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DIFFERENTIAL EQUATIONS OF HIGHER ORDER

Higher-order linear ODE’s with constant coefficients - Inverse differential
operator(Particular integral for (e?*, sin ax, cos ax,x™ only ), method of variationof
parameters, Cauchy’s and Legendre homogeneous differential equations. Problems

Linear differential equation with constant coefficients:

A differential equation of the form

dny dn—ly dn—Zy
ao— + a1 S ta—=
dxn dxm dxm

is called linear differential equations of order n with constant coefficient. Where
Ao, A1, A2, wereeeens , an, are constants and ¢(x) is a function of x.

Solution of second and higher order linear differential equations:
Equation (1) can be put in the form of

[aoD"+ a1D™ 14 a2D™2 4. + an-1D+ an]y = (%) cervveennn(2).
d d? a3 . . .
WhereD=—, D2=—, D3=—, ........... and D is called the differential operator.
dx dx dx
Equation (2) is of the form f(D)y = ¢(X).......... 3).
Where f(D) =aoD"+ aiD™14 a;D™2 +................ + an.1D+ ap, is a polynomial in D of
degree n.

The solution of (2) contains two parts. The first part which gives zero when operated
by f(D) is called complementary function (C.F.) and second part which gives ¢(x) when
operated by f(D) is called the particular integral (P.1.). Therefore, complete solution of
(1)is y=CF.+ Pl ie, y=yc+yp.

Note:

If (x) =01in (1), then the equation is called a homogeneous linear differential equation
(L.D.E) and its solutionisy = C.F. i.e, y=y-..

Rules for finding the C.F:

We first write the auxiliary equation of (1) as f(D) =0 or f(m)=0.
i.e.aoD"+ aiD™1+ a;D™2 + ... + an-1D+ an=0. Depend on the nature of the roots of

auxiliary equation f (m)=0, we write the C.F. as follows.




1. Ifthe roots are real and distinct say mq{, m,, msy....... ) then
1 2 3
c— CF=c¢ e”le +cC e’”2x+c 6“‘3" F o +cC e7 l"“, where Cq, Cy, C3, v, C, ATE
1 2 3 n 1, %2, %3 n
constants.

2. (i) If two roots are equal say m; = m, = m and other are real and distinct, then
ye=CF = (c; + c;x) ™ + c3e™3*+ ™ +..ie +c,e™nx,

ii) If three roots are equal say m;=m, =ms;=m and other are real and distinct, then
q y 3
ye=C.F = (c1+ cx+ c3%%) e™ + c,e™*+ c5e™s* +..vnee +c,e™* and so on.

3. (i) If there is a pair of complex roots m;, m, = a + ib and others are real and distinct,
then C.F =e® (¢ cos bx + c¢,sin bx)+cze™3*+c,e™+* +................

(ii) If there is a pair of repeated complex roots say m;, m, =a + ib and
mg, my=a t ib and others are real and distinct. then,
C.F = e [(c1+c,%) cos bx + (c3+c,4x) sin bx] +c5e™* +................

Solutions of the Homogeneous linear differential equations:

d%y dy _
1. Solve E +5;+6y—0

Solution:

2
Given (D?24+5D+6)y=0.......... (1). Where D= :—x and D2=-L

dx?’
Equation (1) is of the form f(D) = 0.

- The auxiliary equation (A.E.) of (1) is m? + 5m + 6 = 0. By factorisation, we get,

m?+3m+2m+6=0. ~ m(m+3)+2(m+3)=0. -~ (m+3)({m+2)=0.
(m+3)=0and (m+2)=0. ~ m=-3and m= —2.
Therootsm = —2, —3 arereal and distinct. -~ C.F= C; e % + C, e 3%,

The solutionisy = C.F. ie., y=C;e 2+ C,e 3%

a3y a2y dy _
2. SOlVE@— E-'-SE_Y_O'
Solution:
- 3_ 202 _ — _4a 2 _ 4% 3 _ 4
Given (D3 —-3D?+ 3D -1)y =0 ........ (1). Where D= ol Dz = el and D° = ek

Equation (1) is of the form f(D) = 0.
~ The auxiliary equation of (1) is m3* —3m? +3m—1 = 0.
(m —1)3 =0. Using a3 — 3a%b+ 3ab? — b3 = (a — b)3

. Theroots m = 1,1,1. Roots are real and repeated.




CF = (Cl + CzX + C3 Xz) eX.

The solutionis y = C.F. i.e, y=(C; + C;x+ C3x?)eX

3
3. Solve ¥ +y=0.

dx3
Solution:
3
Given (D3+ 1)y =0 ........ (1). Where D3 = <L

dx3
Equation (1) is of the form f(D) = 0.
~ The auxiliary equation of (1) is m3+ 1 = 0.
By inspection method, m = —1 isaroot.

By synthetic division method, we get,

—-1]1 0 0 1

m?>—m+1=0.

m = —(-D+/(-1)2-4x1x1 _ 1+VI-4 _ 1+J/=3 _ 1#iV3 _ 1 n i3
B 2x1 o2 2 T2 T 27 2
1 i3 . .
The roots m; = —1(real), and m,, m; = > + — =a + ib. (a pair of complex roots).

1
C.F =Cie™*+ez” (C, cos?x + C4 singx).

The solutionisy = C.F. ie, y=Ce ™™+ e%X (C, cos?x + C3 sin \/;X).
4. Solve Q +8 @ +16y = 0.
dx dx
Solution:
Given (D* + 8D?+ 16) y = 0 ....... (1). Where D?=-2 and D* = - .

Equation (1) is of the form f(D) = 0.
. The auxiliary equation of (1) is m*+8m?+ 16 = 0.
(m?+ 4)2=0. ~m?+4=0 -~ m?P=—-4 - m=t/-4=%iVi=4%i2
~ Theroots m;, m, =0%+i2, and m3, m, = 0 % i 2, a pair of repeated complex roots.
oW C.F =e% [(C; + Cyx) cos2x + (C3 + Cyx) sin 2x].

ie,C.F = (C; + Cyx) cos2x + (C5 + C,x) sin 2x.




The solutionis y = C.F. i.e, y = (C; + C;x) cos2x + (C3 + C,x) sin 2x.
5. Solve (4D*—8D3 —7D2+11D + 6) y = 0.

Solution:

Given (4D*— 8D3 — 7D2+11D + 6) y =0 ... (1). Where D=-%, D2= .

dx ’ dx?
Equation (1) is of the form f(D) = 0.
~ The auxiliary equation of (1) is 4m* —8m3 —7m? + 11m+ 6 = 0.
By Inspection method, m = —1isaroot.

By synthetic division method, we get,

-1(4 -8 -7 11 6 o 4m3 —12m? 4+ 5m+ 6 = 0.
0 -4 12 -5 -6 By Inspection method, m = 2 is another root.
4 =12 5 6 0

Again, by synthetic division method, we get,

2/14 =12 5 6| & 4m? -4m-3=0.

0 8 -8 -6 W 4m? —6m+2m—3 = 0.

4 -4 -3 0 ~ 2m(2m—-3) +1(Z2m-3) = 0.
(2m-3) 2m+1)=0. +~ (2m—-3)=0and (2m+1)=0.
m=2 and m= _—21

Therootsarem; = -1, m, =2, m; = % ,and m, =—

These roots are real and distinct.
3 1
C.F=Ce*+Ce?* + Czez* + Cpe 2".
3 1
The solutionisy = C.F. ie, y=Ce ¥+ C,e* + Czez2" + Cye 2".
d*x
6. Solve T 4x=0.
Solution:
4

Given (D*+4)x =0 ......... (1). Where D* = %.
Equation (1) is of the form f(D) = 0.
~ The auxiliary equation of (1) is m*+4=0. ~ (m?)?+ 22=0.
Using a?+ b?= (a + b)? — 2ab =0, we get,

(m?+2)—2m=0 and (m? +2) +2m =0.




ie, m*=-2m+2=0 and m? + 2m +2=0.

—(— —2\2_ — i
m = (=2)+/(-2)2-4x1x2 _ Zi\/_4= 21;21 141 and

2X1 2

_ —23V22-4x1x2 _ —24V-4 _ —242i
- 2x1 T2 2

m = —1+i.

~ Theroots m;, my, =1+1i, and mz, m, = — +1i 2, two pairs of complex roots.
C.F =e' (Cycost+C, sint) + et (C5cost + C, sint).

The solutionisy = C.F. ie, y=e’(C;cost+C, sint) + et (C3cost + C, sint).

HOME WORK:
d’x dx
1. Solve ) +6;+9x=0. 2. Solve (D3 +D2+4D +4)y =0.
3. Solve (D2+1)% =0 4. Solve £ — 2%x | Fx_y
. Solve ( )3y =0. . Solve — T z=0.
5. Solve 4y" +4y'+y =0. 6. Solve (D*+2D3—5D?2-6D)y =0.
7. Solve (D5-D*-D+1)y=0. 8. Solve (D*—4D3—5D%2—-36D—-36)y =0.

dly 4Ly 5o dly Liody -
9. Solve4 - -4-—5—23—— +12--+36y =0.
Ans: 1.y = (C; + Cyt) e3¢,

2. y=C;e7* 4+ C, cos 2x + C5 sin 2x.

3.y = (C; + Cyx + C3x%) cosx + (C4 + Csx + Cgx?) sinx

-

y = Cy + Cot +(C3 + C4t) €t

1
y = C1+(C2 + C3X) e_ix.

U1

6. y = Cl + Cze_x + C3e_3x + C4_ eZX .
7. y=Ce*+ (C; +C3x) e*+(C, cos x + Cg sin x).
1
8. y=Cie*+Cye®™* +e 2" (C5cos J?x + C, sin V?x).
9. y= (C; + (%) e2*+(C3 + C4x)e3\2x

Inverse Differential operator method:

As D is called the differential operator, % is called the inverse differential operator.

Where D stands for differentiation and % stands for integration.




Rules for finding the particular integral by using inverse differential operator method:

We first write the particular integral as P.I. = T;) ¢ (x). Depend on the form of the function

¢(x) we write the P.I as follows.
1. If ¢(x) =e**, thenreplace D by a in f(D).

(HPL= Tla) e, where f(a)#0. [a is not a root of the A.E. f{(m) = 0].

1

(i) PL=x e, where f(a) =0 and f'(a) #0. [ais aroot of the A.E. f(m) = 0].

fl(a)
(iii) P.I. = x2 f"ta) e, where f(a)=0, f' (a)=0 and f" (a)#0. [a is double root of the A.E],
and so on.

2. If p(x)=sin(ax+ b) or cos(ax+b), then rewrite f(D) in the form of F(D?) and
replace D? by -—az

(HPL= ﬁ [sin (ax + b) or cos(ax + b)], where F(—a?)=+0.

(i) P.I. = xﬁ sin (ax +b) or cos (ax +b), where F(—a?) =0 and F ' (—a?) #0.

1

(iii) P.I. = x2 e sin (ax +b) or cos(ax + b), where F(—a?)=0, f' (—a?)=0 and
F'" (—a?) #0.
3. If d(x) =x™, m being a + ve integer or ¢(x) = aox™ + arx™1+....... + am,

a polynomial in x, then write ¢(x) in descending powers of x and f(D) in ascending
powers of D and then divide ¢(x) by f(D) till to obtain the remainder as zero. The

resulting quotient is the P.1.

Problems:
1. Solve (D2 +5 D +6)y = e*.

Solution:

Given (D2 +5D +6)y = €X ............ (1). Where D= L p=L .

dx ' dx?
Equation (1) is of the form f(D) = ¢(x).

The auxiliary equation of (1) is m? 4+ 5m + 6 = 0. By factorisation, we get,




m?+3m+2m+6=0. -~ m(m+3)+2(m+3)=0. ~ (m+3)({m+2)=0.
* m+3)=0and (m+2)=0. -~ m=-3 and m= —-2.
. Theroots m; = —2, m, = —3 arereal and distinct. .. C.F.= C; e ™+ C, e 3%,

Now, P.I = — ¢p(x) = ——

X o . .
) -5 € Replace D = a = 1. [Using rule 1(i)]

eX

" T 12 +5x1+6 12 °

P.I
The complete solution of (1) is y = C.F+ P.1.

. y=C1e_2X+ C2 e_3X+ i_Z

ﬂ dy — -2x __
2. Solve —— -6—-+9y=6e>*+7e log2.
Solution:
2

Given (D2—6D +9)y = 6%+ 7e > —log2.......(1). Where D==-, D2=-— ...
Equation (1) is of the form f(D) = ¢(x).

The auxiliary equation of (1) ism? —6m+9=0. -~ (m—3)% = 0.

(m—3)(m-3)=0.

(m—3)=0and m—3)=0. ~ m=3 and m=3

Theroots m; = 3 and m, = 3 are real and repeated. .. C.F.= (C; + C, x) e3%.

1

Now, P.IL. = — ¢p(x) = (6e3% + 7e72 —log2).

f(D) D2 -6D +9
_ 6e3% 7e~2X —log2 _
P.L= D2 _6D+9  DZ-6D+9 | DZ_6D+o P+ P+ B
3x
Now, P, = ﬁ . Since 3 is a double root of the A.E., using rule 1(iii), we get,
6 X2 eBX "
P = - [~ f" (D)=2]
—2X
P, = ﬁ . Since —2 is not a root of the A.E., using rule 1(i), we get,
P _ 7e—2X _ 7e—2X
27 (=2)2-6(-2)+9 25

_ —log2 _ —(log2)e®®  —log2e®*  —log2 _ . .

By = D2-6D+9 D2-6D+9  02-6x0+9 9 [Put D = 0, using rule 1(1)].
2 A3X —2X 1
P.L=P +P, +p =X 7¢ o8z

2 25 9

The solutionisy = C.F + P. L




2 43X -2x
3x 6x“e 7e log2
= X —

y=(C + G x) e+ ——+ — .

3. Solve (D3+1)y = cos(2x-1).

Solution:
3
Given (D3 + 1) y = cos(2x-1)......... (1).  Where % = D3,
Equation (1) is of the form f(D) = ¢(x).
The auxiliary equation of (1) is m3 4+ 1 = 0. By inspection method m = —1 is the root.

By synthetic division method, we get,

—-1]1 0 0 1

m?>—m+1=0.

_ D/ (=D2-4xix1 _ 1V1-4  14V/-3 _ 14iV3 1 n i3
m= 2x1 o 2 2 2 2= 2
1 iv3 . .
~ Theroots are m; = —1(real) and m,, m; = > + — =a + ib. (a pair of complex roots)

1
C.F =Ce™*+ez” (C, cos?x + C4 sin?x).

_ L __cos(2x—-1) __ cos(2x-1) . . 2 _ .2 92
Now, P.I.—f(D) d(x) = Se1 = DDr1 . [Using rule 2(i), put D* = —a* - —2°% = —4].

Pl= cos(2x—1) __ 1 (1+4D) _ (1+4D)
"7 Dx(-4)+1  (—-4D+1) = (1+4D)  (1-4D)(1+4D)

cos(2x—1)

PL = cos(2x—1)+4 D(;os(Zx—l) [Put D2 = —22 — _4]
1-16D
__ cos(2x-1) — 8sin(2x—1) _ cos(2x—1) — 8sin(2x—-1) .. _ — . _
P.I. = 164 = - . [*Dcos(2x—1) = —2sin(2x — 1)]

The solutionisy = C.F + P.1.

1
y=Ce X +e2* (Cz cos\/—fx + C;5 sin gx) + é [cos(2x — 1) — 8sin(2x — 1)]

4. Solve (D? —4D +3) y = sin3x cos2x.

Solution:
2
Given (D? —4D +3)y =sin3x cos2X ...... (1). Where D= :—x, D2 = %.
Equation (1) is of the form f(D) = ¢(x).
The auxiliary equation of (1) ism? —4m+3=0. ~ (m—1)(m—3)=0.




(m—1)=0and m—3)=0. ~ m=1and m=3.
The roots m; =1 and m, = 3 are real and distinct. .. C.F.=C; X+ C, e3*.

1 1
Now, P.I.= f(D) (l)(X) m sin3x cos2x = m 2(Sll‘l 5x + smx)

sin 5x ] 1[ sinx
2

1
Pl=; [henl i sl = e

Now, P, =% [&] [Using rule 2, put D? = —a? = —5%2 = —25]

D2 -4D +3
1 sin 5x 1 sin 5x 1 1 (2D-11) .
= |— | == = —= sin 5x
2 l-25-4D+3 2 l-22-4D (2D +11) (2D-11)
1 [2D(sin 5x)—11 sin 5x 1 [10(cos5x)—11sin 5x .
=——[ (sIn 5%) ]= ——[ ( ) ] By putting D? = —52 = —25,
4 4D2-121 4 4x(-25)—-121

1 [10(cos 5x)—11 sin 5x ]_ [10((:05 5x)—11sin SX]
== = .

—-221 884
1 smx
And P, == [Using rule 2, put D? = —a? = —1].
2 Ip2—4D +3
_1 [ sinx ] 1 [ sinx ] _1 [ 1 % (1+2D)] inx = 1 [sinx+2D sinx]
"2 l-1-4p+3] 2 l-4p+2]l " 4 la-2p) T (1+2D) T4 1 -4D2
1 [smx+2 cosx] _ [Sinx+2 cosx] __ [sinx+2 cosx]
i) 4(-1) 4 5 - 20

P.L=P, +P, = [10(005 5x)—11sin SX] n [sinx+2 cosx]

884 20

The complete solutionisy = C.F + P.1.

10(cos 5x)—11 sin 5x ] n [sinx+2 cosx ]

— 3x X
y=C; e +C2e+[ o5 ”

5. Solve (D2Z+ 2D + 1)y =x%+ 2x.

Solution:
Given (D2 + 2D + 1)y = 32+2X covreo (1). Where D=2, D2=-2
Equation (1) is of the form f(D) = ¢(x).
The auxiliary equation of (1)is m?+2m + 1=0. = (m+1)?=0.
(m+1)=0and (m+1)=0. -~ m=-1 and m=—1.
Theroots m; = —1 and m, = —1 arereal and repeated. -~ C.F= (C; + C,x)e™ .
x2+2x+4 x2+2x+4

Now, P.L _ﬁ d(x) = 7Tl 1TaDaDE [Use rule 3].

10




X% =2X+ 2

1+2D + D?| x? + 2x
X2 +4x+2
Sub. | 0—2x—2
—2x—4
Sub. 042
2
Sub. 0

P. =x% —2x+ 2. ~ The complete solutionisy = C.F + P.1.
y= (Ci + Crle ™ +x% —2x+ 2.
2
6. Solve d—Z + ¥ x4 2% + 4.
dx dx

Solution:

: 2 — x2 — 4 o4
Given (D?24+D)y=x24+2x+4.......... (1). Where D= o D2 = e
Equation (1) is of the form f(D) = ¢(x).

The auxiliary equation of (1) is m? + m = 0. m(m+ 1) = 0.
m=0and(m+1) =0. m=0 and m=—1.
Theroots m; =0 and m, = —1 arereal and distinct. . C.F= C;e™ + C,e™.
~ CF=C + Ce™
1 X% +2x+4 X% +2x+4
Now, P.L.= ) o(x) = D = bip? [Use rule 3].
3
X? + 4x
D+ D?| x* + 2x+4
x? +2x
Sub. |0 +0+ 4
4
Sub. 0
3
P.l= T+ 4x

The complete solutionisy = C.F + P. L

y: C1+

3
C,e™ +X?+ 4x.

7. Solve (D +2)(D —1)2y=e ?* + 2 sinhx.

Solution :

Given (D +2)(D -1)2y=e ?* 4 2sinhx. Where D= ;—x,

& (D42)(D-1)2y=e"2 +eX—e7*.....

11

2
p2="“
dx?

[+~ 2sinhx =e* —e™¥]




Equation (1) is of the form f(D) = ¢(x).
The auxiliary equation of (1) is (m + 2) (m —1)? =0.
(m+2)=0and (m—-1)2=0. ~ m=-2and m=1,1
The roots are m; = —2 (real), m, m3 = 1. (Real and repeated).

CF= Cl e_zx + (Cz +C3x) ex.

1

— —-2x X _ A X
Now, P.I. = D12) (D_17 [e + e*—e™*].
— 1 —2X 1 X _ 1 X — _
p.1. “+2) -2 © +(D+2)(D—1)2 ¢ T m-12 € Py + P, — Ps.

—_ 1 —2X : .. _ .

P, = 512 (D12 e . [Using rule 1(ii),as — 2 isaroot of the A.E.].
_ X —2x _ x e~ 2X _ x e~ 2X _ x e~ 2%
~ (D+2) 2(D-1)+(D-1)2 € T (—2+2)2(—2—1)+(-2-1)%2 049 9

eX

P, = DT [Using rule 1(iii),as 1 is a double root of the A.E. |

2 2 2 X

x eX x?eX x?%eX x%e

T DFDZ(D-D+D-12  2AD+D+(D-DI+2(D-1)  HA+D+(A-Dl+2(1-1) 6

e—X

Ps =m [Using rule 1(i),put D =a =—1]

_ e X _e¥

- (-1+2) (-1-1)2 4

—2X 2 X —-X

xe x? e
P.I.= + —
9 6 4

e

The solutionisy = C.F + P.1.

y=C; e + (C; +C3x) e* + xe ™ 4 X26ex - e;x
8. Solve % +4 Z—z = sin2x.
Solution:
Given (D3 + 4D)y = sin2X .......... (1). Where D= d%, D3 = ;—:3.
Equation (1) is of the form f(D) = ¢(x).
The auxiliary equation of (1)is m®*+4m=10. -~ m(m?+4)=0.
m=0and (m?+4)=0. ~ m=0 and m = + 2i.

The roots m; = 0 (real) and m,, mz = + 2i = 0 & 2i (a pair of complex roots).

12




C.F = C,e% + e%(C, cos 2x + C5 sin 2x) .

C.F = C; + (C;cos2x + Cj sin 2x).

_ L _ 1 . _ sin 2x . 2 _ _ A2 _ _92
Now, P.L.= ) d(x) = 534D (sin2x) = SZpiaD " [Using rule 2, put D* = —a® = =27 ].
sin2x _ sin2x

=—; = . But denominator is zero. [Use rule 2(ii)]
-22.D+4D  —4D+4D

. Pl= sin2x _ xsin2x _ xsin2x _ xsin2x _ _ xsin2x
D3+4D  3D2+4 3(-22)+4 -8 8
The solutionisy = C.F + P.1 = C; + C; cos 2x + C3 sin 2x — x.sin 2x
9. Solve y" -2y +2y=x
Solution:
Given (D? — 2D 4 2)y = X wcunee (1). Where D= i D2 = ;_;

Equation (1) is of the form f(D) = ¢(x).
The auxiliary equation of (1) is m? —2m + 2 = 0.

—(— —2)2_ — i
m = (=2)+/(=2)2—4x1x2 _ ziﬂz 2421 _ 1+i,

2X1 2 2

. The roots my;, m, = 1 +1i, apairs of complex roots.

C.F = e*(C; cosx + C; sin x).

_ 1 _ 1 e _ X
P.I.= £(D) ) = D2-2D+2 (x + e*cosx)= D2-2D+2

X

Now, P.1 = St oni3 (Userule 3.)
s
2-2D+D? [x
x —1
Sub. 1
1
Sub. 0
S PI= 24

The solutionisy = C.F + P.I.= e*{C; cosx + C, sinx} + ;X + %

10. Solve (D3+ 2D?+ D)y =sin?x.

Solution :

13




Given (D3 +2D?+ D)y = sin®X............. (D).

m3 +2m? +m = 0. m(m? +2m +1) =0.

The Auxiliary equation is
m(m+1)?=0. ~ m(m+1)(m+1)=0.
m=0, m=—-1, m = —1 are the roots.

. C.F = C;+ (Cy + C3x)e™

1 .
w, P.I.= ———(sin®x
Now, D3+2 D24D (S )

_ 1 (1—cos 2x)
D3+2 D24D 2 ’

1 1 ox 1
=-, — —.—/————C0S 2x.
2 D3+2D?%+D 2 D3+2D?+D
1 1 1
— 0x —
==, —_— ———cos2x =P, — P,.
2 D342 D2+4D D3+2 D2+D 1 2
_ 1 1 0x 1 1 ox X 1 ox X
Py 2° D342 D2+D 2'3D2+4D+1 T20r0+1C T 2
1 1 1 1 1 1 1 1 (3D-8
P,=- COS2X =—.—————CO0S 2Xx = —. COS 2x =— . ( ) cos 2x .
2" D3+2 D2+D 2 —4D-8+D 2 -3D-8 2 (3D+8) (3D-8)
1 (3D-8 1 (3D-8 1
. Py=—- BP9 g2 =—2 8278 ngox =1 [3Dcos 2x — 8 cos 2x].
2 (9D%-64) 2 (—36-64) 200

P,= —~ [—65sin 2x — 8 cos 2x]= L [6 sin 2x + 8 cos 2x].
200 200

~ PlL= g +$ [6 sin 2x + 8 cos 2x].

~ PlL= g +% [3 sin 2x + 4 cos 2x].

The solutionisy = C.F.+P.I.

y=0C+ (C, +C3x)e™ +§+ﬁ [3 sin 2x + 4 cos 2x].

dly L dy 1 _ ox)2
11. Solve e, +dx+y—(1 e¥)?,

Solution:
Given D2+ D+ 1)y =(1—e*)>...... (D).

The Auxiliary equationis m? + m+ 1 = 0.
_ -1 /()2-4xix1 _ -1+V1-4 _ -1+V/=3 _ -1+iv3 _ -1 n i3

m = =
2X1 2 2 2 2 2

The roots are m;, m, = —% + %5 = a * ib. (a pair of complex roots).
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1
C.F=e2"(C, cos?x + C, sin?x).

1

Now, PIZM

1
(1_ex 2 Zm (1—2€x+ ezx).

pJl=—21  ,0x v exg Y Lox

= (D%2+ D+1) 2 (D%2+ D+1) e” + (D%2+ D+1)

1 1 1
Pl.=———e%* -2 e* 2x
(0%2+ 0+1) (12+ 1+1) + (224 2+1)

P.l=1-2¢x 412
3 7
The solutionis y=C.F + P.I.
1
y=e2*(C, cosgx + G, singx) +1- % e* +% e?*,

12. Solve (D? + 1)%y = x* + 2 sin x cos 3x.

Solution:
Given (D?+ 1)%y = x* + 2sin x cos 3x........... (D).

The Auxiliary equationis (m?+1)2=0. ~ m?+1 =0 and m?+1=0.

2

m? =—1landm?=-1. ~ m=+41i and m=+i.

~ Therootsare m;, m, = 0 £ i=a+xib and mg, my= 0 £ i=a £ ib.
(A pair of complex roots repeated).

C.F =e%*[(C; + Cyx) cosx + (C5 + Cy4x) sinx].

C.F =(C;+Cyx)cosx + (C3 + Cux) sinx.

1

Now, P.1.= [x* + 2 sin x cos 3x]. Using 2sinAcosB =sin(A+B) + sin(A—B),

(D2+1)?
1 . .
Weget, P.I.= T [x* + sin 4x — sin 2x].
_ 1 4 1 . _ 1 P — —
P.1.= Dtz ” + Dz 4x rrpz St 2x =P +P, —P;.
—_ 1 4_ 1 4_ 1 4
Now, b= (02+02 X T D*i2p?41" | 142D%4D**
x* —24x?% 472
P= x* —24x? +72. 1+ 2D?+D*| x*

x* 4+ 24x% + 24
Sub.| 0 —24x?%—24

— 24x%2 —96

Sub. 0 +72
72
Sub. 0
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1 . .
2 = ez Sin 4x. [Using rule 2, put D?= —a?=—42=-16].

. _ 1.
P,= msm 4x = 55 Sin 4x.
=—" sin 2x. [Using rule 2, put D?= —a?=—22=—4]
3 (D2+1)2 ' g P .
= in 2x = = sin 2
5= Tarpz Sin 2x =g sin 2x.

P.I.= x* — 24x? + 72 + —sin 4x — > sin 2x.

The solutionis y=C.F + P.I.

y=(C; + Cyx)cosx + (C5 + Cyx) sinx+ x* — 24x%2 + 72 + %sin 4x — %sin 2x.
13. Solve y" —2y' +2y = x + e*.
Solution:
Given % —Zz—z+2y= X+ e~
ie, (D?—2D+2)y=x + e*......... (1).
The Auxiliary equationis m? — 2m + 2 = 0.

m_zim_ziﬁ_Ziiz
o2 2 2

The rootsare m;, m, = 1 + i=a % ib.

C.F =e* (Cycosx + C, sinx).

_ 1 x1 1 1 X
Now, P.I.= (D2-2D+2) [x + e*]= (D2—2D+2)X+ (D?-2D+2) €
P.l.= P, +B,.
1 X
Now, P= (02-2D+2)  (2-2D+D?) "
x4l
2 2 1
2-2D+D?| x L= g4,
x—1
1
1
0
_ 1 X o
b= (D2-2D+2) € putb =a=1
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The solutionis y =C.F.+P.I.
y =e”* (C,cosx + C, sinx) +§+%+ex
14. Solve (D3 —5D2+ 7D — 3)y = e* cosh x.

Solution:
2
Given (D3 — 5D?+ 7D —3) y = e?*cosh x......... (1). Where D= 4 pe=4

i’ _E"”"

- The auxiliary equation of (1) is m3 —5m? + 7m — 3 = 0.

By inspection method m = 1 is the root. By synthetic division method, we get,

141 -5 7 =3
0 1 -4 3
1 -4 3 0

m?—4m+3=0.» (m-1)(m-3)=0. ~ m=1, m=23.
~ Therootsare m; =1, m, = 1, repeated and m; = 3.

C.F = (C; + Cx)e* + C; e3*.

1 2x 1 2x eX+e™*
Now, P.l.= ———————[e“*coshx| = [e*|—])]
(D3-5D2+7D-3) (D3-5D2 4 7D —3) 2

1 1 1 1
v P.l.== e3* 4 - e*

2 (D3-5D2% + 7D -3) 2 (D3-5D2+ 7D -3)

x 1 x 1
“w Pl="———— 34— X

2 (3D%2-10D + 7) 2 (3D%2-10D + 7)

x 1 3x , X2 1 x 3¢, X2 1 x
. Pl.==——F""—2c¢ — et =-——e — e

2 (27-30 +7) 2 (6D-10) 2 (4) 2 (6-10)

2 Pl= St X ox
8 8
The solutionis y=C.F.+P.I.

y =(C; + C,x)e* + C;e3*+ §e3x — %e".

HOME WORK:
Solve the following:
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d’y  _dy — p2x . 2 _ _
1. ) 6dx+25y—e +sinx +x. 2. (D*—1)y = cosx.

dty _gdy _ - Ly o8y by x
3. 23, t2y=x+sin2x. 4. S+2 5+ =e " +sin2x

d’y | o dy _ 2 2., — Q2% | of 2
5. @+33+2y—4cos x. 6. (D—2)°y = 8(e“* + sin2x + x*).

d3 d’y  d -
7. ﬁ+2d—£+d—z=e x. 8. (D3 —5D2+ 7D — 3)y =e2*cosh x.

dzy 4 t
9. @—4y=x 10. (D*-1)y=e".
Method of Variation of parameters:
2
This method is generally applied to the equation of the form % +P Z—z +Qy=R,
where P, Q, R, are function of X or constants.
Working Rule:
2

Suppose the given equation is % +P Z—z + Qy=R...(1), where P and Q are constants.

1. First find the C.F of the equation (1) and write down it in the form CF.=CiU+C:;V,
where Ci,and C; are constants, U and V are functions of x.

2. Assume that y=AU+BV...... (2) as the complete solution of the equation (1),
where A, B are functions of x to be determined.

3. Find W= |[(J]’ \‘//, =UV'-VU’, where W is called Wronskian of U and V.

4. Find A & B by using the formulae, A = - f“/N—R dx+ C1 and B= fl‘]N—R dx + Cz.

5. Substitute A and B in equation(2).

Problems:
2
1. Using the method of variation of parameter solve % + 4y = tan2x.

Solution:
Given (D? + 4)y = tan 2X....... (D
AE ism?+4=0 =>m=42i. ~ C.F.= C; cos2x+ C,sin 2x.
Take U = cos 2x, V =sin2x, and R =tan2x.
U' = —2sin2x, V' = 2cos2x.
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U V]_| cos2x sin2x |_ 2 e N
W= |U’ V’|_ |—2 sin2x 2 cos 2x|_ 2 (cos™2x + sin"2x)=2.
VR sin 2x tan 2x sin22x
A=- fW dx +c1=—f—dx+ C1=_f2c052x dx + Cq.

1—cos?2x cos?2x-1 cos2x  sec2x
A=—f—dx+c1=f—dx+c1=f - dx+c1.
2 Ccos 2x 2 cos2x 2 2
sin 2x log(sec 2x+tan 2x
A == [ - g( )] + C1
4 4
UR cos 2x tan 2x sin 2x — COS 2Xx
B=fde+C2=fde+ C2=f > dx + Cr= + c,.
Therefore the complete solutionis y = AU + BV.
sin 2x log(sec2x+tan 2x —COS 2x .
=[ Y i " ) +cl]0052x+[ + cz] sin 2x.

y =1 COS2x + ¢, sin 2x —i cos 2x log(sec 2x + tan 2x).

. o d%
2. using the method of variation of parameter solve i a’y = cosecax

Solution :
Given (D% + a?)y = cosecax.......... (1)
AEism?+a?=0 =m=+4ai. -~ C.F.= C,; cosax + C, sinax
1 2
Take U = cos ax, V=sinax, and R =osecax.
U' = —asinax, V' = acosax.
u v cos ax sin ax ,
W= | , o= ) |= a (cos?ax + sinax)= a.
U Vv —asinax acosax
VR sin ax cosec ax 1
A=—- [ dxt+o=-[———dx+c=—[-dx+c.
X
A =——+ Cl'
a
UR cos ax cosecax cotax log sin ax
B= fW dx +czsz dx + c,= [ — dx + c2=gT+c2.

Therefore the complete solutionis y = AU + BV.

log sin ax

y= [—2 + cl] cosax + [ 2 + cz] sin ax.

X cos ax + (sin ax)log sin ax

y =c; cosax + ¢, sinax — "

3x

2
3. Using the method of variation of parameter solve % -6 Z—’; + 9y = ex—z .

Solution:
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Given (D2~ 6D +9)y = 55 o ).

AEism?—-6m+9=0 =>m=3,3. =~ C.F.= (C; +C,x)e3* = C;e3* +(Cyxe3*
Take U = 3%, V==xe3, and R =exi:
U' = 3e%, V' = 3xe3* + 3,
xe’* =3x e + % — 3x e3¥= b

|U V'| 3e3x 3x e3* + 3%

3x

_dx‘l' Cl__fidx"l' Cq.

xe

= f—dx+c1——f

A=—-logx + c.
B=f%dx+cz f dx+c2—f dx+c2=——+c2
Therefore the complete solutionis y = AU + BV.

y=(—logx + ¢;) e3* + (—i + c;) xe3*

y=(C; +Cyx) e3* —e3¥logx — e3*
4. Using the method of variation of parameter solve y”-2y' +y = e*logx.

Solution:
Given (D? — 2D + 1)y =e*10g X ......... (D).

AEism?-2m+1=0 =>m=1,1. .~ C.F.= (C; +Cyx)e*.

Take U = e¥, V=xe*, and R=ex*logx

U' = e* V'= xe* + e*.
e* xe* x X x
Y X x X x e*=e”*,

U e xe* +e

x e¥ e*logx
o2%

——f—dx+cl——f dx+ ¢, = — [ x logxdx + c;.

e*eX logx

B= f dx + c,=/ dx + c,= [logx. 1 dx + c2=logx.x—fx.idx+c2.

B=xlogx-x+C,

Therefore the complete solutionis y = AU + BV.
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x2
y:(— l0gx+ —+ Cl) e* + (xlogx - x+ () x e”.

x? e*logx 3x2e*

2 4

y=(C; +Cx)e* +

5. Using the method of variation of parameter solve y" -3y’ + 2y = o

Solution:
Given (D2 = 3D +2)y = —— e (1)
AE ism?-3m+2=0=m=2,1 « C.F.= C;e*+C,e*
Take U = e?, V=e%, and R= 1+1e—x )
U = e* V'= 2e?*,
e* |=2 3% _ 3% 31

=|U' V’|=|ex 2e2%

= f— dx +c;=—J Z:: — dx+ ¢ = f::xdx+ c1.
=log(l+e ™) +c, = log( e’;:l) +cq .
B= f% dx + ¢, = :3’; — dx+ o= fm dx + c;.
Take e*=t. « e*dx=dt. =~ dx= % = tldt.
Bzfﬁ + ¢,. Consider tz(t+1)=§+%+i.
1 =At(t+1) +B(t+1)+Ct? =>A=-1, B=1, C=1.
t2(:+1) T+ +E
B=| ["71 t+1] dt + c;= —logt —=+log(t+ 1) + .
B= log(t+1)—%+ €, = log( x+1) —%+ Cy.

Therefore the complete solutionis y = AU + BV.

y= (log( et ) +cl) (log( x+1)—%+ cz)ez".

y=c,e* + c,e?* —e* + e* log( ) +e2% log( x+1).

. - d%y .
6. Using the method of variation of parameter solve oz Ty = xsinx.
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Solution:

Given (D? + 1)y = xSinx ......... €Y
AEism?+1=0 =>m=4+i = C.F.= c;cosx+ c,sinx.
Take U = coszx, V =sinx, and R =xsinx .
U' = —sinx, V' = cosx.
W= |g \I;,|= _CSO;; :(21519;': cos?x + sin’x = 1.
A=-— f% dx +cl=—fde+ c1 = — [ xsin?xdx + c;.
A= —[xsin’xdx +¢, =—fx($)dx +c = —%f(x—xcost)dx +c; .

A=— ;[x; - {x (Sizzx) -1 (_szx)}]+c1 =— x{ + %sian + %cost +c.

UR . .
B= fW dx + c,=[ cosx. x sinx dx + c,= [ x sinx cos x dx + c,.

B=[x (Sizzx) dx + ¢, = %fx sin 2x dx + c2=§[x (_Cozﬂ) -1 (_Sirzx)] + c,.

B =—§c052x + %Sian + cy.
Therefore the complete solutionis y = AU + BV.

2
y= (— x: + zsian + %cost + ¢ ) cosx + ( —%cost + %sian + cz) sinx.

. x? x . 1 x 1 . .
» Yy =610 x t+ Cpsinx — T -cosx + (ZSllex + §c052x) coSs x — (Z cos2x — gSanx ) sin x.

7. Using the method of variation of parameter solve y " -2y’ + 2y = e* tanx.

Solution:
Given (D?—2D + 2)y = e* tanx .......... €Y
AE is m2—2m+2=0= m= 22048 _ 20/ _ 2tz _ 4,

The rootsare m;, m, = 1 + i=a =+ ib.

C.F=e*(Cicosx+ C,sinx) = C;e*cosx + C,e *sinx.

Take U = e*cosx, V =e*sinx, and R =e* tanx.
U = —e*sinx + e* cosx, V' = e*cosx + e*sinx.
W= u Vi_ e* cosx e*sinx
- U’ V’ T pXes X X X i
e*sinx +e*cosx e*cosx + e*sinx
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W = e?*(cos?x + sin x cos x + sin’x — sin x cos x) =e?* .

A:—f% dX-l—Cl_—fe Xsinx.e* tanx d + C1 fsmxd + Cl

e2x

fmd +c¢; =— [(secx — cosx)dx +c;

CcoSx
A = —[log(secx + tanx) — sin x]+c; .

e*cosx.e* tanx
2x

B=f—dx +c,=f dx + c,= [ sinxdx+ ¢, = — cosx +c,.

Therefore the complete solutionis y = AU + BV.
y = [—(log(secx + tanx) + sin X) + ¢;] e *cos x + (— cosx + ¢,)e *sinx.

y =e*(c,cos x + cysin x) — e *cos x.log(secx + tanx).

2
8. Using the method of variation of parameter solve % +y= !

1+sinx’
Solution:
) !
Given (D*+ 1)y = PETa D
AEism?+1=0= m=+..
Therootsare my, my = 0 + i=atib. ~ C.F =C;cosx+ C,sinx).
Take U = coszx, V =sinx, and R = 1, .
1+sinx
U = —sinx, V' = cosx.
W= | y cosx smx| = cos’x + sin’x = 1.
U V —sinx cosx
— _ (VR — sin x. 1 — sin x(1-sinx)
A= fW dx + = f 1 1+sinx X+ 6= f(1+sinx)(1—sinx) X+ Cr
- sin x—sin x) — sin x—sin?x) _ _ 2
=—[——= sy Xt = J— 5 —dx+c; = —[(secx tanx — tan®x) dx +c, .
A= — [[sec x tan x — (sec?x — 1)]dx +¢; = —secx + tanx —x + c; .

cosx

B= f dx + cz—f —dx + c;=log(1 +sinx) +c; .

Therefore the complete solutionis y = AU + BV.
y=(—secx+tanx —x + c¢; )cosx + (log(1 + sinx) + c,)sinx.

y =¢1€05 X + cp85in x — 1 + sin x — xcosx — sin x.log(1 + sin x).

HOME WORK:
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Solve the following by using the method of variations of parameters :

d2y d%y d%y dx .
e = —_— = _— — =X
1. 5 +y=secx. 2. Sty=tanx. 3. 5 -2 4, & sinx.
4. y"+4y= 4sec?2 A 6. 24y t
.y y = 4 sec”2x. I =T . 52 TY=secx tanx.
d%y

7. y"+ 2y +y=e*log x. 8. i +y = cosecx cotx.

Linear Differential Equations with variable Coefficients:

Cauchy’s homogeneous Linear Equations:

n-1 n-2

y —2d%%y
+ a,x™ Zm v v e+ 2Ry = @(X)

. d?y _1d
n n—-1
An equation of the form x G X T

is called Cauchy’s homogeneous Linear Equations.
This equation can be reducible to linear differential equation with constant
coefficients, by taking substitution x = et ie, t = logx.

y _ 2%y _ _
Then x—=Dy, x*_—5= D(D — 1)y,

3E2 = p(D—1)(D—2)y ..etc. Where D = &
ax3 y . dt

Problems:

d’y dy
1. v 2 — = (.
Solvex*——>+x ——y 0

Solution:
i 2y Ay
Given x T +x Y= 0......(2)
Take t =logx orx =et. - xd—ysz 2dz—yzD(D—l)y Where D = <
J ' dx ’ dx? ' dat
Then given equation (1) reduces to
D(D-1)y+Dy—y=0. ~ (D*=1)y=0.
~ AEism?—1=0. ~ m=1,-1. -~ CF.=ce’+ce’t.
=~ The general solutionis y = ciet + c,e™t. Putt = logx or x =e'. « y=cx +Cx—2.

2. solve x*y" — 2xy' — 4y = x*.

Solution:

. d? d
Given xzd—szl — 2xé — 4y = x*,

_ _ ot . Ly 2d%y _ _ -2
Putt =logx orx=e’. ~ x—=Dy, «x de—D(D 1Dy. Where D = — .
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Then given equation (1) reduces to
D(D — 1)y — 2Dy — 4y = (e®)*. ~ (D? —3D —4)y = e*.
AEism?—-3m—-4=0. ~ (m—4)(m+1)=0.

~m=4 m=-1. ~ CF=ce* +cet.

4t 4t
e te
D2-3D—-4  2D-3 5

. The general solutionis y = C.F.+P.1.

— 4t —t e4t
. y=ce” +ce +

xlogx

Putt=logxorx=et. . y=cx* + 24— p

3. Solve x2y" + xy' + y = 2cos?(logx)

Solution:
This is a Cauchy’s homogeneous linear equation

Putx =ef, i.e., t =logx, sothat xz—z=Dy,x d—y—D(D—l)y where D ——t.

Then the given equation becomes [D(D — 1) + D + 1]y = 2cos?t.
or (D? + 1)y = 2cos?t ...(1)

Which is a linear equation with constant coefficients.

Its AEis (D? +1)=0 henceD=+4+i. .~ C.F = (c;cost+ c,sint).

cosZt

And P.I=

(DZ 2cos t= (DZ D

(1 + cos2t) = e + (cos2t) =1—

(D2+1) (D2+1)

cos 2t

Hence the solution of (1) is = (¢; cost + ¢, sint) + 1 — 2

cos2 (logx)

y = (¢, coslogx + c,sinlogx) + 1 — .

2y
X

d%y 1
4. Solve X5~ —x+x—2.

Solution:
Multiplying given equation by x, it becomes, x2?y"” — 2y = x? +§ ceeeenn (1)

Putx = et, i.e, t =logx, so that xd— Dy, x xy =D(D —1)y. WhereD = %.
Then equation (1) becomes (D? — D —2)y = e?** + et
For this the A. Eis m? —m — 2=0. Hencem =2 ,—1.

~C.F =cie?t +cyet
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eZL‘

__ 1 2t -ty — e _
AndP.I—(DZ_D_Z)(e +e ™) = . .

te~t

teZL‘ -t

. . _ te
Hence general solutionis y = c;e?t + c,e t+T —

3

1 log x log x
OI'y=C1X2+C2; + 28 42 2EX

3x
5. Solve x*y" —xy +y =logx.

Solution:
we have x2y" —xy' +y = logx

Putt=logx orx =e’. ~ xy' =Dy, x*y" =D(D —1)y. WhereD = %.
Then given equation reduces to D(D — 1)y — Dy +y = t.

~ (D?-2D+1)y=t. «~ AEism?-2m+1=0. ~ (m—-1)2=0. ~ m=1,1.
o CF = (¢q + cyt)et.

PI = ﬁ: (1-D)2t=(1+2D+3D?..)t. ~ PI=t+?2.

The general solution is given by y = CF + PI.

vy = (g +ot)et +t+2.

Putt =logxorx =-e'. ~ y=(c; +c,logx)x +logx + 2.

6. Solve x?y"” —3xy' + 4y =1 + x2.

Solution:

Given x%y" —3xy' + 4y =1 + x2.

Putt =logx orx =et. =~ xy'=Dy ,x%y" =D(D—1)y. WhereD = %.

Then given equation reduces to D(D — 1)y — 3Dy + 4y = 1 + (e%)?.
~ (D*—4D+4)y=1+e%. “AEism?—4m+4=0. ~ (m—2)2=0.
sm=2,2. ~ CF = (c; +cyt)e?.

1+e2t 1 e?t 1 t2e?t

Pl =

T p2-4D+4  (D-2)2  (D-2)2 4 2

= The general solution is given by y = CF + PI.

tZeZt
Putt = logx or x = et.

wy = (e +cpt)e? +i+ 2

x?(log x)?

y = (¢; + ¢, logx)x? +i+ -

7. Solve x*y" — 3xy’' + 5y = 3sin(logx).
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Solution:
Given x2y" —3xy’' + 5y = 3sin(logx).

Putt =logx orx =et. ~ xy' =Dy, x?y" =D(D—1)y. Where D = %.
Then given equation (1) reduces to D(D — 1)y — 3Dy + 5y = 3sint.
. (D? — 4D + 5)y = 3sint. .~ AEisgivenby m? —4m +5 = 0.

m= _bi\/:z_—wc = 4i@ = 4J‘;2i =2+i. ~ CF = (c,cost+c,sint)e?t.
pj — _3sint_ _ 3sint _ 3(D+1)sint _ 3cost3sint _ 3(cost+sint)

D?-4D+5  4(1-D) 4(1-D?) 4(1-D?) 8

~y=CF+Pl. -~ y=(ccost+c,sint)e? +M.
Put t = logx or x = et.
o y = [cycos(logx) + ¢, sin(logx)] x? + 3[C°S(logx)8+sm(logx)] .
8. Solve x2y" + xy’ + 9y = 3x% + sin(3logx)
Solution:
Given x%y" + xy' + 9y = 3x? + sin(3logx).
Putt=logx orx=et. ~ xy' =Dy, x*y" =D(D —1)y. WhereD = %.

Then given equation reduces to D(D — 1)y + Dy + 9y = 3e?! + sin(3t).
~ (D?2+9)y =3e? +sin(3t). -~ AEis m?+9=0. =~ m=+3i.

~ CF = cyco83t + ¢,sin3t.

3e2t  sin(3t 3e2t  tsin(3t 3e2t ¢t . 3e2t  tcos3t
Pl = 3 6Y _ GY _ 3 4L fsm3tdt =% - .
D4+9 D4+9 13 2D 13 2 13 6
~ y=CF+ Pl

, 3e?t  tcos3t
“ ¥ = €083t + c,sin3t + ™

. Putt =logxorx =et.

2
~ y = cycos(3logx) + cpsin(3logx) + % _ logx cos(3logx) COZ(?’logx)_

9. Solve x?y"” —3xy' + 4y = (1 + x)?

Solution:

Given x2%y" —3xy' +4y = (14 x)2.

Putt =logx orx =e‘. = xy' =Dy, x?y" = D(D —1)y. Where D = .
Then given equation (1) reduces to D(D — 1)y — 3Dy + 4y = (1 + e*)2.

~ (D?2—4D+4)y=1+e? +2et. =~ AEism?—4m+4=0.
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2(m=2)2=0. ~m=2,2. ~ CF={(c;+cyt)e?.

_ 1+e2t42et _ 1 e2t 2et _ l te2t t l t2e2t t
Pl = (D-2)2 ~ (D-2)2 + (D—-2)2 + (D-2)2 " 4 + 2(D-2) t2e' = 4 + 2 +2e”.

y=CF+PI.

2,2t
vy =(c; +cyt)e? +i+% + 2et. Putt = logxorx = et

x2(logx)?
2

vy = (¢ +cylogx)x? + i + + 2x

10. Solve xy'"’ +y" = i

Solution:
Given xy"" +y" = i Multiply by x?2.
3,011

» x3y"" 4+ x%y" = x. Putt =logx orx =et

x3y"" =D —1)(D —2)y, x?y" =D(D —1)y. WhereD = %.
Then given equation (1) reduces to D(D —1)(D — 2)y + D(D — 1)y = e®.
#(D3—3D2+2D+D?—D)y=cet. .~ (D3—2D?+D)y=et.

~ AEism3—-2m?+m=0. - m(m?-2m+1)=0. - m=0,(m—2)?=0.

~ m=0,2,2. =~ CF=c + (c;+tcz)e?.
et tet tZet tZet
PI = = = = —
D3-2D2+D 3D2-4D+1 6D—4 2

= The general solution is given by y = CF + PI.
t2et

Ly =c;+ (¢, +teg)e?t +——. Putt=logxorx= et.

vy =c; + (¢ + c3logx)x? +§(logx)2 :

3 2
11. Solve x3 % + 3x? 2732' + xj—z + 8y = 65 cos logx.
Solution:
2 d%y

i 38y dy -
Given x°——=+ 3x +x-~+8y = 65coslogx.

dx?

Putt=logx orx=et. «» x3y"" =D —1)(D—-2)y, x*y" =D(D — 1)y, xy' = Dy.

Where D = e Then given equation reduces to

D(D—-1)(D—-2)y+3D(D —1)y+ Dy + 8y = 65 cost.

d
t

(D® —3D%?+ 2D +3D? —3D + D + 8)y = 65cost.

~» (D3 + 8)y = 65cost. ~ AEisgivenbym3+ 8= 0.
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By inspection one of the root is m = -2 and will find other two roots by synthetic division
method.
-2/1 0 0 8
0-2 4 -8
1-240

— Vp2— Ja—
- mf—-2m+4=0. ~ m= bizba W:Zi: 16=2i§ﬁ- ~m=1++/3,m=-2.

~ CF = c;e ™2t + (c,co0sV3 t + c3sinV/3 t)et.

65 cost 65cost 65cost(D+8 65 (—sint+8cost 65 sint+8cost
Pl = = = ¢ > ) - 8C > ) - ) = _sint + 8cost.
D3+8 -D+8 (64-D?) 64—D 65

~ The general solution is given by y = CF + PI.
~ y =cie 2 + (cycosV3t + czsinV3t)et — sint + 8cost.
Put t = logx or x = et.
= 5 + [e,c05(v3 logx) + cysin(v3 logx)] x — sin(log x) + Beos(log.x).
Home work:

1. Solve x2y" + xy' + 9y = 3x3 + sin(2logx)

3
2. Solvex3ZT}3'+2x2dy+2y—10(x+ )

3y | gy2 @y Ay
3. Solve x°——+3x" S +x_—+y=x+logx

Legendre’s linear differential Equations:

An equation of the form
2 dn—Zy

(ax + b)n — + a;(ax + b)"~ 1d o Y+ a,(ax+ b)"" Tz e e T ARY = ©(x)
is called the Legendre s linear differential Equations.

This equation can be reducible to linear differential equation with constant
coefficients, by taking substitution, ax + b =et* = t = log(ax + b).

Then (ax + b) Y = aDy, (ax+ b)2 =a?D(D — 1)y,
(ax + b)3 =a3D(D —1)(D — 2)y ..etc where D = %
Problems:

1. Solve (1 + x)%y" + (1 + x)y’ + y = 2sin[log(1 + x)]

Solution:
Given (1 +x)%y"” + (1 + x)y’ +y = 2sin[log(1 + x)]
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Putt=log(1+x) or 1+ x=et. » (1+x)y' =1.Dy, (1+x)?y" =12.D(D — 1)y.

Where = % . Then given equation (1) reducesto D(D — 1)y + Dy + y = 2sint.

(D?+ 1))y = 2sint. ~ AEis m>*+1=0. ~ m==i. = CF=c cost+ c,sint.

__ 2sint __ 2tsint
D2+1 2D

PI

=t [ sint dt = —tcost.
The general solution is givenby y = CF +PI. . y = c;cost+c,sint —t cost.
Putt =log(1+x) or1+ x = et.
y = ¢4 cos[log(1 + x)] + cysin[log(1 + x)] — log (1 + x) cos [log(1 + x)] .
2 d*y dy ' 2
2. Solve (1 + x) Tz 1+ x); + y = sin[log(1 + x)*].

Solution:
Given (1+x2)y" + (1 +x)y’ +y =sin[2log(1 + x)].

This is a Legendre’s linear equation. ~ Put 1+ x =ef, i.e,, t =log(1+ x), so that

@ _ 2%y _ _ -4
(1+x) = Dy and (1+x) 3= D(D — 1)y, where D = =
Then the given equation becomes (D? + 1)y = sin 2t ........... (D).
Its AEism?+1=0. ~ D=+i =~ C.F=c;cost+c,sint.

1
DZ+1

And P.I=

(sin2t) = %sin{Z log(1 + x)}.
Therefore, the general solution of the given equation is y = CF + PIL.

y =cycost+c, sint—gsin 2t.

y = ¢, coslog(1 + x) + ¢, sinlog(1 + x) —%sin{Z log(1 + x)}.

2
3. Solve (2x + 1)% S5 — 2(2x + 1) 2 — 12y = 3(2x + 1).

Solution:
; 2 &y _ v _ —
Given (2x+1) o2 2(2x+ 1) = 12y = 3(2x + 1).

Putt =1log(2x+1) or 1+ 2x =e".

~ (1+20y' =2.Dy ,(1+2x)%"=22. D(D—1)y. WhereD ==
Then given equation reduces to 4D(D — 1)y — 4Dy — 12y = 3et.

t
(DZ—ZD—3)y=3%. ~ AEisgivenbym? —2m —3 = 0.

30




m2—3m+m—-3=0. ~ m(m-3)+1(m—-3)=0. ~ (m+1)(m—-3)=0.
~m=-1,m=3. & CF=cet+ced.

t t
3¢ —3¢ . The general solution is y = CF + PI.

Pl=—— —=
4(D?-2D-3) 16

t
y =ce t+ cye’t —31%. Put t =log(1+2x) or 1+ 2x =et.

oy =0Rx+ 1)+, (2x +1)3 - 3(2+6+l)-
2
4. Solve (2x + 3)? ZTZ +5(2x + 3)% ty=4x

Solution:
: 2 4%y W
Given (2x +3) = 512x + 3) =Ty =4x

Putt =log(2x +3) or 3+ 2x =e’.

4

~ (3+2x)y' =2.Dy, 3+ 2x)?y" =22.D(D —1)y. WhereD =
dt

Then given equation reduces to 4D(D — 1)y + 10Dy +y = %(et - 3).

£ (4D +6D+1y=2("—3). + (D?+3D+1)y=3(e-3).

By 3408
m = —b+Vb2—4ac _ T27a © _ T27 3 _ —-3++5
o o 2 2 4

AEism2+2m+2=0.
2 4 2a

~ CF = cle(_iﬁ)t + cze<_3:/§)t

(et-3) 1 et 3 1 (4et
Pl = 2(D2+2D+2) T 2\pz+lp+t  pzilpii) T 2\m1 12).
2 4 2 4 2 4

~ The general solutionis y =CF +PI. « y= cle( 4

Putt =log(2x + 3) or 2x + 3 = e'.
(—3+\/§> (‘3—\/5) 2
y=c2x+3)\ * J+c,(2x+3)\ ¢ +H(2x+3)—6.

_ ez 4y ey _ )
5. Solve (2x — 5) Tz (2x S)dx 12y = 6x°.

Solution:

; VR S W — 62
Given (2x —5) o (2x—=5) = 12y = 6x°.
Putt =log(2x —5) or 2x—5 =e’.

~ (2x—=5)y'=2.Dy ,(2x—-5)?y" =2%2. D(D—1)y. WhereD = 4.
dt

31




6(et+5)”

Then given equation reduces to 4D(D — 1)y — 2Dy — 12y = Z

3 3(e?t+25+2¢t . 3
(02—50—3)3/:%. AElsglvenbymZ—Em—3=0.

i [P412 L_r\[i 34vE (3+‘/5_7)t (3_‘/5_7)t

— - ac=2 4 =2 4 — 2% . CF =C19 4 +C26 4 .
2 2 4
3(e*'+25+10e") _ 3 e?t 25 10et 3(e?t 25 20et
Pl =22 =" 3 3 3 =\ TS~ :

8(D2——D 3) T8 (D?-2D-3)  (D?-3D-3) (D?*-;D-3) 8\-2 -3 7

The general solution is y = CF + PI.

y= cle(%s_qt + cze( _457 + - (_2 +—

25 20et)
-3 7 ]

Put t = log(2x — 5) or 2x — 5 = et.

+c,(2x — 5)(@) _%(@_l_?_l_w).

y=c(2x— 5)(ﬂ>

6. Solve (2x—1)2 +(2 —1)——2y 8x% — 2x + 3.

Solution:
2
Given(Zx—l)ZZTJZI + (2x 1)——2y 8x% —2x + 3.

This is a Legendre’s linear equation. . Put 2x — 1 =et, i.e,t = log(2x — 1), so that
(x-1)Z=2Dy and (2xr—1)22% Y — 4D(D - 1)y, whereD = .

Then the given equation becomes (4D? — 2D — 2)y = 2e?'+3et+4.

(202 =D — 1)y = eZ+2et42 ... (1) -~ Its AEis2m?—m—1=0.
m=1, _71 . C.F =cjet +c,e /2,
And PlI= (eZt+ et+2) = 2t+ et — 2.

2D2

Hence the solution of (1)is y = c;et + c,e /% + %e2t+§et - 2.
y = (2% — 1) + ¢,(2x — 1)7V2 + = (2x — 1)245 (2x — D'log(2x — 1) — 2.

2
7. Solve (x —1)* 23 iy Yoo 1253 — 4(x — 1) 2 + 4y = 4log(x — 1).
Solution:
Given (x — 1)3613—y+2(x— 1)2dz—y—4(x— DE 4 4y = 4log(x — 1)

dx dx? dx y g ’

3
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This is a Legendre’s linear equation. ~ Put x — 1 =e¢?, i.e, t =log(x — 1), so that
N\ _ 12y _ _ 138y _ _ _
(x—1) == Dy, (x —1) 2= D(D —1)y, and (x — 1) 3= D(D —1)(D — 2)y.

Where = 2. Then the given equation becomes (D3 — D2 —4D + 4)y = 4t.......(1).

dt
w Its AEis m3-m?2—-4m+4=0. ~m=1,+2. =~ CF=ce"+ce?+
cze %,

1
And Pl—m (4t) = t+1.

Therefore, the general solution of the given equation is
y = ciet + ce?t + czeT + t+1.

y=c(x—1) +c,(x =12+ c3(x —1)"2 + log(x — 1) + 1.

2
8. Solve (2x +3)% 73 + 6(2x + 3) 2 + 6y = log(2x + 3).

Solution:
2
Given (2x + 3)2 2732' +6(2x + 3)3—3: + 6y = log(2x + 3).

Putt =log(2x +3) or2x+3=et.

(2x+3)y’ = 2.Dy, (2x+3)%" =22.D(D —1)y. WhereD == .
Then given equation reduces to 4D(D — 1)y + 12Dy + 6y = t.
(4D +8D+6)y=t. ~ (D2+2D+2)y=r.
AEism? +2m+2=0, o m=_pfbiec -2bVETe _ -2HW2_ 44 L
2 2a 2 2 V2
CF = —t+cysin—tle”t
= [clcos\/E ¢z sin — le ™.
2 -1
pJ = t _ t :t[1+(%+%)] =£[1—E—ﬂ]:l[t—i]
a(p2+2D+3) 6[1+(¥+%)] 6 6 3 3 6 3l

The general solution is given by y = CF + PI.

— 1 inLYtlet+1ly—_2 - = et
y—[clcosﬁt+czsmﬁt]e +6[t 3]. Putt =log(2x + 3) or 2x + 3 = et.

Ly = [cl cos (%) + ¢, sin (%)] x+3) 1+ % [log(Zx +3) - g]

2
9. Solve (3x +2)? ¥+ 3(3x +2) 2 — 36y = 8x% + 4x + 1
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Solution:
2
Given (3x +2)? =2+ 3(3x +2) X — 36y = 8x? + 4x + 1.

Putt =log(3x+2) or3x+2=cet.
(Bx+2)y'=3.Dy, B3x+2)%y" =32.D(D —1)y. WhereD = %.

B(et—z)2

t_
Then given equation reduces to 9D(D — 1)y + 9Dy — 36y = + 4(63 2) + 1.

(8e2t—20e +17)

8e?t—-32et+32+12et-24+9
9(D? —4)y = . a (D2—4)y
9 81
AEism?—4=0. ~ m=4+2. ~ CF=ce?+ce?.
pJ = (8e2t-20et+17) _ 8e?t 20et 17 i[4te2t 20ef 17
81(D?-4) T 81(D2%-4) 81(02—4) 81(D2-4) 81l D 3 4l

1 [4te?t = 20et 17 1 20et 17
pr= L[Het e 1) Ly et )

g1l 2 3 4 81 3 4

~ The general solution is given by y = CF + PI.

t
y = ce?t + ce?t +é [ZteZt + %—14—7]. Putt =log(3x + 2)or3x + 2 = et.

y=c,Bx+2)2+c,(3x+2)%+ %[2 log(3x +2) (3x +2)? + w-%].
2 d%y dy )
11. Solve (3x + 2) Tz 5(3x+2) o 3y=x*+x+1.

Solution:
: 2 &y W _ a2
Given (3x +2) 2T 5(3x + 2) » 3y=x*+x+1.

Putt =log(3x+2) or3x+2=ce".
(Bx+2)y'=3.Dy ,(3x+2)?" =32.D(D—1)y. WhereD =<

(o) (D) g

9

Then given equation reduces to 9D(D — 1)y + 15Dy — 3y =

2 1 (e?t—4et+4+3et—6+9 2 eZt_e +7)
9(D*+3D =3y = 3 a0 4ip by =D
- 2 ——+ —+— ___|_ E 4
AEism? +Zm—1=0. «m= D+W / \F =
1 1,
m=z, —1 « CF=ce™" +ces.
3
_(et—ety7) e2t B ot ; 1 [e_zt st ]
PI = 81(p2+2p—3) ~ 81(p2+2p-1)  81(p2+2p-3) + s1(02+20-0)  sils o~ 21
! eZt 3et . . .
Pl = a1 [T T 21]. = The general solution is given by y = CF + PI.
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_ —t t 1 [e?t 3et _ ot
y =€ +c283+8—1[?+7—21]. Putt =log(3x + 2) or 3x + 2 = e’.

3(3x+2)
4

(3x+2)?
[+

1
y = c1(3x+2)‘1+02(3x+2)5+8% —21].

2 4%y dy _
12. Solve (2x + 1) ) 2(2x+1) o 12y = 6x + 5.

Solution:

; 2 &y _ v _ _
Given 2x + 1) = 22x+ 1) e 12y = 6x + 5.

Putt =log(2x+1) or 1+ 2x =e’.

@ (1+42x)y" =2.Dy, (1+2x)%y" =22.D(D —1)y. Where D = %

Then given equation reduces to 4D(D — 1)y — 4Dy — 12y = 3(e* — 1) + 5.
t
(DZ—ZD—3)y=3%+§. & AEism?-2m—-3=0. -~ m? -3m+m-3=0.
mm-3)+1(m-3)=0. ~ (m+1)(m-3)=0. ~ m=-1,m=3.

CF =cje”t + cyedt

pr=—2>¢ 4 1 - _2*_1 . g I solution is y = CF + PI
= w7203 T 270 = " 16 "5 - Thesgeneralsolutionis y = .
t
Ly =cet+cedt - 31% - %. Putt =log(1+ 2x) or 1+ 2x = e".
3(2x+41) 1

y=cRx+ 1) +c,(2x+1)3 - =

2
13. Solve (2x + 1)? 75 — 6(2x + 1) 22 + 16y = 8(2x + 1)%.

Solution:

2
Given (2x + 1)? ©% — 6(2x + 1) 2 + 16y = 8(2x + 1)2.
Putt =1log(2x+1) or 1+ 2x =e".

& (1+22)y' =2.Dy, (1+2x)%y" =22. D(D —1)y. Where D = .
Then given equation reduces to 4D(D — 1)y — 12Dy + 16y = 8e?t.
v (D*—4D +4)y=2e%*. + AEism?i—4m+4=0. ~ (m—2)>=0.

f (m=2)(m—=2)=0. ~m=2,2. =~ CF=(c;+tc,)e?.

2t 2t 2,2t
— 2e — 2te — 2t“e — tZeZt
(D2-4D+4) 2D-4 2 )

PI

The general solution is given by vy = CF + PI. ~ y = (¢, + c,t) + t?e?t.

Putt =log(1+ 2x) or 1+ 2x = et.
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y = [c; + ¢ log(2x + 1)](2x + 1)? + [log(2x + 1)]?(2x + 1)
14. Solve (1 + x)? Z% +(x+1) % + y = sin 2[log(1 + x)].

Solution:
Given (14 x2)y" + (1 +x)y’ +y = sin2[log(1 + x)].

Putt =log(1+x) or 1+ x =et.

~ (1+x)y'=1.Dy ,(1+x)?y”" =12. D(D—1)y. WhereD = %
Then given equation reducesto D(D — 1)y + Dy + y = sin2t.
(D?+ 1))y =sin2t. ~ AEism?+1=0. ~ m=+i.
CF = ¢, cost + cysint .
Pl = ;Tfi = Siift .~ The general solution is given by y = CF + PI.
_ . sin2t _ ot
Yy = ¢, cost+c¢, sint — Putt =log(1+x)orl+ x =et.
y = ¢4 cos[log(1 + x)] + c,sin[log(1 + x)] — w.
15. Solve (2x + 3)? Ly _ (2x + S)d—y — 12y = 6x
’ dx? dx ’
Solution:
i 2 4%y _ W _ 19y =
Given (2x +3) o2 (2x + 3) = 12y = 6x.
Putt =log(2x +3) or 3+ 2x =e".
& (2x+3)y' = 2.Dy, (2x+3)%y" = 22. D(D —1)y. Where D == .

Then given equation reduces to 4D(D — 1)y — 2Dy — 12y = 3(e* — 3).

_ 3(ef-3)
T4

. 2 o _ 33 ) 2_3p_
~ (@p*-3D-6)y=2"2 . (p>-2p-3)y

3 9 3 57
_ —pVbPoaac _ 2Eat12 T 34057
2 2 4

. AEism?—>m—3=0. .m
2 2a

CF = cle(3+‘\*/ﬁ>t + cze(S_Zﬁ)t.

t_ t t t
pl= 3= _3 e ___3 23(21_ 3):§(£+1)_
4(D?-3D-3) 4\ (D?*-3D-3) (D?-D-3) 4\-7 -=3) 4\ -7

. The general solution is given by y = CF + PI.

3+/57 3—/57 3

y=cle( 4 >t+cze( 4 )t+2(2_—e7t+1). Putt =log(2x + 3) or 2x + 3 = et.
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oy =c2x + 3)(%5_7) + ¢, (2x + 3)(3_4—\[5_7) +3(M+ 1)'

-7
Home work

1. Solve (x+ 1)?y" + (x + 1)y’ + y = 4 cos[log(x + 1)]

9




