 cos 𝑥
= 0 

9. Evaluate    𝒙→𝟐
𝒍𝒊𝒎 (

𝟏

𝒙−𝟐
−

𝟏

𝒍𝒐𝒈(𝒙−𝟏)
). 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L=lim
𝑥→2

( 
1

𝑥−2
−

1

𝑙𝑜𝑔(𝑥−1)
)   (∞− ∞) 

∴    L=lim
𝑥→2

[
log(𝑥−1)−(𝑥−2)

(𝑥−2) log(𝑥−1)
]   (

0

0
) 

Applying the L’Hospital’s Rule, we get, 

L=lim
𝑥→2

{

1

(𝑥−1)
−1

(𝑥−2)

(𝑥−1)
+log(𝑥−1)

} = lim
𝑥→2

{
2−𝑥

(𝑥−2)+(𝑥−1) log(𝑥−1)
}   (

0

0
).  

Again, applying the L’Hospital’s Rule, we get,    

L=lim
𝑥→2

−1

1+log(𝑥−1)+(𝑥−1).
1

(𝑥−1)

 = 
−1

 2
 . 

10.  Evaluate  𝒙→𝟎
𝒍𝒊𝒎 [

𝟏

𝒙𝟐 − 𝒄𝒐𝒕𝟐𝒙] 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L=lim
𝑥→0

[
1

𝑥2 − 𝑐𝑜𝑡2𝑥]       (∞− ∞) 

        = lim
𝑥→0

[
1

𝑥2 −
1

𝑡𝑎𝑛2𝑥
] = lim

𝑥→0
[

𝑡𝑎𝑛2𝑥−𝑥2

𝑥2𝑡𝑎𝑛2𝑥
] Multiplying and dividing denominator by 𝑥2, we get, 

L=lim
𝑥→0

[
𝑡𝑎𝑛2𝑥−𝑥2

𝑥2𝑡𝑎𝑛2𝑥

𝑥2 𝑥2
] = lim

𝑥→0

𝑡𝑎𝑛2𝑥−𝑥2

𝑥4 . lim
𝑥→0

(
𝑥

tan 𝑥
)

2

= lim
𝑥→0

𝑡𝑎𝑛2𝑥−𝑥2

𝑥4 . 1  (
0

0
). Using  lim

x→0
 
 tanx

x
 = 1. 

Applying the L’Hospital’s Rule, we get, 

L=lim
𝑥→0

2 tan 𝑥𝑠𝑒𝑐2𝑥−2𝑥

4𝑥3    (
0

0
).  Again, applying the L’Hospital’s Rule, we get,  

L=lim
𝑥→0

 
2 tan 𝑥.2𝑠𝑒𝑐2𝑥 tan 𝑥+2𝑠𝑒𝑐4𝑥−2

12𝑥2
= lim

𝑥→0
 
4𝑠𝑒𝑐2𝑥 𝑡𝑎𝑛2𝑥+2𝑠𝑒𝑐4𝑥−2

12𝑥2
=

2

12
 lim
𝑥→0

2𝑠𝑒𝑐2𝑥 𝑡𝑎𝑛2𝑥+𝑠𝑒𝑐4𝑥−1

𝑥2
   

Again, applying the L’Hospital’s Rule, we get, 

Now   sec4x − 1 = (sec2x − 1)(sec2x + 1) = tan2x(sec2x + 1) = sec2x tan2x + tan2x       
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∴  L = 
1 

6
lim
𝑥→0

2𝑠𝑒𝑐2𝑥 𝑡𝑎𝑛2𝑥+𝑠𝑒𝑐2𝑥 𝑡𝑎𝑛2𝑥+𝑡𝑎𝑛2𝑥

𝑥2 =
1 

6
lim
𝑥→0

3𝑠𝑒𝑐2𝑥 𝑡𝑎𝑛2𝑥+𝑡𝑎𝑛2𝑥

𝑥2 =
1 

6
lim
𝑥→0

𝑡𝑎𝑛2𝑥(3𝑠𝑒𝑐2𝑥+1)

𝑥2  

∴  L = 
1 

6
{lim

𝑥→0
[

tan 𝑥

𝑥
]

2

. lim
𝑥→0

(3𝑠𝑒𝑐2𝑥 + 1)} =
1

6
(1)(4) =

2

3
 . 

Indeterminate forms: 𝟎𝟎,   ∞𝟎, 𝟏∞. 

Let  L=lim
𝑥→𝑎

[𝑓(𝑥)]𝑔(𝑥) 

Taking logarithm on both sides, we get, 

 log𝑒 𝐿 = lim
𝑥→𝑎

𝑔(𝑥) log[𝑓(𝑥)]. Evaluate the limit on RHS by using L’Hospital’s rule to get, 

log𝑒 𝐿 = 𝑘   (𝑠𝑎𝑦).      Thus 𝐿 = 𝑒𝑘. 

1. Evaluate  𝒙→𝟏
𝒍𝒊𝒎 𝒙 

𝟏

𝟏−𝒙   

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L= lim
𝑥→1

   x 
1

1−x     (1∞)  Taking  log on both sides, we get, 

log𝑒 𝐿 = lim
𝑥→1

 
1

1−𝑥
log 𝑥 = lim

𝑥→1
 
log 𝑥

1−𝑥
     (

0

0
).  Applying the L’Hospital’s Rule, we get,  

log𝑒 𝐿 = lim
𝑥→1

 
1

𝑥

−1
= −1.        ∴   𝐿 = 𝑒−1 =

1

𝑒
  

2. Evaluate 𝐥𝐢𝐦
 

    (𝒔𝒊𝒏 𝒙)𝒕𝒂𝒏 𝒙
𝒙→

𝝅

𝟐

 𝒍𝒊𝒎        (1∞) 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L=   𝑠𝑖𝑛 𝑥𝑡𝑎𝑛 𝑥
𝑥→

𝜋

2

 𝑙𝑖𝑚 .  Taking log on both sides, we get, 

log𝑒 𝐿 =   tan 𝑥 log 𝑠𝑖𝑛𝑥
𝑥→

𝜋

2

 𝑙𝑖𝑚    (0 × ∞) 

log𝑒 𝐿 =   
log sin 𝑥

cot 𝑥𝑥→
𝜋

2

 𝑙𝑖𝑚     (
0

0
).  Applying the L’Hospital’s Rule, we get,  

log𝑒 𝐿 =   
(

1

sin 𝑥
) cos 𝑥

−𝑐𝑜𝑠𝑒𝑐2𝑥𝑥→
𝜋

2

 𝑙𝑖𝑚 =   
cos 𝑥

sin 𝑥

−
1

𝑠𝑖𝑛2𝑥
𝑥→

𝜋

2

 𝑙𝑖𝑚 = −   sin 𝑥 cos 𝑥
𝑥→

𝜋

2

 𝑙𝑖𝑚 . 

∴   log𝑒 𝐿 = 0.     ∴    𝐿 = 𝑒0 = 1. 

3. Evaluate   𝐥𝐢𝐦
𝒙→𝟎

   (
𝒂𝒙+𝒃𝒙+𝒄𝒙

𝟑
)

𝟏

𝒙
    (𝟏∞) 
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𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L = lim
𝑥→0

 (
𝑎𝑥+𝑏𝑥+𝑐𝑥

3
)

1

𝑥
.  Taking log on both sides, we get, 

log𝑒 𝐿 =  lim
𝑥→0

1

𝑥
log (

𝑎𝑥+𝑏𝑥+𝑐𝑥

3
) = lim

𝑥→0

log[𝑎𝑥+𝑏𝑥+𝑐𝑥]−log 3

𝑥
      (

0

0
) 

Applying the L’Hospital’s Rule, we get,  

log𝑒 𝐿 = lim
𝑥→0

1

𝑎𝑥+𝑏𝑥+𝑐𝑥 [𝑎𝑥 log 𝑎+𝑏𝑥 log 𝑏+𝑐𝑥 log 𝑐 ]

1
  

∴    log𝑒 𝐿 =
1

3
[log 𝑎 + log 𝑏 + log 𝑐] =

1

3
log(𝑎𝑏𝑐) = 𝑙𝑜𝑔(𝑎𝑏𝑐)

1

3  

∴   𝐿 = (𝑎𝑏𝑐)
1

3  

4. Evaluate   𝐥𝐢𝐦
𝒙→𝟎

   (
𝒕𝒂𝒏 𝒙

𝒙
)

1

𝒙𝟐
    (1∞) 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L= lim 
𝑥→0

(
𝑡𝑎𝑛 𝑥

𝑥
)

1

𝑥2
.   Taking log on both sides, we get,   

log𝑒 𝐿 = lim
𝑥→0

 
1

𝑥2 𝑙𝑜𝑔 (
𝑡𝑎𝑛 𝑥

𝑥
)     (

0

0
).   Applying the L’Hospital’s Rule, we get, 

log𝑒 𝐿 = lim
𝑥→0

1

(
𝑡𝑎𝑛 𝑥

𝑥
)
.(

𝑥.𝑠𝑒𝑐2𝑥−tan 𝑥

𝑥2 )

2𝑥
= lim

𝑥→0

𝑥

tan 𝑥
. lim

𝑥→0
 
𝑥.𝑠𝑒𝑐2𝑥−tan 𝑥

2𝑥3      (
0

0
) 

∴    log𝑒 𝐿 = 1. lim
𝑥→0

 
𝑥(2𝑠𝑒𝑐2𝑥 tan 𝑥)+𝑠𝑒𝑐2𝑥−𝑠𝑒𝑐2𝑥

6𝑥2 = lim
𝑥→0

 
𝑥(2𝑠𝑒𝑐2𝑥 tan 𝑥)

6𝑥2 =
1

3
lim
𝑥→0

𝑠𝑒𝑐2𝑥 tan 𝑥

𝑥
   

∴     loge L =
1

3
lim
x→0

  sec2x. lim
x→0

 tan x

x
=

1

3
.          ∴    L = e 

1

3. 

5. Evaluate   𝐥𝐢𝐦
𝒙→𝟎

  𝒙𝒔𝒊𝒏 𝒙        

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L= lim 
𝑥→0

𝑥𝑠𝑖𝑛 𝑥   (00).   Taking log on both sides, we get,   

log𝑒 𝐿 = lim
𝑥→0

sin 𝑥 log 𝑥     (0 × −∞) 

∴    𝐿=lim
𝑥→0

 
log 𝑥

𝑐𝑜𝑠𝑒𝑐 𝑥
    (

−∞

−∞
).   Applying the L’Hospital’s Rule, we get, 

log𝑒 𝐿 = lim
𝑥→0

 
1

𝑥

−𝑐𝑜𝑠𝑒𝑐 𝑥.cot 𝑥
= −lim

𝑥→0
 
sin 𝑥

𝑥
 . lim

𝑥→0
tan 𝑥 = (−1). 0 = 0.  

L= 𝑒0 = 1. 
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6. Evaluate   𝐥𝐢𝐦
𝒙→𝟎

  (𝒄𝒐𝒕 𝒙)𝒕𝒂𝒏 𝒙       

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 
Let L= lim

𝑥→0
  (𝑐𝑜𝑡 𝑥)𝑡𝑎𝑛 𝑥   (∞0). Taking log on both sides, we get,  

log𝑒 𝐿 = lim
𝑥→0

tan 𝑥 log cot 𝑥.       (0 × −∞). 

∴    log𝑒 𝐿=lim
𝑥→0

 
log cot 𝑥

cot 𝑥
    (

−∞

−∞
).     Applying the L’Hospital’s Rule, we get, 

log𝑒 𝐿 = lim
𝑥→0

 
−𝑐𝑜𝑠𝑒𝑐2𝑥

− cot 𝑥.𝑐𝑜𝑠𝑒𝑐2𝑥
= lim

𝑥→0
tan 𝑥 = 0.          ∴   L = e0 = 1. 

7.  𝐄𝐯𝐚𝐥𝐮𝐚𝐭𝐞 𝐥𝐢𝐦
𝒙→𝟎

  
(𝟏+𝒙)

1
𝑥 − 𝒆

𝒙
 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Let L= lim
𝑥→0

  
(𝟏+𝒙)

1
𝑥 − 𝒆

𝒙
    (

0

0
).   Because  (𝟏 + 𝒙)

1

𝑥𝑥→0
lim = 𝑒       

Applying the L’Hospital’s Rule, we get, 

L= lim
𝑥→0

 

𝑑

𝑑𝑥
[(1+𝑥)

1
𝑥]

1
= lim

𝑥→0

𝑑𝑢

𝑑𝑥
     ….(1) 

Where  𝑢 = (1 + 𝑥)
1

𝑥 .  Taking logarithm on both sides, we get,   

log 𝑢 =
1

𝑥
log(1 + 𝑥) =

log(1+𝑥)

𝑥
 .  Using  log(1 + x) = x −

x2

2
+

x3

3
−

x4

4
+

x5

5
− ⋯ , we get, 

log 𝑢 ==
1

𝑥
 [x −

x2

2
+

x3

3
−

x4

4
+

x5

5
− ⋯ ]= 1 −

x

2
+

x2

3
−

x3

4
+

x4

5
− ⋯  

Differentiating w. r. t.  x,  we get, 

1

𝑢

𝑑𝑢

𝑑𝑥
= −

1

2
+

2x

3
−

3x2

4
+

4x3

5
− ⋯  

∴    
𝑑𝑢

𝑑𝑥
= 𝑢 [−

1

2
+

2x

3
−

3x2

4
+

4x3

5
− ⋯ ]= (1 + 𝑥)

1

𝑥 [−
1

2
+

2x

3
−

3x2

4
+

4x3

5
− ⋯ ] 

∴    lim
𝑥→0

 
𝑑𝑢

𝑑𝑥
= lim

𝑥→0
 (1 + 𝑥)

1

𝑥. lim
𝑥→0

 [−
1

2
+

2x

3
−

3x2

4
+

4x3

5
− ⋯ ]= e (−

1

2
) =

−𝑒

2
.  Substitute in (1). 

∴    L = 
−𝑒

 2
 . 

8. Find the values of a, b, c such that   𝐥𝐢𝐦
𝒙→𝟎

  
𝒙(𝒂+𝒃 𝐜𝐨𝐬 𝒙)−𝒄 𝒔𝒊𝒏𝒙

𝒙𝟓
= 𝟏 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧: 

Given  lim
𝑥→0

  
𝑥(𝑎+𝑏 cos 𝑥)−𝑐 𝑠𝑖𝑛𝑥

𝑥5 = 1 ..…. (1). We observe that the LHS is of the form(
0

0
). 
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∴   Applying the L’Hospital’s Rule on LHS, we get, 

lim
x→0

  
x(−b sin x)+(a+b cos x)−c cos x

5x4  = 1     … (2). Applying limit on LHS, we get, 

a + b − c 

0
= 1.    ∴  a + b –c = 0    … (3). 

As the denominator on LHS of (2) is zero for 𝑥 → 0, we assume that LHS of (2) is of the form  

(
0

0
) and applying the L’Hospital’s Rule on LHS, we get,  

lim
𝑥→0

−𝑏(𝑥 cos 𝑥+sin 𝑥)−𝑏 sin 𝑥+𝑐 sin 𝑥

20𝑥3
= 1.   Again applying the L’Hospital’s Rule on LHS, we get, 

lim
𝑥→0

−𝑏(−𝑥 𝑠𝑖𝑛 𝑥+cos 𝑥+cos 𝑥)−𝑏 cos 𝑥+𝑐 cos 𝑥

60𝑥2
= 1.     

∴    lim
𝑥→0

𝑏𝑥 sin 𝑥+cos 𝑥(−3𝑏+𝑐)

60𝑥2 = 1 ..….. (4). By applying limit on LHS, we get, 

 
−3𝑏+𝑐

0
= 1.    ∴    𝑐 = 3𝑏….. (5) Substituting in(4) we get, 

lim
x→0

bx sin x

60x2 = 1.     ∴   lim
x→0

b sin x

60x
= 1.    ∴   

b

60
 lim
x→0

sin x

x
= 1.   Using  lim

x→0

sin x

x
= 1, we get 

𝑏

60
= 1.    ∴   𝑏 = 60.    Put in  (5).   ∴   𝑐 = 3(60) = 180.  Substitute in (3). 

∴   a + 60 −180 = 0.       ∴    a =120. 

∴    𝑎 = 120,    𝑏 = 60,    𝑐 = 180. 

 

HOME WORK:      

1. Evaluate the following limits: 

(i)   𝒙→𝟎
𝒍𝒊𝒎 𝒂𝒙−𝒃𝒙

𝒙
       (ii)   𝒙→𝟎

𝒍𝒊𝒎 𝒙 𝐜𝐨𝐬 𝒙−𝐬𝐢𝐧 𝒙

𝒙𝟐 𝐬𝐢𝐧 𝒙
    (iii)   

𝒙→
𝝅

𝟐

𝒍𝒊𝒎 𝐥𝐨𝐠(𝒙−
𝝅

𝟐
)

𝐭𝐚𝐧 𝒙
     (iv)  𝒙→𝟎

𝒍𝒊𝒎 [ 
𝒂

𝒙
− 𝐜𝐨𝐭(𝒙

𝒂⁄ )]      

(v)  𝒙→𝟎
𝒍𝒊𝒎 𝒙𝟐+𝟐 𝐜𝐨𝐬 𝒙−𝟐

𝒙 𝒔𝒊𝒏𝟑𝒙
    (vi)   𝒙→𝟎

𝒍𝒊𝒎 [ 
𝟏

𝒙𝟐
−

𝟏

𝒔𝒊𝒏𝟐𝒙
]       (vii)  𝒙→𝒂

𝒍𝒊𝒎 [𝟐 − (
𝒙

𝒂
)]

𝐭𝐚𝐧(
𝝅𝒙

𝟐𝒂
)

      

(viii)  𝒙→𝟏
𝒍𝒊𝒎 (𝟏 − 𝒙𝟐)

𝟏

𝒍𝒐𝒈(𝟏−𝒙)      (ix)  𝒙→∞
𝒍𝒊𝒎 (𝟏 +

𝒂

𝒙
)

𝒙

 

2. Find the constants a, b, c such that   𝒙→𝟎
𝒍𝒊𝒎 𝒂𝒆𝒙−𝒃 𝐜𝐨𝐬 𝒙+𝒄𝒆−𝒙

𝒙 𝐬𝐢𝐧 𝒙
  may be equal 2.   
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PARTIAL DIFFERENTIATION: 

Definition:  

    Consider a function u = f( x, y ) of two independent variables x and y . The derivative of 

f( x, y ) w. r. t. x by treating y as a constant is called the partial derivative of  u=f( x, y )  

w. r. t. x.  It is denoted as   
∂f

∂x
 or fx or  

∂u

∂x
 or ux .  

Thus   
∂f

∂x
= fx = lim

h→0

f(x+h , y)−f(x ,y)

h
 

    Similarly, the partial derivative of u = f( x, y ) w. r. t. y by treating x as a constant is called 

the partial derivative of  u=f( x, y ) w. r. t. y. It is denoted as  
∂f

∂y
 or fy or 

∂u

∂y
 or uy.   Thus  

∂f

∂y
= fy = lim

k→0

f(x , y+k)−f(x ,y)

k
 

The second order Partial derivatives of  u = f( x, y ) are denoted by   

(i) fxx =
∂

∂x
(

∂f

∂x
) =

∂2f

∂x2 ,                        (ii) fyy =
∂

∂y
(

∂f

∂y
) =

∂2f

∂y2  , 

(iii) fxy =
∂

∂y
(

∂f

∂x
) =

∂2f

∂y ∂x
 ,                 (iv) fyx =

∂

∂x
(

∂f

∂y
) =

∂2f

∂x ∂y
   

Also note that  
∂2f

∂y ∂x
 = 

∂2f

∂x ∂y
         i.e.,   fxy = fyx 

 
Problems: 

1.  Find the first and second order partial derivatives of   𝐳 = 𝐱𝟑 + 𝐲𝟑 − 𝟑𝐚𝐱𝐲.  

Solution:  
Given  z = x3 + y3 − 3axy ……..(1)  

Differentiating (1) partially w. r. t. x (treating y as constant) we get, 

 
∂z

∂x
= 3x2 − 3ay … . . (2) 

Differentiating (1) partially w. r. t. y (treating x as constant) we get,  

∂z

∂y
= 3y2 − 3ax … … (3)  

Differentiating (2) partially w. r. t. x we get,    
∂2z

∂x2 = 
∂

∂x
(

∂z

∂x
) = 6x 

Differentiating (3) partially w. r. t. y we get,    
∂2z

∂y2 = 
∂

∂y
(

∂z

∂y
) = 6y 
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Differentiating (3) partially w. r. t. x we get,     
∂2z

∂x ∂y
=  

∂

∂x
(

∂z

∂y
) = −3a …..(4) 

Differentiating (2) partially w. r. t. y we get,   
 ∂2z

∂y ∂x
=

∂

∂y
(

∂z

∂x
)  = −3a ……(5) 

∴    From (4) and (5) we get,   
∂2z

∂x ∂y
=  

∂2z

∂y ∂x
 

2.  If (𝐱 + 𝐲)𝐳 = 𝐱𝟐 + 𝐲𝟐 , prove that (
𝛛𝐳

𝛛𝐱
−

𝛛𝐳

𝛛𝐲
)

𝟐

= 𝟒 (𝟏 −
𝛛𝐳

𝛛𝐱
−

𝛛𝐳

𝛛𝐲
).  

Solution:   

Given  z = 
x2+y2

x+y
 …….. (1)   

Differentiating (1) partially w. r. t. x  (treating y as constant) we get, 

 
∂z

∂x
=

(x+y)2x−(x2+y2)(1)

(x+y)2  =  
x2+2xy−y2

(x+y)2  

Differentiating (1) partially w. r. t. y  (treating x as constant) we get,  

∂z

∂y
=

(x+y)2y−(x2+y2)(1)

(x+y)2 =
y2+2xy−x2

(x+y)2   

∂z

∂x
−

∂z

∂y
 = 

x2+2xy−y2

(x+y)2 −
y2+2xy−x2

(x+y)2  ==
x2+2xy−y2−y2−2xy+x2

(x+y)2  = 
2x2−2y2

(x+y)2  

∴   
∂z

∂x
−

∂z

∂y
 =

2(x2−y2)

(x+y)2 =
2(x+y)(x−y)

(x+y)2  = 
2(x−y)

(x+y)
 

∴   (
∂z

∂x
−

∂z

∂y
)

2

=
4(x−y)2

(x+y)2 … . . (2) 

Now 4 (1 −
∂z

∂x
−

∂z

∂y
) = 4 [1 −

(x2+2xy−y2)

(x+y)2 −
(y2+2xy−x2)

(x+y)2 ] 

                                       = 4 [
(x+y)2−(x2+2xy−y2)−(y2+2xy−x2)

(x+y)2 ] 

                                      =4 [
x2+2xy+y2−x2−2xy+y2−y2−2xy+x2

(x+y)2 ]= 4 [
x2−2xy+y2

(x+y)2 ] 

∴     4(1 −
∂z

∂x
−

∂z

∂y
)= 

4(x−y)2

(x+y)2 … . . (3) 

From (2) and (3) we get  (
∂z

∂x
−

∂z

∂y
)

2

= 4 (1 −
∂z

∂x
−

∂z

∂y
) 

3.  If   𝐮 = 𝐱𝟐 𝐭𝐚𝐧−𝟏 (
𝐲

𝐱
) − 𝐲𝟐 𝐭𝐚𝐧−𝟏 (

𝐱

𝐲
)  show that  

𝛛𝟐𝐮

𝛛𝐱𝛛𝐲
=

𝛛𝟐𝐮

𝛛𝐲𝛛𝐱
 

Solution:  
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Given u = x2 tan−1 (
y

x
) − y2 tan−1 (

x

y
)………..(1)   

Differentiating (1) partially w. r. t. x (treating y as constant) we get,   

 
∂u

∂x
= x2 1

(1+
y2

x2)
(−

y

x2) + tan−1 (
y

x
) (2x) − y2 1

(1+
x2

y2)
(

1

y
) 

      = 
−x2y

x2+y2 −
y3

y2+x2 +2x tan−1 (
y

x
) =

−y(x2+y2)

x2+y2 + 2x. tan−1 (
y

x
)        

∴  
∂u

∂x
= −y + 2x. tan−1 (

y

x
)  ……..(2) 

Differentiating (1) partially w. r. t. y (treating x as constant) we get, 

 
∂u

∂y
= x2 1

(1+
y2

x2)
(

1

x
) −{y2 1

(1+
x2

y2)
(−

x

y2
)+ tan−1 (

x

y
).(2y)} 

∴  
∂u

∂y
 = 

x3

x2+y2 + 
xy2

y2+x2 − 2y tan−1 (
x

y
) = 

x(x2+y2)

x2+y2 − 2y tan−1 (
x

y
)       

∴
∂u

∂y
= x − 2y. tan−1 (

x

y
) ……..(3) 

Differentiating (3) partially w. r. t. x we get, 

∂2u

∂x ∂y
= 1 − 2y

1

(1+
x2

y2)
(

1

y
) = 1 −

2y2

x2+y2 =
x2−y2

x2+y2    ……….(4) 

Differentiating (2) partially w. r. t. y we get, 

 
∂2u

∂y ∂x
= −1 + 2x.

1

(1+
y2

x2)
(

1

x
) = −1 +

2x2

y2+x2 =
x2−y2

x2+y2  ……….(5) 

 ∴   From (4)and (5)weget,   
∂2u

∂x ∂y
=

∂2u

∂y ∂x
 

4. If  𝐳 = 𝐞𝐚𝐱+𝐛𝐲𝐟(𝐚𝐱 − 𝐛𝐲) prove that  𝐛
𝛛𝐳

𝛛𝐱
+ 𝐚

𝛛𝐳

𝛛𝐲
= 𝟐𝐚𝐛𝐳 

Solution:  
Given z = eax+byf(ax − by) ………..(1)   

Differentiating (1) partially w. r. t. x (treating y as constant) we get,   

∂z

∂x
= eax+byf ′(ax − by)a + f(ax − by) eax+bya   

∴
∂z

∂x
= aeax+byf ′(ax − by)+ az. (using (1)). Multiplying both sides by b we get, 

b
∂z

∂x
= abeax+byf ′(ax − by)+ abz …….(2) 
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Differentiating (1) partially w. r. t. y (treating x as constant) we get, 

 
∂z

∂y
= eax+byf ′(ax − by)(−b) + f(ax − by) eax+byb 

∴
∂z

∂y
= −beax+byf ′(ax − by)+ b z . Multiplying both sides by  a we get, 

a
∂z

∂y
= −abeax+byf ′(ax − by)+ ab z. ………(3) 

Adding (2) and (3) we get,    b 
∂z

∂x
+ a

∂z

∂y
 = 2ab z.  

5.  If 𝐳 = 𝐟(𝐱 + 𝐜𝐭) + ∅(𝐱 − 𝐜𝐭) prove that  
𝛛𝟐𝐳

𝛛𝐭𝟐
= 𝐜𝟐 𝛛𝟐𝐳

𝛛𝐱𝟐
.  

Solution:  

Given    z = f(x + ct) + ∅(x − ct) ……. (1) 

Differentiating (1) partially w. r. t. x (treating t as constant) we get, 

∂z

∂x
= f ′(x + ct) + ∅′(x − ct).   Again differentiating partially w. r. t. x  we get, 

 
∂2z

∂x2 = f "(x + ct) + ∅"(x − ct) ……… (2)  

Differentiating (1) partially w. r. t. t (treating x as constant) we get, 

∂z

∂t
= cf ′(x + ct) + ∅′(x − ct)(−c).   Again differentiating partially w. r. t. t  we get, 

∂2z

∂t2 = c2f "(x + ct) + c2∅"(x − ct) =c2{f "(x + ct) + ∅"(x − ct)} 

∴     
∂2z

∂t2 = c2 ∂2z

∂x2      Using  (2) 

6.  If  𝐮 = 𝐥𝐨𝐠(𝐱𝟑 + 𝐲𝟑 + 𝐳𝟑 − 𝟑𝐱𝐲𝐳)  prove that (i)  
𝛛𝐮

𝛛𝐱
+

𝛛𝐮

𝛛𝐲
+

𝛛𝐮

𝛛𝐳
= 

𝟑

𝐱+𝐲+𝐳
  and 

     (ii) (
𝛛

𝛛𝐱
+

𝛛

𝛛𝐲
+

𝛛

𝛛𝐳
)

𝟐

𝐮 =
−𝟗

(𝐱+𝐲+𝐳)𝟐 

Solution: 
Given  u = log(x3 + y3 + z3 − 3xyz) 

(i)  Differentiating the given equation partially w. r. t.  x,  y  and  z  we get, 

 
∂u

∂x
=

(3x2−3yz)

x3+y3+z3−3xyz
 … … (1)      

∂u

∂y
=

(3y2−3xz)

x3+y3+z3−3xyz
 … … (2)  

 
∂u

∂z
=

(3z2−3xy)

x3+y3+z3−3xyz
   ……. .(3)     Adding (1), (2) and (3) we get, 
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∂u

∂x
+

∂u

∂y
+

∂u

∂z
=

3(x2−yz+y2−xz+z2−xy)

x3+y3+z3−3xyz
 =

3(x2+y2+z2−xy−yz−xz)

(x+y+z)(x2+y2+z2−xy−yz−xz)
=

3

x+y+z
 

(ii)   (
∂

∂x
+

∂

∂y
+

∂

∂z
)

2

u = (
∂

∂x
+

∂

∂y
+

∂

∂z
) (

∂u

∂x
+

∂u

∂y
+

∂u

∂z
) = (

∂

∂x
+

∂

∂y
+

∂

∂z
) (

3

x+y+z
)  

                                           =
∂

∂x
(

3

x+y+z
) +

∂

∂y
(

3

x+y+z
) +

∂

∂z
(

3

x+y+z
) 

                                           =
−𝟑

(𝐱+𝐲+𝐳)𝟐 +
−𝟑

(𝐱+𝐲+𝐳)𝟐 +
−𝟑

(𝐱+𝐲+𝐳)𝟐 =
−𝟗

(𝐱+𝐲+𝐳)𝟐 

7.  If 𝐱𝐱𝐲𝐲𝐳𝐳 = 𝐜,  prove that at 𝐱 = 𝐲 = 𝐳,      
𝛛𝟐𝐳

𝛛𝐱𝛛𝐲
= −(𝐱. 𝐥𝐨𝐠 𝐞𝐱)−𝟏 

Solution: 
Given  xxyyzz = c……..(1).  Here we have to treat z as function of x and y.     

Taking logarithm on both the sides of (1) we get,  

x log x +y log y + zlog z =log c ………. (2) 

Differentiating (2) partially w. r. t. x we get, 

 x
1

x
+ logx + z

1

z

∂z

∂x
+ (logz)

∂z

∂x
= 0.     ∴ (1+ logx) + 

∂z

∂x
(1+ logz) = 0 

∴     
∂z

∂x
(1+ logz) = - (1+ logx).      ∴   

∂z

∂x
= −

(1+log x)

(1+log z)
 … … . . (3) 

Similarly by differentiating (2) pa 

ially w. r. t. y we get,    
∂z

∂y
= −

(1+log y)

(1+log z)
 ……..(4) 

Differentiating (4) partially w. r. t. x we get,  

 
∂2z

∂x ∂y
= −(1 + log y) {

−1

(1+log z)2
(

1

z

∂z

∂x
)  } =

(1+log y)

z(1+log z)2
 (−

(1+log x)

(1+log z)
),   using (3). 

∴        
∂2z

∂x ∂y
= 

−(1+log x)(1+log y)

z(1+log z)3      When   x=y=z   we get, 

 
∂2z

∂x ∂y
= −

(1+log x)(1+log x)

x(1+log x)3 = −
1

x(1+log x)
= −

1

x(log e+log x)
= −

1

x(log ex)
 

Thus  
∂2z

∂x ∂y
= −(x. log ex)−1 

8.  If 𝐱 = 𝐫 𝐜𝐨𝐬 𝛉 ,   𝐲 = 𝐫 𝐬𝐢𝐧 𝛉 prove that 
𝛛𝟐𝐫

𝛛𝐱𝟐 +
𝛛𝟐𝐫

𝛛𝐲𝟐 =
𝟏

𝐫
[(

𝛛𝐫

𝛛𝐱
)

𝟐

+ (
𝛛𝐫

𝛛𝐲
)

𝟐

]. 

Solution:  

Given x = r cos θ ,   y = r sin θ Squaring and adding we get, 
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x2 + y2= r2    ∴    r2 = x2 + y2……….. (1) 

Differentiating (1) partially w. r. t. x (treating y as constant) we get, 

2r 
∂r

∂x
 =2x     ∴    

∂r

∂x
=

x

r
   Again differentiating partially w. r. t. x, we get, 

 
∂2r

∂x2
=

r(1)−x
∂r

∂x

r2
 = 

r−x(
x

r
)

r2
 = 

r2−x2

r
 

r2
 = 

r2−x2

r3
        ∴   

∂2r

∂x2
 = 

r2−x2

r3
 ……. (2) 

Differentiating (1) partially w. r. t. y (treating x as constant) we get, 

2r 
∂r

∂y
 =2y     ∴    

∂r

∂y
=

y

r
   Again differentiating partially w. r. t. y, we get, 

 
∂2r

∂y2
=

r(1)−y
∂r

∂y

r2
 = 

r−y(
y

r
)

r2
 = 

r2−y2

r
 

r2
= 

r2−y2

r3
        ∴   

∂2r

∂y2
 = 

r2−y2

r3
 ……. (3) 

Adding (1) and (2) we get, 

 
∂2r

∂x2 +
∂2r

∂y2 =
r2−x2

r3 +
r2−y2

r3 =
2r2−(x2+y2)

r3 =
2r2−(r2)

r3 =
r2 

r3  =
1

r
  Using (1) 

∴    
∂2r

∂x2 +
∂2r

∂y2 = 
1

r
 …….. (4) 

 
1

r
[(

∂r

∂x
)

2

+ (
∂r

∂y
)

2

] =
1

r
{

x2

r2 +
y2

r2
} =

1

r
(

x2+y2

r2 ) =
1

r
(

r2

r2) =
1

r
 

∴    
1

r
[(

∂r

∂x
)

2

+ (
∂r

∂y
)

2

] =
1

r
 ……. (5) 

Using (4) and (5) we get,    
∂2r

∂x2 +
∂2r

∂y2 =
1

r
[(

∂r

∂x
)

2

+ (
∂r

∂y
)

2

] 

HOMEWORK: 

1.  If  𝐮 = 𝐱𝐲 ,  show that  𝐮𝐱𝐲 = 𝐮𝐲𝐱     

2.  If  𝐮 = 𝐞𝐱𝐲𝐳   find   
𝛛𝟑𝐮

𝛛𝐱𝛛𝐲𝛛𝐳
 

3.  If  𝐯 = (𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐)−𝟏
𝟐⁄  ,  prove that   

𝛛𝟐𝐯

𝛛𝐱𝟐
+

𝛛𝟐𝐯

𝛛𝐲𝟐
+

𝛛𝟐𝐯

𝛛𝐳𝟐
= 𝟎 

4.  If  𝐮 = 𝐥𝐨𝐠(𝐱𝟑 + 𝐲𝟑 − 𝐱𝟐𝐲 − 𝐱𝐲𝟐),  then prove that  𝐮𝐱𝐱 + 𝟐𝐮𝐱𝐲 + 𝐮𝐲𝐲 =
−𝟒

(𝐱+𝐲)𝟐
. 

5.  If  𝐮 = 𝐞𝐚𝛉 𝐜𝐨𝐬(𝐚 𝐥𝐨𝐠 𝐫),   prove that   
𝛛𝟐𝐮

𝛛𝐫𝟐 +
𝟏

𝐫

𝛛𝐮

𝛛𝐫
+

𝟏

𝐫𝟐

𝛛𝟐𝐮

𝛛𝛉𝟐 = 𝟎 

6.  If  𝐮 = 𝐟(𝐫)  where  𝐫 = √𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐  prove that  

     
𝛛𝟐𝐮

𝛛𝐱𝟐 +
𝛛𝟐𝐮

𝛛𝐲𝟐 +
𝛛𝟐𝐮

𝛛𝐳𝟐 = 𝐟"(𝐫) +
𝟐

𝐫
𝐟′(𝐫) 
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TOTAL DERIVATIVES: 

Definition:  

   For a function u = f(x, y) where x = x(t) and y = y(t) that is x and y are functions of an  

independent variable t, the derivative of u w. r. t. t is called the total derivative of u and is  

defined by  
du

dt
=

∂u

∂x
  

dx

dt
+

∂u

∂y
 

dy

dt
    

  If  u = f(x, y, z) where x = x(t),    y = y(t) and   z = z(t), then 

 
du

dt
=

∂u

∂x
  

dx

dt
+

∂u

∂y
 

dy

dt
 + 

∂u

∂z
 

dz

dt
 

Problems: 

1.  If   𝐮 = 𝐭𝐚𝐧−𝟏 (
𝐲

𝐱
) where 𝐱 = 𝐞𝐭 − 𝐞−𝐭 ,   𝐲 = 𝐞𝐭 + 𝐞−𝐭  find  

𝐝𝐮

𝐝𝐭
 

Solution:   

We have  
du

dt
=

∂u

∂x
  

dx

dt
+

∂u

∂y
 

dy

dt
 ……(1) 

Given u = tan−1 (
y

x
)…..(2)   and  x = et − e−t ,   y = et + e−t………(3) 

Differentiating (2) partially w. r. t. x and y we get, 

 
∂u

∂x
=

1

(1+
y2

x2)
(−

y

x2) =
−y

x2+y2   and  
∂u

∂y
=

1

(1+
y2

x2)
(

1

x
) =

x

x2+y2 

Differentiating (3) w. r. t. t we get, 

 
dx

dt
= et + e−t = y   and   

dy

dt
= et − e−t = x,  using (3). Substituting in (1) we get, 

 
du

dt
=

−y2

x2+y2 +
x2

x2+y2 =
x2−y2

x2+y2 =
(et−e−t )

2
−(et+e−t)

2

(et−e−t )2+(et+e−t)2  

 ∴
du

dt
=

(e2t+e−2t−2ete−t)−(e2t+e−2t+2ete−t)

(e2t+e−2t−2ete−t)+(e2t+e−2t+2ete−t)
=

−4

2e2t+2e−2t =
−2

e2t+e−2t 

2.  If  𝐟 = 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐  and  𝐱 = 𝐞𝟐𝐭,   𝐲 = 𝐞𝟐𝐭 𝐜𝐨𝐬 𝟑𝐭,   𝐳 = 𝐞𝟐𝐭 𝐬𝐢𝐧 𝟑𝐭 find   
𝐝𝐟

𝐝𝐭
       

     as a total derivative and verify the result by direct substitution. 

Solution: 

We have   
df

dt
=

∂f

∂x
  

dx 

dt
+

∂f

∂y
 

dy

dt
+

∂f

∂z
 

dz

dt
 ………(1) 

Given  f = x2 + y2 + z2……..(2) and x = e2t,   y = e2t cos 3t,   z = e2t sin 3t…..(3) 

Differentiating (2) partially w. r. t. x, y and z we get,  
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∂f

∂x
= 2x,     

∂f

∂y
= 2y,     

∂f

∂z
= 2z. 

Differentiating (3) w. r. t. t we get, 

dx

dt
= 2e2t,   

dy

dt
 = −3e2t sin 3t + 2e2t cos 3t,   

dz

dt
= 3e2t cos 3t + 2e2t sin 3t. 

Substituting in (1) we get, 

 
df

dt
= 2x. 2e2t + 2y(−3e2t sin 3t + 2e2t cos 3t  ) + 2z(3e2t cos 3t + 2e2t sin 3t) 

∴  
df

dt
 = 2e2t. 2e2t + 2e2t cos 3t (−3e2t sin 3t + 2e2t cos 3t  ) 

                                                          +2e2t sin 3t (3e2t cos 3t + 2e2t sin 3t), using (3) 

∴  
df

dt
 = 4e4t − 6e4t cos 3t sin 3t +4e4tcos23t +6e4t sin 3t cos 3t +4e4tsin23t     

∴  
df

dt
 = 8e4t 

Verification by direct substitution: 

Substituting (3) in (2) we get, 

f = (e2t)2 + (e2t cos 3t)2 + (e2t sin 3t)2 = e4t + e4tcos23t + e4tsin23t 

f = e4t + e4t(cos23t + sin23t) = e4t + e4t= 2e4t 

Differentiating w. r. t. t we get, 

df

dt
 = 2(4e4t)= 8e4t.     ∴  

df

dt
 = 8e4t.  Hence verified. 

3.  If  𝐮 = 𝐞𝐱 𝐬𝐢𝐧(𝐲𝐳)  where 𝐱 = 𝐭𝟐,   𝐲 = 𝐭 − 𝟏,   𝐳 =
𝟏

𝐭
  find  

𝐝𝐮

𝐝𝐭
  at t = 1. 

Solution:    

We have  
du

dt
=

∂u

∂x
  

dx

dt
+

∂u

∂y
 

dy

dt
+

∂u

∂z
 

dz

dt
 ………(1) 

Given u = ex sin(yz) ……(2) and  x = t2,    y = t − 1,   z =
1

t
 …….(3) 

Differentiating (2) partially w. r. t. x, y and z we get, 

 
∂u

∂x
= ex sin(yz) ,    

∂u

∂y
= ex cos(yz) z,    

∂u

∂z
= ex cos(yz)y   

Differentiating (3) w. r. t. t we get,   
dx

dt
= 2t,    

dy

dt
= 1,    

dz

dt
= −

1

t2
.  

Substituting in (1) we get,  
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du

dt
= ex sin(yz) . 2t + ex cos(yz) z(1) + ex cos(yz)y (−

1

t2). Using (3) we get, 

∴  
du

dt
 = et2

[2t. sin ((t − 1)
1

t
) + cos ((t − 1)

1

t
)

1

t
+ cos ((t − 1)

1

t
) (t − 1) (−

1

t2)]  

Putting  t = 1 we get,  
du

dt
= e 

 
HOMEWORK: 

1.  Find  
𝐝𝐮

𝐝𝐭
  when 𝐮 = 𝐱𝟑𝐲𝟐 + 𝐱𝟐𝐲𝟑 with  𝐱 = 𝐚𝐭𝟐,   𝐲 = 𝟐𝐚𝐭 

2.  If  𝐳 =  𝐱𝐲𝟐 + 𝐱𝟐𝐲  when  x = at,   y = 2at  show that   
𝐝𝐳

𝐝𝐭
= 𝟏𝟖 𝐚𝟑𝐭𝟐 

3.  Given  𝐮 = 𝐬𝐢𝐧(𝐱
𝐲⁄ ) , 𝐱 = 𝐞𝐭  𝐚𝐧𝐝  𝐲 = 𝐭𝟐  find  

𝐝𝐮

 𝐝𝐭
  as a function of t.   

    Also verify the result  by direct substitution. 

5.  Find   
𝐝𝐮

𝐝𝐭
  for  𝐮 = 𝐱𝟐 − 𝐲𝟐, 𝐰𝐡𝐞𝐫𝐞  𝐱 = 𝐞𝐭 𝐜𝐨𝐬 𝐭 , 𝐲 = 𝐞𝐭 𝐬𝐢𝐧 𝐭  at  𝐭 = 𝟎67.   

6.  Find   
𝐝𝐮

𝐝𝐭
  given  𝐮 = 𝐲𝟐 − 𝟒𝐚𝐱, 𝐰𝐡𝐞𝐫𝐞  𝐱 = 𝐚𝐭𝟐 , 𝐲 = 𝟐𝐚𝐭. 

 

PARTIAL DERIVATIVES OF COMPOSITE FUNCTIONS:  

Chain Rule:  

If  f = f(x, y) is a function of two variables x and y where  x and y are functions of two other 
variables u and v then                          

 
∂f

∂u
=

∂f

∂x
 

∂x

∂u
+

∂f

∂y
 

∂y

∂u
     and       

∂f

∂v
=

∂f

∂x
 

∂x

∂v
+

∂f

∂y
 

∂y

∂v
   

If  f = f(x, y, z) is a function of three variables  x, y, z  where  x, y, z  are functions of three 
variables u, v, w then   

 
∂f

∂u
=

∂f

∂x
 

∂x

∂u
+

∂f

∂y
 

∂y

∂u
+

∂f

∂z
 

∂z

∂u
,     

∂f

∂v
=

∂f

∂x
 

∂x

∂v
+

∂f

∂y
 

∂y

∂v
+

∂f

∂z
 

∂z

∂v
   and  

 
∂f

∂w
=

∂f

∂x
 

∂x

∂w
+

∂f

∂y
 

∂y

∂w
+

∂f

∂z
 

∂z

∂w
 

Problems:  

1.  If   𝐳 = 𝐟(𝐱, 𝐲),  and  𝐱 = 𝐞𝐮 + 𝐞−𝐯,    𝐲 = 𝐞−𝐮 − 𝐞𝐯  

     prove that  
𝛛𝐳

𝛛𝐮
−

𝛛𝐳

𝛛𝐯
= 𝐱

𝛛𝐳

𝛛𝐱
− 𝐲

𝛛𝐳

𝛛𝐲
 

Solution: 
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Given  z = f(x, y) ,  where  x = x(u, v) and  y = y(u, v) 

We have  
∂z

 ∂u
=

∂z

∂x
 

∂x

∂u
+

∂z

∂y
 

∂y

∂u
. . . . .  (1)   and     

∂z

∂v
=

∂z

∂x
 

∂x

∂v
+

∂z

∂y
 

∂y

∂v
  … . (2) 

Given x = eu + e−v ,   y = e−u − ev …….(3)   

Differentiating (3) partially w. r. t. u and v we get, 

∂x

∂u
 = eu,   

∂x

∂v
 = −e−v,   

∂y

∂u
 = −e−u,   

∂y

∂v
 = −ev. Substituting in (1) and (2) we get, 

∂z

∂u
=

∂z

∂x
(eu) +

∂z

∂y
(−e−u)     and    

∂z

∂v
=

∂z

∂x
(−e−v) +

∂z

∂y
(−ev)  

∂z

∂u
= eu ∂z

∂x
− e−u ∂z

∂y
. . . .  (3)   and    

∂z

∂v
= −e−v ∂z

∂x
− ev ∂z

∂y
 ….. (4) 

∴  (3) − (4) gives,   
∂z

∂u
−  

∂z

∂v
=

∂z

∂x
(eu + e−v) −

∂z

∂y
(e−u − ev) = x

∂z

∂x
− y

∂z

∂y
 

2.  If 𝐳 = 𝐟(𝐱, 𝐲) and 𝐱 = 𝐞𝐮 𝐜𝐨𝐬 𝐯 , 𝐲 = 𝐞𝐮 𝐬𝐢𝐧 𝐯  prove that 

     (i)  𝐱
𝛛𝐳

𝛛𝐯
+ 𝐲

𝛛𝐳

𝛛𝐮
= 𝐞𝟐𝐮 𝛛𝐳

𝛛𝐲
      (ii) (

𝛛𝐳

𝛛𝐱
)

𝟐

+ (
𝛛𝐳

𝛛𝐲
)

𝟐

= 𝐞−𝟐𝐮 [(
𝛛𝐳

𝛛𝐮
)

𝟐

+ (
𝛛𝐳

𝛛𝐯
)

𝟐

].  

Solution: 

Given  x = eu cos v ,    y = eu sin v  ………. (1) 

Differentiating (1) partially w. r. t. u and v we get, 

∂x

∂u
 = eu cos v,    

∂x

∂v
 = −eu sin v,    

∂y

∂u
 = eu sin v,    

∂y

∂v
 = eu cos v. 

(i) We have   
∂z

 ∂u
=

∂z

∂x
.

∂x

∂u
+

∂z

∂y
.

∂y

∂u
     and    

∂z

 ∂v
=

∂z

∂x
.

∂x

∂v
+

∂z

∂y
.

∂y

∂v
 

∴       
∂z

 ∂u
=

∂z

∂x
(eu cos v) +

∂z

∂y
(eu sin v) ⋯ ⋯ ⋯ (2) 

And  
∂z

 ∂v
=

∂z

∂x
(−eu sin v) +

∂z

∂y
(eu cos v) ⋯ ⋯ ⋯ (3) 

∴  x
∂z

∂v
+ y

∂z

∂u
= (eu cos v) {

∂z

∂x
(−eu sin v) +

∂z

∂y
(eu cos v)} 

                                                    +(eu sin v) {
∂z

∂x
(eu cos v) +   

∂z

∂y
(eu sin v)} 

                      = −e2u sin v cos v
∂z

∂x
+ e2ucos2v

∂z

∂y
+ e2u sin v cos v

∂z

∂x
+ e2usin2v

∂z

∂y
 

                       = e2u ∂z

∂y
(cos2v + sin2v) = e2u ∂z

∂y
  

 ∴       x
∂z

∂v
+ y

∂z

∂u
= e2u ∂z

∂y
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(ii) Squaring and adding (2) and (3)  we get, 

 (
∂z

 ∂u
)

2

+ (
∂z

 ∂v
)

2

= {
∂z

∂x
(eu cos v) +

∂z

∂y
(eu sin v)}

2

+ {
∂z

∂x
(−eu sin v) +

∂z

∂y
(eu cos v)}

2

 

                    =  (
∂z

∂x
)

2

e2ucos2v + (
∂z

∂y
)

2

e2usin2v + 2e2u ∂z

∂x
cos v

∂z

∂y
sin v 

                                    + (
∂z

∂x
)

2

e2usin2v + (
∂z

∂y
)

2

e2ucos2v − 2e2u ∂z

∂x
cos v

∂z

∂y
sin v 

                    =  (
∂z

∂x
)

2

e2ucos2v + (
∂z

∂y
)

2

e2usin2v +  (
∂z

∂x
)

2

e2usin2v + (
∂z

∂y
)

2

e2ucos2v 

                   = e2u {(
∂z

∂x
)

2

cos2v + (
∂z

∂y
)

2

sin2v +  (
∂z

∂x
)

2

sin2v + (
∂z

∂y
)

2

cos2v} 

                   = e2u {(
∂z

∂x
)

2
(cos2v + sin2v) + (

∂z

∂y
)

2
(sin2v + cos2v)}  

∴      (
∂z

 ∂u
)

2

+ (
∂z

 ∂v
)

2

= e2u {(
∂z

∂x
)

2

+ (
∂z

∂y
)

2

}    

∴      (
∂z

∂x
)

2

+ (
∂z

∂y
)

2

= e−2u [(
∂z

∂u
)

2

+ (
∂z

∂v
)

2

]  

3.  If  𝐮 = 𝐟(𝐱, 𝐲)  and  𝐱 = 𝐫 𝐜𝐨𝐬 𝛉 ,    𝐲 = 𝐫 𝐬𝐢𝐧 𝛉  prove that  

      (
𝛛𝐮

𝛛𝐱
)

𝟐

+ (
𝛛𝐮

𝛛𝐲
)

𝟐

= (
𝛛𝐮

𝛛𝐫
)

𝟐

+
𝟏

𝐫𝟐 (
𝛛𝐮

𝛛𝛉
)

𝟐

 

Solution:   
Given  u = f(x, y) , where x = x(r, θ) and  y = y(r, θ) 

We have  
∂u

 ∂r
=

∂u

∂x
 

∂x

∂r
+

∂u

∂y
 

∂y

∂r
… . .  (1)  and    

∂u

∂θ
=

∂u

∂x
 

∂x

∂θ
+

∂u

∂y
 

∂y

∂θ
  …..(2} 

Given   x = r cos θ ,    y = r sin θ ……. (3) 

Differentiating (3) partially w. r. t. r and θ we get, 

∂x

∂r
 = cos θ,   

∂x

∂θ
 = −r sin θ,  

∂y

∂r
 = sin θ,  

∂y

∂θ
= r cos θ.  

Substituting in (1) and (2) we get, 

 
∂u

∂r
=

∂u

∂x
(cos θ) +

∂u

∂y
(sin θ) ⋯ (4)   and  

∂u

∂θ
=

∂u

∂x
(−r sin θ) +

∂u

∂y
(r cos θ) 

∴      
1

r

∂u

∂θ
= −

∂u

∂x
(sin θ) +

∂u

∂y
(cos θ) ⋯ ⋯ (5) 

squaring (4) and (5) adding we get, 
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(
∂u

 ∂r
)

2

+ 
1

r2 (
∂u

∂θ
)

2 

= (
∂u

∂x
)

2

cos2θ + (
∂u

∂y
)

2

sin2θ + 2
∂u

∂x
cos θ 

∂u

∂y
 sin θ         

                                 +(
∂u

∂x
)

2

sin2θ+ (
∂u

∂y
)

2

cos2θ - 2 
∂u

∂x
sin θ

∂u

∂y
cos θ 

                               = (
∂u

∂x
)

2
(sin2θ + cos2θ) + (

∂u

∂y
)

2
(sin2θ + cos2θ) 

∴      (
∂u

 ∂r
)

2

+
1

r2 (
∂u

∂θ
)

2

= (
∂u

∂x
)

2

+ (
∂u

∂y
)

2

  

4. If  𝐮 = 𝐟(𝐱 − 𝐲 ,    𝐲 − 𝐳 ,    𝐳 − 𝐱),  then prove that  
𝛛𝐮

𝛛𝐱
+

𝛛𝐮

𝛛𝐲
+

𝛛𝐮

𝛛𝐳
= 𝟎 

Solution:   
Consider  r = x − y,   s = y − z,   t = z − x,   then given,   u = f(r, s, t)  

∴      
∂r

∂x
= 1,   

∂r

∂y
= −1,   

∂r

∂z
= 0,   

∂s

∂x
= 0,   

∂s

∂y
= 1,   

∂s

∂z
= −1,   

∂t

∂x
= −1,   

∂t

∂y
= 0,   

∂t

∂z
= 1 

We have   
∂u

∂x
=

∂u

∂r
 

∂r

∂x
+

∂u

∂s
 

∂s

∂x
+

∂u

∂t
 

∂t

∂x
 ,    

∂u

∂y
=

∂u

∂r
 

∂r

∂y
+

∂u

∂s
 

∂s

∂y
+

∂u

∂t
 

∂t

∂y
  

∂u

∂z
=

∂u

∂r
 

∂r

∂z
+

∂u

∂s
 

∂s

∂z
+

∂u

∂t
 

∂t

∂z
  . 

∴     
∂u

∂x
=

∂u

∂r
(1) +

∂u

∂s
(0) +

∂u

∂t
(−1) =

∂u

∂r
−

∂u

∂t
⋯ ⋯ (1)        

∂u

∂y
 =

∂u

∂r
(−1) +

∂u

∂s
(1) +

∂u

∂t
(0) = −

∂u

∂r
+

∂u

∂s
⋯ ⋯ (2)         

∂u

∂z
=

∂u

∂r
(0) +

∂u

∂s
(−1) +

∂u

∂t
(1) = −

∂u

∂s
+

∂u

∂t
⋯ ⋯ (3)  

 Adding (1), (2), (3) we get, 

∂u

∂x
+

∂u

∂y
+

∂u

∂z
=

∂u

∂r
−

∂u

∂t
−

∂u

∂r
+

∂u

∂s
−

∂u

∂s
+

∂u

∂t
= 0.  

5.  If  𝐮 = 𝐟 (
𝐲−𝐱

𝐱𝐲
 ,

𝐳−𝐱

𝐱𝐳
) ,  prove that   𝐱𝟐 𝛛𝐮

𝛛𝐱
+ 𝐲𝟐 𝛛𝐮

𝛛𝐲
+ 𝐳𝟐 𝛛𝐮

𝛛𝐳
= 𝟎. 

Solution:   

Consider  r =
y−x

xy
=

1

x
 −  

1

y
  and  s =

z−x

xz
=

1

x
−

 1

z
 ,   then given,   u = f(r, s)  

∴   
∂r

∂x
= −

1

x2  ,   
∂r

∂y
=

1

y2 
,   

∂r

∂z
= 0,    

∂s

∂x
= −

1

x2  ,   
∂s

∂y
= 0,   

∂s

∂z
=

1

z2 
 ,     

We have   
∂u

∂x
=

∂u

∂r
 

∂r

∂x
+

∂u

∂s
 

∂s

∂x
 ,        

∂u

∂y
=

∂u

∂r
 

∂r

∂y
+

∂u

∂s
 

∂s

∂y
 ,        

∂u

∂z
=

∂u

∂r
 

∂r

∂z
+

∂u

∂s
 

∂s

∂z
 

∴  
∂u

∂x
=

∂u

∂r
(−

1

x2) +
∂u

∂s
(−

1

x2) = −
1

x2

∂u

∂r
−

1

x2

∂u

∂s
⋯ ⋯ (1)        
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∂u

∂y
=

∂u

∂r
(

1

y2 
) +

∂u

∂s
(0) =

1

y2 

∂u

∂r
⋯ ⋯ (2)         

     
∂u

∂z
=

∂u

∂r
(0) +

∂u

∂s
(

1

z2 
) =

1

z2 

∂u

∂s
⋯ ⋯ (3)  

  ∴   x2 ∂u

∂x
+ y2 ∂u

∂y
+ z2 ∂u

∂z
 = −

∂u

∂r
−

∂u

∂s
+

∂u

∂r
+

∂u

∂s
=0  Using  (1), (2) and (3). 

  ∴   x2 ∂u

∂x
+ y2 ∂u

∂y
+ z2 ∂u

∂z
=0 

HOMEWORK: 

1.  If  𝐮 = 𝐟(𝐫 ,   𝐬 ,   𝐭)  and  𝐫 =
𝐱

𝐲
  , 𝐬 =

𝐲

𝐳
 , 𝐭 =

𝐳

𝐱
    prove that  𝐱

𝛛𝐮

𝛛𝐱
+ 𝐲

𝛛𝐮

𝛛𝐲
+ 𝐳

𝛛𝐮

𝛛𝐳
= 𝟎 

2.  If  𝐮 = 𝐟(𝟐𝐱 − 𝟑𝐲 ,   𝟑𝐲 − 𝟒𝐳 ,   𝟒𝐳 − 𝟐𝐱),   prove that   
𝟏

𝟐

𝛛𝐮

𝛛𝐱
+

𝟏

𝟑

𝛛𝐮

𝛛𝐲
+

𝟏

𝟒

𝛛𝐮

𝛛𝐳
= 𝟎. 

3.  If  𝐮 = 𝐟(𝐞𝐲−𝐳 , 𝐞𝐳−𝐱 , 𝐞𝐱−𝐲),   prove that   
𝛛𝐮

𝛛𝐱
+

𝛛𝐮

𝛛𝐲
+

𝛛𝐮

𝛛𝐳
= 𝟎. 

JACOBIANS: 

Definition:  

 If u and v are functions of two independent  variables x and y then the Jacobian of  u, v with 

respect to x,  y is denoted by J or  
∂(u,  v)

∂(x,  y)
  or  J (

u,  v

x,  y
) and is  

defined by   
∂(u,  v)

∂(x,  y)
= |

∂u

∂x

∂u

∂y

∂v

∂x

∂v

∂y

| 

similarly, If  u,  v  and w are functions of three independent  variables  x,  y  and  z  then the 
Jacobian of u,  v,  w with respect to x,  y,  z is defined by 

 J (
u,v,w

x,y,z
)= 

∂(u,v,w)

∂(x,y,z)
=

|
|

∂u

∂x

∂u

∂y

∂u

∂z

∂v

∂x

∂v

∂y

∂v

∂z

∂w

∂x

∂w

∂y

∂w

∂z

|
|
 

 

Problems : 

1.  If   𝐮 = 𝐱𝟐 − 𝟐𝐲𝟐,    𝐯 = 𝟐𝐱𝟐 − 𝐲𝟐,   𝐰𝐡𝐞𝐫𝐞 𝐱 = 𝐫𝐜𝐨𝐬𝛉  𝐚𝐧𝐝 𝐲 = 𝐫𝐬𝐢𝐧𝛉, 

     then show that   
𝛛(𝐮,𝐯)

𝛛(𝐱,𝐲)
= 𝟔𝐫𝟐𝐬𝐢𝐧𝟐𝛉. 

Solution:  
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Given u = x2 − 2y2,    v = 2x2 − y2.  Differentiating partially w. r. t. x and y 

We get,   
∂u

∂x
= 2x;    

∂u

∂y
= −4y;     

∂v

∂x
= 4x;    

∂v

∂y
= −2y.  

We have   
∂(u, v)

∂(x, y)
=  |

∂u

∂x

∂u

∂y

∂v

∂x

∂v

∂y

|            ∴     
∂(u, v)

∂(x, y)
= |

2x −4y
4x −2y

| = −4xy + 16xy = 12xy  

Given    x = rcosθ,   and  y = rsinθ.            ∴      
∂(u,v)

∂(x,y)
= 12r2cosθsinθ 

 ∴        
∂(u,v)

∂(x,y)
= 6r2sin2θ.         (∵ sin2θ = 2sinθcosθ) 

2.  If  𝐮 = 𝐱 + 𝟑𝐲𝟐 − 𝐳𝟑,   𝐯 = 𝟒𝐱𝟐𝐲𝐳,    𝐰 = 𝟐𝐳𝟐 − 𝐱𝐲,  then find  
𝛛(𝐮,𝐯,𝐰)

𝛛(𝐱,𝐲,𝐳)
  at (1, -1, 0). 

Solution: 
Given  u = x + 3y2 − z3,   v = 4x2yz,    w = 2z2 − xy.  

Differentiating partially w. r. t.  x,  y,  z  we get,   
∂u

∂x
= 1;    

∂u

∂y
= 6y;     

∂u

∂z
= −3z2;    

∂v

∂x
= 8xyz;     

 
∂v

∂y
= 4x2z;      

∂v

∂z
= 4x2y;     

∂w

∂x
= −y;      

∂w

∂y
= −x ;     

∂w

∂z
= 4z. 

We have   
∂(u,v,w)

∂(x,y,z)
=

|
|

∂u

∂x

∂u

∂y

∂u

∂z

∂v

∂x

∂v

∂y

∂v

∂z

∂w

∂x

∂w

∂y

∂w

∂z

|
|
        ∴   

∂(u,v,w)

∂(x,y,z)
= |

1 6y −3z2

8xyz 4x2z 4x2y
−y −x 4z

| 

∴  At the point (1, −1,0),   we get,   
∂(u,v,w)

∂(x,y,z)
= |

1 −6    0
0   0 −4
1 −1    0

| = 20  

3.  If  𝐱 = 𝐫𝐬𝐢𝐧𝛉𝐜𝐨𝐬∅,   𝐲 = 𝐫𝐬𝐢𝐧𝛉𝐬𝐢𝐧∅,  z= 𝐫𝐜𝐨𝐬𝛉,  then show that 

      
𝛛(𝐱,𝐲,𝐳)

𝛛(𝐫,𝛉,∅)
= 𝐫𝟐𝐬𝐢𝐧𝛉. 

Solution: 

Given x = rsinθcos∅,   y = rsinθsin∅,  z = rcosθ. Differentiating partially w. r. t.  r,  θ,  ∅  we  

get,   
∂x

∂r
= sinθcos∅;    

∂x

∂θ
= rcosθcos∅;     

∂x

∂∅
= −rsinθsin∅;    

∂y

∂r
= sinθsin∅;   

 
∂y

∂θ
= rcosθsin∅;    

∂y

∂∅
= rsinθcos∅;    

∂z

∂r
= cosθ;    

∂z

∂θ
= −rsinθ;     

∂z

∂∅
= 0. 
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We have   
∂(x,y,z)

∂(r,θ,∅)
 = |

|

∂x

∂r

∂x

∂θ

∂x

∂∅

∂y

∂r

∂y

∂θ

∂y

∂∅
∂z

∂r

∂z

∂θ

∂z

∂∅

|
| 

∴       
∂(u,v,w)

∂(x,y,z)
= |

sinθcos∅ rcosθcos∅ −rsinθsin∅
sinθsin∅ rcosθsin∅   rsinθcos∅

cosθ −rsinθ 0
|         

                       = sinθcos∅(0 + r2sin2θcos∅) - rcosθcos∅(0 - rsinθcosθcos∅)   

                                                                 − rsinθsin∅(- r sin2θsin∅ - r cos2θsin∅). 

∴     
∂(u,v,w)

∂(x,y,z)
 = r2sin3θ cos2 ∅ + r2sinθcos2θ cos2 ∅ + r2sin3θ sin2 ∅  + r2sinθcos2θ sin2 ∅.  

∴     
∂(u,v,w)

∂(x,y,z)
 = r2sinθcos2 ∅(sin2θ + cos2θ)+ r2sinθ sin2 ∅(sin2θ+ cos2θ). 

∴    
∂(u,v,w)

∂(x,y,z)
 = r2sinθcos2 ∅ + r2sinθ sin2 ∅ = r2sinθ(cos2 ∅ + sin2 ∅).  

∴    
∂(u,v,w)

∂(x,y,z)
 = r2sinθ. 

4.  Find  
𝛛(𝐮,𝐯,𝐰)

𝛛(𝐱,𝐲,𝐳)
  where 𝐮 = 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐  , 𝐯 = 𝐱𝐲 + 𝐲𝐳 + 𝐳𝐱 , 𝐰 = 𝐱 + 𝐲 + 𝐳.  

Solution:  
Given  u = x2 + y2 + z2,     v = xy + yz + zx,    w = x + y + z 

Differentiating partially  w. r. t.  x,  y,  z  we get,   

 
∂u

∂x
= 2x;      

∂u

∂y
= 2y;       

∂u

∂z
= 2z;      

∂v

∂x
= y + z;     

∂v

∂y
= x + z;      

∂v

∂z
= y + x;    

 
∂w

∂x
= 1;      

∂w

∂y
= 1;     

∂w

∂z
= 1. 

∴   J=  
∂(u,v,w)

∂(x,y,z)
=

|
|

∂u

∂x

∂u

∂y

∂u

∂z

∂v

∂x

∂v

∂y

∂v

∂z

∂w

∂x

∂w

∂y

∂w

∂z

|
|
 

∴   
∂(u,v,w)

∂(x,y,z)
= |

2x 2y 2z
y + z x + z y + x

1 1 1
|  

                   = 2x{(x + z) − (y + x)} − 2y{(y + z) − (y + x)} + 2z{(y + z) − (x + z)}. 

                  = 2x(z − y) − 2y(z − x) + 2z(y − x) = 2(xz − xy − yz + xy + yz − xz). 
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∴   
∂(u,v,w)

∂(x,y,z)
= 0. 

5.   If 𝐲𝟏 =
𝐱𝟐𝐱𝟑

𝐱𝟏
,   𝐲𝟐 =

𝐱𝟑𝐱𝟏

𝐱𝟐
,   𝐲𝟑 =

𝐱𝟏𝐱𝟐

𝐱𝟑
,  find  the Jacobian of 𝐲𝟏, 𝐲𝟐, 𝐲𝟑 with  

      respect to 𝐱𝟏, 𝐱𝟐, 𝐱𝟑 

Solution: 
we have Jacobian of y1, y2, y3 with respect to x1, x2, x3 is 

 ∂( y1,y2,y3 )

∂(x1,x2,x3)
=

|
|

∂y1

∂ x1

∂y1

∂x2

∂y1

∂x3

∂y2

∂ x1

∂y2

∂x2

∂y2

∂x3

∂y3

∂ x1

∂y3

∂x2

∂y3

∂x3

|
|
  

Given y1 =
x2x3

x1
,       y2 =

x3x1

x2
,        y3 =

x1x2

x3
 

∴   
∂y1

∂ x1
=

−x2x3

 x1
2          

∂y1

∂x2
=

x3

x1
         

∂y1

∂x3
=

x2

x1
         

∂y2

∂ x1
=

x3

x2
       

∂y2

∂x2
=

−x3x1

x2
2       

∂y2

∂x3
 =

x1

x2
     

     
∂y3

∂ x1
=

x2

x3
.   

∂y3

∂x2
=

x1

x3
      

∂y3

∂x3
=

−x1x2

x3
2   

∴   
∂( y1,y2,y3 )

∂(x1,x2,x3)
= |

|

−x2x3

 x1
2

x3

x1

x2

x1
x3

x2

−x3x1

x2
2

x1

x3
x2

x3

x1

x3

−x1x2

x3
2

|
|    

                        =
 x1

2x2
2x3

2

x1
2x2

2x3
2 |

−1 1 1
1 −1 1
1 1 −1

| = −1(1 − 1) − 1(−1 − 1) + 1(1 + 1) = 4.   

Thus      
∂( y1,y2,y3 )

∂(x1,x2,x3)
= 4. 

 

HOMEWORK: 

1.  If 𝐱 = 𝐮(𝟏 − 𝐯),   𝐲 = 𝐮𝐯,  find 
𝛛(𝐱,𝐲)

𝛛(𝐮,𝐯)
 

2.  If 𝐱 = 𝐚𝐜𝐨𝐬𝐡𝛏𝐜𝐨𝐬𝛈, 𝐲 = 𝐚𝐬𝐢𝐧𝐡𝛏𝐬𝐢𝐧𝛈, show that   
𝛛(𝐱,𝐲)

𝛛(𝛏,𝛈)
=

𝐚𝟐

𝟐
(𝐜𝐨𝐬𝐡𝟐𝛏 − 𝐜𝐨𝐬𝟐𝛈) 

3.  If 𝐱 = 𝐞𝐮𝐬𝐞𝐜𝐯  ,    𝐲 = 𝐞𝐮𝐭𝐚𝐧𝐯,    find    
𝛛(𝐱,𝐲)

𝛛(𝐮,𝐯)
 . 

Maxima and Minima for functions of two variables: 

Definition:  
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A function 𝑓(𝑥, 𝑦) is said to have maximum value at 𝑥 = 𝑎, 𝑦 = 𝑏, if 𝑓(𝑎, 𝑏) > 𝑓(𝑎 + ℎ, 𝑏 + 𝑘)  

for all small values of h and k. The value 𝑓(𝑎, 𝑏) is called the maximum value of 𝑓(𝑥, 𝑦). 

A function 𝑓(𝑥, 𝑦) is said to have minimum value at 𝑥 = 𝑎, 𝑦 = 𝑏, if 𝑓(𝑎, 𝑏) < 𝑓(𝑎 + ℎ, 𝑏 + 𝑘) 

for all small values of h and k. The value 𝑓(𝑎, 𝑏) is called the minimum value of  𝑓(𝑥, 𝑦). 

A maximum or minimum value of a function is called its extreme value. 

Conditions for 𝒇(𝒙, 𝒚) to be maximum or minimum: 

The necessary conditions for 𝑓(𝑥, 𝑦) to have a maximum or minimum value at (𝑎, 𝑏) are 

𝑓𝑥(𝑎, 𝑏) = 0, 𝑓𝑦(𝑎, 𝑏) = 0  

Suppose that  𝑓𝑥 = 0, 𝑓𝑦 = 0  and let 
𝜕2𝑓

𝜕𝑥2 = 𝑓𝑥𝑥 = 𝑙,
𝜕2𝑓

𝜕𝑥𝜕𝑦
= 𝑓𝑥𝑦 = 𝑚,   

𝜕2𝑓

𝜕𝑦2 = 𝑓𝑦𝑦 = 𝑛 

then (i) 𝑓(𝑎, 𝑏) is a maximum value if 𝑙𝑛 − 𝑚2 > 0 and 𝑙 < 0 

        (ii) 𝑓(𝑎, 𝑏) is a minimum value if  𝑙𝑛 − 𝑚2 > 0 and 𝑙 > 0 

        (iii) 𝑓(𝑎, 𝑏) is not a extreme value if  𝑙𝑛 − 𝑚2 < 0 

        (iv) If 𝑙𝑛 − 𝑚2 = 0 then 𝑓(𝑥, 𝑦) fails to have maximum or minimum value and it needs  

              further investigation. 

Working Rule to find the maximum or minimum values of 𝒇(𝒙, 𝒚) 

1.  Find  
𝜕𝑓

𝜕𝑥
= 𝑓𝑥 and  

𝜕𝑓

𝜕𝑦
= 𝑓𝑦 and solve the equations 𝑓𝑥= 0 and 𝑓𝑦=0 to obtain the stationary     

     points. 

2.  Find  𝑙 =
𝜕2𝑓

𝜕𝑥2 , 𝑚 =
𝜕2𝑓

𝜕𝑥𝜕𝑦
 , 𝑛 =

𝜕2𝑓

𝜕𝑦2  for every stationary point (𝑎, 𝑏) obtained in step1. 

3.  (i) If 𝑙𝑛 − 𝑚2 > 0 𝑎𝑛𝑑 𝑙 < 0 at (𝑎, 𝑏)  then (𝑎, 𝑏)  is a point of maximum and 𝑓(𝑎, 𝑏)  is  

          maximum value 

     (ii) If 𝑙𝑛 − 𝑚2 > 0 𝑎𝑛𝑑 𝑙 > 0 at (𝑎, 𝑏) then (𝑎, 𝑏)  is a point of minimum and 𝑓(𝑎, 𝑏) is  

           minimum value 

    (iii) If 𝑙𝑛 − 𝑚2 < 0 at (𝑎, 𝑏) then 𝑓(𝑎, 𝑏)  is not an extreme value i.e., there is neither  

           maximum nor a minimum at (𝑎, 𝑏). In this case (𝑎, 𝑏)  is a saddle point. 

    (iv) If 𝑙𝑛 − 𝑚2 = 0 at (𝑎, 𝑏)  no conclusion can be drawn about maximum or minimum and  

           needs further investigation. Similarly examine the other stationary points. 

 

PROBLEMS: 

1. Find the extreme values of the function 𝒇(𝒙, 𝒚) = 𝒙𝟑 + 𝒚𝟑 − 𝟑𝒙 − 𝟏𝟐𝒚 + 𝟐𝟎 
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Solution: 
𝑓(𝑥, 𝑦) = 𝑥3 + 𝑦3 − 3𝑥 − 12𝑦 + 20     … (1) 

Differentiating (1) partially w. r. t. x and y, we get, 

 
𝜕𝑓

𝜕𝑥
= 𝑓𝑥 = 3𝑥2 − 3   … (2)      

𝜕𝑓

𝜕𝑦
= 𝑓𝑦 = 3𝑦2 − 12     … (3) 

∴   
𝜕2𝑓

𝜕𝑥2 = 6𝑥 = 𝑙,
𝜕2𝑓

𝜕𝑥𝜕𝑦
= 0 = 𝑚,   

𝜕2𝑓

𝜕𝑦2 = 6𝑦 = 𝑛 

Take     𝑓𝑥 = 0  𝑎𝑛𝑑 𝑓𝑦 = 0.         ∴   3𝑥2 − 3 = 0 𝑎𝑛𝑑 3𝑦2 − 12 = 0. 

∴   𝑥2 = 1  𝑎𝑛𝑑   𝑦2 = 4      ∴   𝑥 = ±1  and  𝑦 = ±2 

Therefore (1, 2), (1, −2), (−1, 2), ( −1, −2) are the stationary points. 

 (1, 2) (1, −2) (−1, 2) (−1 , −2) 

𝑙 = 6𝑥 6 > 0 6 −6 −6 < 0 

𝑚 = 0 0 0   0  0 

𝑛 = 6𝑦 12 −12 12 −12 

𝑙𝑛 − 𝑚2 72 > 0 −72 −72 72 > 0 

Conclusion Minimum point Saddle point Saddle point Maximum point 

Maximum value of  𝑓(𝑥, 𝑦) : 𝑓(−1, −2) = (−1)3 + (−2)3 − 3(−1) − 12(−2) + 20 = 38. 

Minimum value of  𝑓(𝑥, 𝑦) : 𝑓(1,2) = (1)3 + (2)3 − 3(1) − 12(2) + 20 = 2. 

Thus the extreme values of the given function are 38 and 2. 

2. Examine the function for extreme values 𝒇(𝒙, 𝒚) = 𝒙𝟒 + 𝒚𝟒 − 𝟐𝒙𝟐 + 𝟒𝒙𝒚 − 𝟐𝒚𝟐 

Solution: 
𝑓(𝑥, 𝑦) = 𝑥4 + 𝑦4 − 2𝑥2 + 4𝑥𝑦 − 2𝑦2  … (1) 

Differentiate partially w. r .t.  x  and  y.  

𝜕𝑓

𝜕𝑥
= 𝑓𝑥 = 4𝑥3 − 4𝑥 + 4𝑦    ... (2).     

𝜕𝑓

𝜕𝑦
= 𝑓𝑦 = 4𝑦3 + 4𝑥 − 4𝑦   … (3). 

∴     
𝜕2𝑓

𝜕𝑥2 = 12𝑥2 − 4 = 𝑙,   
𝜕2𝑓

𝜕𝑥𝜕𝑦
= 4 = 𝑚,   

𝜕2𝑓

𝜕𝑦2 = 12𝑦2 − 4 = 𝑛. 

Take   𝑓𝑥 = 0   and    𝑓𝑦 = 0. 

∴   4𝑥3 − 4𝑥 + 4𝑦 =0    and   4𝑦3 + 4𝑥 − 4𝑦 = 0. 

∴   𝑥3 − 𝑥 + 𝑦 = 0    …. (4)   and   𝑦3 + 𝑥 − 𝑦 = 0   ….(5) 

Solving (4) and (5) we get   𝑥3 + 𝑦3 = 0.     ∴    (𝑥 + 𝑦)(𝑥2 − 𝑥𝑦 + 𝑦2) = 0. 

𝑥 + 𝑦 = 0.      ∴   𝑦 = −𝑥 …. (6)   Substituting in (4), we get,  𝑥3 − 𝑥 − 𝑥 = 0.    
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∴  𝑥3 − 2𝑥 = 0.    ∴   𝑥(𝑥2 − 2) = 0.   ∴   𝑥 = 0, 𝑥2 = 2.   ∴   𝑥 = ±√2 .    

 ∴  𝑥 = 0, +√2, −√2 .   Substitute in (5).   ∴ 𝑦 = 0, −√2, +√2 . 

Therefore  (0, 0), (√2, −√2), (−√2, √2)  are the stationary points. 

 (0,0) (√2, −√2) (−√2, √2) 

𝑙 = 12𝑥2 − 4 −4 20 > 0 20 > 0 

𝑚 = 4 4 4 4 

𝑛 = 12𝑦2 − 4 −4 20 20 

𝑙𝑛 − 𝑚2 16−16 = 0 384 > 0 384 > 0 

Conclusion  - Minimum point Minimum point 

Since 𝑙𝑛 − 𝑚2 > 0, 𝑙 > 0  the function is Minimum at both points  (√2, −√2), (−√2, √2). 

∴  The Minimum value of  𝑓(𝑥, 𝑦)  i.e., 𝑓(√2, −√2) 𝑎𝑛𝑑 𝑓(−√2, √2) = −8 

3. Examine the function 𝒇(𝒙, 𝒚) = 𝒔𝒊𝒏 𝒙 + 𝒔𝒊𝒏 𝒚 + 𝒔𝒊𝒏 (𝒙 + 𝒚) for extreme values. 

Solution: 
f(x, y) = sin x + sin y + sin (x + y)     …(1) 

Differentiating partially w. r. t. x and y we get, 

 
∂f

∂x
= fx = cos x + cos(x + y)    ,       

∂f

∂y
= fy = cos y + cos(x + y)    

∴    
𝜕2𝑓

𝜕𝑥2 = − 𝑠𝑖𝑛 𝑥 − 𝑠𝑖𝑛(𝑥 + 𝑦) = 𝑙,
𝜕2𝑓

𝜕𝑥𝜕𝑦
= − 𝑠𝑖𝑛(𝑥 + 𝑦) = 𝑚,   

 
∂2f

∂y2 = −siny − sin(x + y) = n.  

Take  fx = 0  and  fy = 0.    

∴   cos x + cos(x + y) = 0  …. (2)  and   cos y + cos(x + y) = 0    ….(3) 

Subtracting (3) from (2) we get  cos x − cos y = 0.      ∴   cos x = cos y.      ∴  x = y … . (4) 

∴   (2) => cos x + cos 2x = 0.     ∴   cos x + 2cos2x − 1 = 0 => 2cos2x + cos x − 1 = 0. 

∴   2cos2x + 2cos x − cos x − 1 = 0.     ∴    2 cos x (cos x + 1) − 1(cos x + 1) = 0. 

∴    (cos x + 1)(2 cos x − 1) = 0.        ∴     2 cos x − 1 = 0  and  cos x + 1 = 0. 

∴    cos x =
1

2
=> 𝑥 = cos−1 (

1

2
) .    ∴   x =

π

3
  and  cos x = −1 => 𝑥 = cos−1(−1) .    ∴   x = π. 

Substitute in (4).    ∴   y =
π

3
  and  y = π.    ∴   The stationary points are (

𝜋

3
,

𝜋

3
)  and (𝜋, 𝜋). 
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 (
𝜋

3
,
𝜋

3
) 

(𝜋, 𝜋) 

𝑙 = − sin 𝑥 − sin(𝑥 + 𝑦) −√3 < 0 0 

𝑚 = − sin(𝑥 + 𝑦) −√3

2
 

0 

𝑛 = −𝑠𝑖𝑛𝑦 − sin(𝑥 + 𝑦) −√3 0 

𝑙𝑛 − 𝑚2 9

4
> 0 

0 

Conclusion Maximum point - 

 

Since at (𝜋, 𝜋),  𝑙 = 0, 𝑚 = 0, 𝑛 = 0,    the case needs further investigation. 

Hence 𝑓(𝑥, 𝑦) is Maximum at (
𝜋

3
,

𝜋

3
)  and the maximum value is  

𝑓 (
𝜋

3
,

𝜋

3
) = sin

𝜋

3
+ sin

𝜋

3
+ sin

2𝜋

3
=

3√3

2
 . 

4. Discuss the maxima and minima of 𝒇(𝒙, 𝒚) = 𝒙𝟑𝒚𝟐(𝟏 − 𝒙 − 𝒚) 

Solution: 

𝑓(𝑥, 𝑦) = 𝑥3𝑦2(1 − 𝑥 − 𝑦) = 𝑥3𝑦2 − 𝑥4𝑦2 − 𝑥3𝑦3   .… (1) 

Differentiating partially w. r. t. x  and  y we get,   

𝜕𝑓

𝜕𝑥
= 𝑓𝑥 = 3𝑥2𝑦2 − 4𝑥3𝑦2 − 3𝑦3    .… (2) 

𝜕𝑓

𝜕𝑦
= 𝑓𝑦 = 2𝑥3𝑦 − 2𝑥4𝑦 − 3𝑥3𝑦2   .… (3) 

∴     
𝜕2𝑓

𝜕𝑥2 = 𝑙 = 6𝑥𝑦2 − 12𝑥𝑦3 = 6𝑥𝑦2(1 − 2𝑥 − 𝑦) . 

𝜕2𝑓

𝜕𝑥𝜕𝑦
= 𝑚 = 6𝑥2𝑦 − 8𝑥3𝑦 − 9𝑥2𝑦2 = 𝑥2𝑦(6 − 8𝑥 − 9𝑦). 

 
𝜕2𝑓

𝜕𝑦2
= 𝑛 = 2𝑥3 − 2𝑥4 − 6𝑥3𝑦 = 2𝑥3(1 − 𝑥 − 3𝑦). 

Take  𝑓𝑥 = 0  𝑎𝑛𝑑  𝑓𝑦 = 0 

∴    3𝑥2𝑦2 − 4𝑥3𝑦2 − 3𝑦3 = 0 and  2𝑥3𝑦 − 2𝑥4𝑦 − 3𝑥3𝑦2 = 0. 

∴     𝑥2𝑦2(3 − 4𝑥 − 3𝑦) = 0 => 𝑥 = 0, 𝑦 = 0 , 3 − 4𝑥 − 3𝑦 = 0. 

 And   𝑥2𝑦(2 − 2𝑥 − 3𝑦) = 0 => 𝑥 = 0, 𝑦 = 0, 2 − 2𝑥 − 3𝑦 = 0. 

Solving  𝑥 = 0  and  3 − 4𝑥 − 3𝑦 = 0,   𝑥 = 0  and  2 − 2𝑥 − 3𝑦 = 0,   

𝑦 = 0  𝑎𝑛𝑑  3 − 4𝑥 − 3𝑦 = 0,    𝑦 = 0  𝑎𝑛𝑑  2 − 2𝑥 − 3𝑦 = 0,  
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2 − 2𝑥 − 3𝑦 = 0  and  2 − 2𝑥 − 3𝑦 = 0 

We get the stationary points  (0, 0), (0, 1), (0,
2

3
) , (

3

4
, 0) , (1, 0) 𝑎𝑛𝑑 (

1

2
,

1

3
) 

Now  𝑙𝑛 − 𝑚2 = [6𝑥𝑦2(1 − 2𝑥 − 𝑦) ][2𝑥3(1 − 𝑥 − 3𝑦) ] − [𝑥2𝑦(6 − 8𝑥 − 9𝑦)]2  

∴     𝑙𝑛 − 𝑚2 = (𝑥2𝑦)2[12(1 − 2𝑥 − 𝑦)(1 − 𝑥 − 3𝑦) − (6 − 8𝑥 − 9𝑦)2]  

At all points except  (
1

2
,

1

3
),   we get  𝑙𝑛 − 𝑚2 = 0  i.e., there are no extreme value. 

∴    𝐴𝑡 (
1

2
,   

1

3
) ,   𝑙𝑛 − 𝑚2 = (

1

4
.

1

3
)

2

{12 [1 − 2 (
1

2
) −

1

3
] [1 −

1

2
− 3 (

1

3
) − [6 − 8 (

1

2
) − 9 (

1

3
)]

2

]}  

∴    𝑙𝑛 − 𝑚2 =
1

144
{2 − 1} =

1

144
> 0  and  𝑙 =

1

3
(1 − 1 −

1

3
) = −

1

9
< 0.  

∴    𝑓(𝑥, 𝑦) is Maximum at (
1

2
,

1

3
).  

Thus the maximum value of   𝑓(𝑥, 𝑦) = 𝑓 (
1

2
,

1

3
) = (

1

8
.

1

9
) (1 −

1

2
−

1

3
) =

1

72
(

1

2
−

1

3
) =

1

432
 .  

5. A rectangular box open at the top is to have volume of 32 cubic ft. Find the dimension of   

    the box requiring least material for its construction. 

Solution: 
Let x ft, y ft, z ft be the dimension of the box and let S be the surface of the box then we have  

𝑆 = 𝑥𝑦 + 2𝑦𝑧 + 2𝑧𝑥  … (1)   (Since open at the top) 

Given that the volume  𝑥𝑦𝑧 = 32.     ∴    𝑧 =
32

𝑥𝑦
  … (2)    Substituting (2) in (1), we get, 

𝑆 = 𝑥𝑦 +
64

𝑥
+

64

𝑦
= 𝑓(𝑥, 𝑦).   Differentiating partially w. r. t. x and y, we get, 

 
𝜕𝑓

𝜕𝑥
= 𝑓𝑥 = 𝑦 −

64

𝑥2 ,     
𝜕𝑓

𝜕𝑦
= 𝑓𝑦 = 𝑥 −

64

𝑦2 .  

∴      𝑙 =
𝜕2𝑓

𝜕𝑥2 =
128

𝑥3  ,   𝑚 =
𝜕2𝑓

𝜕𝑥𝜕𝑦
= 1 ,   𝑛 =

𝜕2𝑓

𝜕𝑦2 =
128

𝑦3  . 

Take  𝑓𝑥 = 0 𝑎𝑛𝑑 𝑓𝑦 = 0.       ∴   𝑦 −
64

𝑥2 = 0  𝑎𝑛𝑑  𝑥 −
64

𝑦2 = 0. 

∴    𝑦 =
64

𝑥2  … (3)    and   𝑥 =
64

𝑦2   … (4). 

Substituting (3) in (4), we get,   𝑥 =
64

4096
𝑥4⁄

      ∴   𝑥 −
𝑥4

64
= 0.      ∴   𝑥 (1 −

𝑥3

64
) = 0.    

∴      𝑥3 = 64.       ∴     𝑥 = 4.     Put in (3).     ∴    𝑦 =
64 

16
.        ∴    𝑦 = 4. 

∴    The stationary point is (4, 4). 
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∴     At (4,   4),    𝑙 =
128

64
= 2 > 0 ,   𝑙𝑛 − 𝑚2 = 4 − 1 = 3 > 0. 

Thus 𝑓(𝑥, 𝑦)  is minimum i.e., S is minimum when x=4,  y=4. 

From (2),   𝑧 =
32

𝑥𝑦
=

32

16
= 2. 

∴    The dimensions of the box for least material for its construction are (4, 4, 2). 

 

HOME WORK: 

1. Find the maximum and minimum values of the function 

    𝒇(𝒙, 𝒚) = 𝒙𝟑 + 𝟑𝒙𝒚𝟐 − 𝟏𝟓𝒙𝟐 − 𝟏𝟓𝒚𝟐 + 𝟕𝟐𝒙. 

2. Examine the function 𝒇(𝒙, 𝒚) = 𝒙𝒚(𝒂 − 𝒙 − 𝒚) for extreme values. 

3. Examine the function 𝒇(𝒙, 𝒚) = 𝟏 + 𝐬𝐢𝐧(𝒙𝟐 + 𝒚𝟐) for extremum. 

4. Show that the function 𝒇(𝒙, 𝒚) = 𝒙𝟑 + 𝒚𝟑 − 𝟔𝟑(𝒙 + 𝒚) + 𝟏𝟐𝒙𝒚 is maximum (−7, −7) and  

     minimum (3, 3). 

5. Find the maximum and minimum values of 𝒇(𝒙, 𝒚) = 𝒙𝒚 +
𝒂𝟑

𝒙
+

𝒂𝟑

𝒚
  . 

 

 


