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SYLLABUS: 

Vector Differentiation: Scalar and vector fields. Gradient, directional derivative, curl and 

divergence - physical interpretation, solenoidal and irrotational vector fields. Problems. 

Vector Integration: Line integrals, Surface integrals. Applications to work done by a 

force and flux. Statement of Green’s theorem and Stoke’s theorem. Problems. 

 

VECTOR DIFFERENTIATION: 

    If a vector 𝐫⃗ varies continuously as a scalar variable  t  changes, then  𝐫⃗  is called a 

function of t and is written as  𝐫⃗ = 𝐅⃗(𝐭). 

   The derivative of a vector function  𝐫⃗ = 𝐅⃗(𝐭) is denoted by    
𝐝𝐫⃗

𝐝𝐭
  or   

𝐝𝐅⃗

𝐝𝐭
  or  𝐅⃗′(𝐭)  and is 

defined by   
𝐝𝐅⃗

𝐝𝐭
= 𝐥𝐢𝐦

𝛅𝐭→𝟎

𝐅⃗(𝐭+𝛅𝐭)−𝐅⃗(𝐭)

𝛅𝐭
. 

Scalar point function: 

Definition:  

   If to each point P(𝐱, 𝐲, 𝐳) in the region R of a space with the position vector 𝐫⃗ there exists   

a definite scalar Ø(𝐱, 𝐲, 𝐳), then Ø(𝐱, 𝐲, 𝐳) is called the scalar point function in R and the  

region R is called the scalar field.  

Example: (𝐢) Ø = 𝐱𝐲𝐳  𝐚𝐧𝐝 (𝐢𝐢) 𝛙 = 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐 are scalar point functions. 

Vector point function: 

Definition: 

   If to each point P(𝐱, 𝐲, 𝐳) in the region R of a space with the position vector 𝐫⃗ there exists 

a definite vector 𝐅⃗(𝐱,  𝐲,  𝐳), then 𝐅⃗(𝐱,  𝐲,  𝐳) is called the vector point function in R and the 

region R is called the vector field.  

Example: (𝐢) 𝐅⃗ = (𝐱 + 𝐲)𝐢̂ + 𝐱𝐲 𝐣̂ + 𝐳 𝐤̂  𝐚𝐧𝐝  

                 (𝐢𝐢) 𝐀⃗⃗⃗ = (𝐱 − 𝐲𝟐)𝐢̂ + 𝐱𝟐𝐳𝐣̂ + (𝐱 + 𝐲)𝐤̂  are vector point functions. 

 

The vector differential operator: 

   The vector differential operator denoted by 𝛁(𝐫𝐞𝐚𝐝 𝐚𝐬 𝐝𝐞𝐥 𝐨𝐫 𝐧𝐚𝐛𝐥𝐚) and is defined by    

𝛁 =
𝛛

𝛛𝐱
𝐢̂ +

𝛛 

𝛛𝐲
𝐣̂ +

𝛛

𝛛𝐳
𝐤̂ = ∑

𝛛

𝛛𝐱
𝐢̂ . 
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Gradient of a scalar field:  

  If  Ø = Ø(𝐱, 𝐲, 𝐳)  be any scalar point function then gradient of  Ø  is defined by   

grad Ø = 𝛁Ø = (
𝛛

𝛛𝐱
𝐢̂ +

𝛛 

𝛛𝐲
𝐣̂ +

𝛛

𝛛𝐳
𝐤̂) Ø =

𝛛Ø

𝛛𝐱
𝐢̂ +

𝛛Ø

𝛛𝐲
𝐣̂ +

𝛛Ø

𝛛𝐳
𝐤̂ = ∑

𝛛Ø

𝛛𝐱
𝐢̂. 

Here  𝛁Ø  is a vector quantity.  

Physical Interpretation of Gradient: 

Gradient 𝛁𝐅 tells us that in which direction change in the field (F) is maximum.  

Geometrical meaning:  

   Let  Ø(𝐱, 𝐲, 𝐳) = 𝐜  be the equation of a surface, then  𝛁Ø  is the normal vector at a point   

P(𝐱, 𝐲, 𝐳) to the surface  Ø(𝐱, 𝐲, 𝐳) = 𝐜. Therefore the unit normal vector to the surface    

Ø(𝐱, 𝐲, 𝐳) = 𝐜  is given by  𝐧̂ =
𝛁Ø

|𝛁Ø|
 

Note: 

(i) We know that the angle between the two surfaces is defined as the angle between their     

    normal. Therefore the angle 𝛉 between two surfaces  Ø𝟏 (𝐱, 𝐲, 𝐳) = 𝐜𝟏 and  Ø𝟐 (𝐱, 𝐲, 𝐳) =

𝐜𝟐  is equal  to the angle between their normal  𝛁Ø𝟏  𝐚𝐧𝐝 𝛁Ø 𝟐 and is given by   

   𝐜𝐨𝐬 𝛉 =
𝛁Ø𝟏 .𝛁Ø𝟐 

|𝛁Ø𝟏 ||𝛁Ø𝟐 |
 . 

(ii) If  𝛉 =
ᴨ

𝟐
   or  𝟗𝟎°,  then the surfaces are said to be intersect each other orthogonally.  

      i.e.,  If  𝛁Ø𝟏 . 𝛁Ø𝟐 = 𝟎,  then the surfaces are said to be intersect each other 

orthogonally. 

Problems:  

1.  Find   𝛁𝐟  when  𝐟 = 𝐥𝐨𝐠( 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐)  

Solution: 

Let  𝐟 = 𝐥𝐨𝐠( 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐)……………… (1) 

We have   𝛁𝐟 =
𝛛𝐟

𝛛𝐱
𝐢̂ +

𝛛 𝐟

𝛛𝐲
𝐣̂ +

𝛛𝐟

𝛛𝐳
𝐤̂……….(2) 

Differentiating equation (1) partially w. r. t.  x, y and z we get, 
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𝛛𝐟

𝛛𝐱
=

𝟐𝐱

(𝐱𝟐+𝐲𝟐+𝐳𝟐)
 ,   

𝛛𝐟

𝛛𝐲
=

𝟐𝐲

(𝐱𝟐+𝐲𝟐+𝐳𝟐)
   and   

𝛛𝐟

𝛛𝐳
=

𝟐𝐳

(𝐱𝟐+𝐲𝟐+𝐳𝟐)
 .  Substituting in (2), we get, 

 𝛁𝐟 =
𝟐𝐱

(𝐱𝟐+𝐲𝟐+𝐳𝟐)
𝐢̂ +

𝟐𝐲

(𝐱𝟐+𝐲𝟐+𝐳𝟐)
𝐣̂ +

𝟐𝐳

(𝐱𝟐+𝐲𝟐+𝐳𝟐)
𝐤̂.     Thus   𝛁𝐟 =

𝟐(𝐱 𝐢̂+𝐲 𝐣̂+𝐳𝐤̂)

(𝐱𝟐+𝐲𝟐+𝐳𝟐)
. 

 

2. If ∅ = 𝒙𝟐𝒚𝟑𝒛𝟒, find 𝛁∅, |𝛁∅| at (1,-1,1) 

Solution: 

Let  ∅ = 𝒙𝟐𝒚𝟑𝒛𝟒……………… (1) 

We have   𝛁∅ =
𝛛∅

𝛛𝐱
𝐢̂ +

𝛛∅

𝛛𝐲
𝐣̂ +

𝛛∅

𝛛𝐳
𝐤̂……….(2) 

Differentiating equation (1) partially w. r. t.  x, y and z we get, 

 
𝛛∅

𝛛𝐱
= 𝟐𝐱𝒚𝟑𝒛𝟒   

𝛛∅

𝛛𝐲
= 𝟑𝐱𝟐𝒚𝟐𝒛𝟒   and   

𝛛∅

𝛛𝐳
= 𝟒𝐱𝟐𝐲𝟑𝐳𝟑.  Substituting in (2), we get, 

 𝛁∅ = 𝟐𝐱𝒚𝟑𝒛𝟒  𝐢̂ +  𝟑𝐱𝟐𝒚𝟐𝒛𝟒 𝐣̂ +  𝟒𝐱𝟐𝐲𝟑𝐳𝟑 𝐤̂.     

At (1,-1,1 )   

𝛁∅ = −𝟐 𝒊̂ +  𝟑 𝒋̂ − 𝟒𝒌̂ , 𝒂𝒏𝒅  |𝛁∅| =  √(−𝟐)𝟐 +  𝟑𝟐 +  (−𝟒)𝟐 =  √𝟐𝟗  

3.   If 𝐫⃗ = 𝐱 𝐢̂ + 𝐲 𝐣̂ + 𝐳𝐤̂  and 𝐫 = |𝐫⃗|  then prove that  𝛁(𝐫𝐧) = 𝐧𝐫𝐧−𝟐𝐫⃗.  

Solution: 

Given  𝐫⃗ = 𝐱 𝐢̂ + 𝐲 𝐣̂ + 𝐳𝐤̂ = ∑ 𝐱 𝐢̂ … … (𝟏)   ∴  𝐫 = |𝐫⃗| = √𝐱𝟐 + 𝐲𝟐+ 𝐳𝟐 

∴  𝐫𝟐 = 𝐱𝟐 + 𝐲𝟐+ 𝐳𝟐,   Differentiating partially w. r. t. x  we get  2r 
𝛛𝐫

𝛛𝐱
 = 2x   ∴ 

𝛛𝐫

𝛛𝐱
 = 

𝐱

𝐫
 ,   

Similarly,  we get  
𝛛𝐫

𝛛𝐲
 = 

𝐲

𝐫
   and   

𝛛𝐫

𝛛𝐳
 = 

𝐳

𝐫
 .   Using   𝛁Ø = ∑

𝛛Ø

𝛛𝐱
𝐢̂,   we get, 

𝛁(𝐫𝐧) = ∑
   𝛛𝐫𝐧

𝛛𝐱
𝐢̂ = ∑ 𝐧𝐫𝐧−𝟏 𝛛𝐫

𝛛𝐱
𝐢̂ = 𝐧 ∑ 𝐫𝐧−𝟏 

𝐱

𝐫
𝐢̂ = 𝐧 ∑ 𝐫𝐧−𝟐 𝐱 𝐢̂ = 𝐧𝐫𝐧−𝟐 ∑ 𝐱 𝐢̂ . 

∴    𝛁(𝐫𝐧) = 𝐧𝐫𝐧−𝟐𝐫⃗ 

4.   Find a unit vector normal to the surface 𝐱𝐲𝟑𝐳𝟐 = 𝟒  at the point (−𝟏, −𝟏, 𝟐). 

Solution:           

Let  Ø = 𝐱𝐲𝟑𝐳𝟐 − 𝟒 = 𝟎  ……… (1) 
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Differentiating equation (1) partially w. r. t.  x, y and z we get,      

  𝛛Ø 

𝛛𝐱
= 𝐲𝟑𝐳𝟐,     

  𝛛Ø 

𝛛𝐲
= 𝟑𝐱𝐲𝟐𝐳𝟐,     

  𝛛Ø 

𝛛𝐳
= 𝟐𝐱𝐲𝟑𝐳.  

We have  𝛁Ø =
𝛛Ø 

𝛛𝐱
𝐢̂ +

𝛛Ø 

𝛛𝐲
𝐣̂ +

𝛛Ø 

𝛛𝐳
𝐤̂   

 ∴ 𝛁Ø =  𝐲𝟑𝐳𝟐𝐢̂ + 𝟑𝐱𝐲𝟐𝐳𝟐𝐣̂ + 𝟐𝐱𝐲𝟑𝐳𝐤̂      ∴ 𝛁Ø(−𝟏,−𝟏,𝟐) = −𝟒 𝐢̂ − 𝟏𝟐𝐣̂ + 𝟒 𝐤̂ 

∴ |𝛁Ø| = √(−𝟒)𝟐 + (−𝟏𝟐)𝟐 + 𝟒𝟐 = √𝟏𝟕𝟔 = √𝟏𝟔 ∗ 𝟏𝟏 = 𝟒√𝟏𝟏 

∴  The unit vector normal is   𝐧̂ =
𝛁Ø

|𝛁Ø|
=

−𝟒 𝐢̂−𝟏𝟐𝐣̂+𝟒 𝐤̂

𝟒√𝟏𝟏
=

− 𝐢̂−𝟑𝐣̂+ 𝐤̂

√𝟏𝟏
 . 

5.  Find the angle between the tangent planes to the surfaces   𝐱 𝐥𝐨𝐠 𝐳 = 𝐲𝟐 − 𝟏   and   

     𝐱𝟐𝐲 = 𝟐 − 𝐳  at the point (𝟏,  𝟏,  𝟏) 

Solution:  

Let   Ø𝟏 = 𝐱 𝐥𝐨𝐠 𝐳 −𝐲𝟐 + 𝟏 = 𝟎 …..(1)   and    Ø𝟐 = 𝐱𝟐𝐲 − 𝟐 + 𝐳 = 𝟎 …..(2) 

∴  
 𝛛Ø𝟏

𝛛𝐱
 = 𝐥𝐨𝐠 𝐳,   

 𝛛Ø𝟏

𝛛𝐲
 = −𝟐𝐲,   

 𝛛Ø𝟏

𝛛𝐳
 =

𝐱

𝐳
 ,    

 𝛛Ø𝟐

𝛛𝐱
 = 𝟐𝐱𝐲,    

 𝛛Ø𝟐

𝛛𝐲
 = 𝐱𝟐,   

 𝛛Ø𝟐

𝛛𝐳
 = 𝟏. 

We have   𝛁Ø =
𝛛Ø 

𝛛𝐱
𝐢̂ +

𝛛Ø 

𝛛𝐲
𝐣̂ +

𝛛Ø 

𝛛𝐳
𝐤̂ 

∴  𝛁Ø𝟏 = 𝐥𝐨𝐠 𝐳 𝐢̂ − 𝟐𝐲𝐣̂ +
𝐱

𝐳
𝐤̂  and  𝛁Ø𝟐 = 𝟐𝐱𝐲 𝐢̂ + 𝐱𝟐 𝐣̂ +  𝐤 ̂ 

∴ At  (𝟏,  𝟏,  𝟏),      𝛁Ø𝟏 = 𝟎 𝐢̂ − 𝟐𝐣̂ +  𝐤̂  and  𝛁Ø𝟐 =  𝟐 𝐢̂ +  𝐣̂ +  𝐤 ̂ 

∴ |𝛁Ø𝟏| = √𝟎𝟐 + (−𝟐)𝟐 + 𝟏𝟐 = √𝟓   and  |𝛁Ø𝟐| = √𝟐𝟐 + 𝟏𝟐 + 𝟏𝟐 = √𝟔 

 Let  𝛉  be the angle between the tangent planes of the two surfaces, then  

we have,   𝐜𝐨𝐬 𝛉 =
𝛁Ø𝟏 .𝛁Ø𝟐 

|𝛁Ø𝟏 ||𝛁Ø𝟐 |
    ∴ 𝐜𝐨𝐬 𝛉 =

(𝟎 𝐢̂−𝟐𝐣̂+ 𝐤̂).(𝟐 𝐢̂ + 𝐣̂+ 𝐤 ̂)

√𝟓√𝟔
=

𝟎−𝟐+𝟏

√𝟑𝟎
 = 

−𝟏

√𝟑𝟎
                               

∴  𝛉 = 𝐜𝐨𝐬−𝟏 (
−𝟏

√𝟑𝟎
).   

6. Find the angle between the directions of the normal to the surface 𝒙𝟐𝒚𝒛 = 𝟏 at the points 

(– 𝟏, 𝟏, 𝟏) 𝒂𝒏𝒅 (𝟏, −𝟏, −𝟏). 

Solution:  

Let ∅ = 𝒙𝟐𝒚𝒛 − 𝟏 



6 
 

We have   𝛁∅ =
𝛛∅

𝛛𝐱
𝐢̂ +

𝛛∅

𝛛𝐲
𝐣̂ +

𝛛∅

𝛛𝐳
𝐤̂ 

        𝛁∅ = 𝟐𝒙𝒚𝒛𝒊̂ +  𝒙𝟐𝒛 𝒋̂ +  𝒙𝟐𝒚 𝒌̂ 

i) At  (−𝟏 , 𝟏, 𝟏)  𝛁∅ =  −𝟐𝒊̂ + 𝒋̂ + 𝒌̂ 

|𝛁∅| = √𝟔  

𝐧𝟏̂ =
𝛁∅

|𝛁∅|
=

−𝟐𝐢̂ + 𝐣̂ + 𝐤̂

√𝟔
 

ii) At (𝟏 , − 𝟏, −𝟏)  𝛁∅ =  𝟐𝒊̂ − 𝒋̂ − 𝒌̂ 

|𝛁∅| = √𝟔  

𝐧𝟐̂ =
𝛁∅

|𝛁∅|
=

𝟐𝐢̂ − 𝐣̂ − 𝐤̂

√𝟔
 

𝐜𝐨𝐬 𝜽 = 𝒏𝟏̂  . 𝐧𝟐̂ = 
−𝟐𝐢̂+𝐣̂+𝐤̂

√𝟔
 . 

𝟐𝐢̂−𝐣̂−𝐤̂

√𝟔
 =  -1 

𝜽 = 𝟏𝟖𝟎° =  𝝅 

  

7.   Find the values of a and b such that the surfaces   𝟓𝐱𝟐 − 𝟐𝐲𝐳 − 𝟗𝐳 + 𝟗 = 𝟎 may cut the  

      surface  𝐚𝐱𝟐 + 𝐛𝐲𝟑 = 𝟒  orthogonally at the point (𝟏, −𝟏,  𝟐). 

Solution:         

Let   Ø𝟏 = 𝟓𝐱𝟐 − 𝟐𝐲𝐳 − 𝟗𝐳 + 𝟗 = 𝟎 ……(1)  and  Ø𝟐 = 𝐚𝐱𝟐 + 𝐛𝐲𝟑 − 𝟒 = 𝟎……(2) 

∴   
 𝛛Ø𝟏

𝛛𝐱
 = 𝟏𝟎𝐱,   

 𝛛Ø𝟏

𝛛𝐲
 = −𝟐𝐳,   

𝛛Ø𝟏

𝛛𝐳
 = −𝟐𝐲 − 𝟗,    

 𝛛Ø𝟐

𝛛𝐱
 = 𝟐𝐚𝐱,    

 𝛛Ø𝟐

𝛛𝐲
 = 𝟑𝐛𝐲𝟐,   

 𝛛Ø𝟐

𝛛𝐳
 = 𝟎. 

We have   𝛁Ø =
𝛛Ø 

𝛛𝐱
𝐢̂ +

𝛛Ø 

𝛛𝐲
𝐣̂ +

𝛛Ø 

𝛛𝐳
𝐤̂ 

𝛁Ø𝟏 = 𝟏𝟎𝐱 𝐢̂ − 𝟐𝐳𝐣̂ + (−𝟐𝐲 − 𝟗)𝐤̂    and    𝛁Ø𝟐 = 𝟐𝐚𝐱 𝐢̂ + 𝟑𝐛𝐲𝟐𝐣̂ + 𝟎 𝐤 ̂ 

At  (𝟏, −𝟏,   𝟐),    𝛁Ø𝟏 = 𝟏𝟎 𝐢̂ − 𝟒𝐣̂ − 𝟕 𝐤̂    and    𝛁Ø𝟐 =  𝟐𝐚 𝐢̂ + 𝟑𝐛 𝐣̂ + 𝟎 𝐤 ̂ 

If two surfaces cut orthogonally, then we have,  𝛁Ø𝟏. 𝛁Ø𝟐 = 𝟎  

∴ (𝟏𝟎 𝐢̂ − 𝟒𝐣̂ − 𝟕 𝐤̂) . (𝟐𝐚 𝐢̂ + 𝟑𝐛 𝐣̂ + 𝟎 𝐤 ̂) = 𝟎 

∴  𝟐𝟎𝐚 − 𝟏𝟐𝐛 = 𝟎   ∴ 𝟓𝐚 − 𝟑𝐛 = 𝟎……(3) 

The point (𝟏, −𝟏,  𝟐) lies on the equation (2).    ∴   we get  𝐚 − 𝐛 = 𝟒..…… (4) 
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Solving equations (3) and (4), we get  𝐚 = −𝟔 𝐚𝐧𝐝 𝐛 = −𝟏𝟎. 

 

HOME WORK: 

1.  If  𝐟 = 𝟑𝐱𝟐𝐲 − 𝐲𝟑𝐳𝟐    find   𝛁𝐟 and |𝛁𝐟|  at (𝟏, −𝟐, −𝟏) 

2.  Find a unit vector normal to the surface  𝐱𝐲 + 𝐲𝐳 + 𝐳𝐱 = 𝐜  at the point (−𝟏, 𝟐, 𝟑). 

3.  Find a unit vector normal to the surface  𝐱𝟑 + 𝐲𝟑 + 𝟑𝐱𝐲𝐳 = 𝟑  at the point (𝟏, 𝟐, −𝟏). 

4.  Find the angle between the surfaces  𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟗  and  𝐳 = 𝐱𝟐 + 𝐲𝟐 − 𝟑  at the  

    point 𝐏(𝟐, −𝟏, 𝟐). 

5.  Find the constants a and b such that the surface 𝐚𝐱𝟐 − 𝐛𝐲𝐳 = (𝐚 + 𝟐)𝐱  will be  

     orthogonal  to the Surface   𝟒𝐱𝟐𝐲 + 𝐳𝟑 = 𝟒  at the point (𝟏, −𝟏, 𝟐). 

 

Directional derivatives: 

Definition:   

   If  Ø(𝐱, 𝐲, 𝐳)  is any scalar point function and 𝐝 is a given direction, then  𝛁Ø. 𝐧̂,   

where  𝐧̂ =
 𝐝⃗⃗⃗⃗

|𝐝 ⃗⃗⃗⃗ |
,    𝐢s called  the directional derivative of  Ø  along  𝐝. 

Note: 

 The directional derivative of a scalar function Ø at any point is maximum along   𝛁Ø  and 

its maximum value is equal to |𝜵Ø |. 

 

 

Problems:  

1. Find the directional derivative of   Ø = 𝒙𝟐𝒚𝒛 + 𝟒𝒙𝒛𝟐   at the point  (𝟏, −𝟐, 𝟏) in the  

   direction of the vector  𝟐𝒊̂ −  𝒋̂ − 𝟐𝒌̂. 

Solution:        
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Given  Ø = 𝒙𝟐𝒚𝒛 + 𝟒𝒙𝒛𝟐     ∴   
𝝏Ø 

𝝏𝒙
= 𝟐𝒙𝒚𝒛 + 𝟒𝒛𝟐,    

𝝏Ø 

𝝏𝒚
= 𝒙𝟐𝒛,    

𝝏Ø 

𝝏𝒛
= 𝒙𝟐𝒚 + 𝟖𝒙𝒛. 

 We have  𝜵Ø =
𝝏Ø 

𝝏𝒙
𝒊̂ +

𝝏Ø 

𝝏𝒚
𝒋̂ +

𝝏Ø 

𝝏𝒛
𝒌̂ 

∴ 𝜵Ø =  (𝟐𝒙𝒚𝒛 + 𝟒𝒛𝟐)𝒊̂ + (𝒙𝟐𝒛)𝒋̂ + (𝒙𝟐𝒚 + 𝟖𝒙𝒛)𝒌̂       ∴  𝜵Ø(𝟏,  −𝟐,   𝟏) = 𝟎 𝒊̂ + 𝒋̂ + 𝟔 𝒌̂  

Let  𝒅⃗⃗⃗ = 𝟐𝒊̂ −  𝒋̂ − 𝟐𝒌̂.     ∴  |𝒅⃗⃗⃗| = √(𝟐)𝟐 + (−𝟏)𝟐 + (−𝟐)𝟐 = √𝟗 = 𝟑 

∴   𝒏̂ =
 𝒅⃗⃗⃗⃗

|𝒅 ⃗⃗⃗⃗ |
= 

𝟐𝒊̂− 𝒋̂−𝟐𝒌̂

𝟑
 

∴   The directional derivative of Ø  in the direction of 𝒅⃗⃗⃗ is  

    𝜵Ø.  𝒏̂ = (𝟎 𝒊̂ + 𝒋̂ + 𝟔 𝒌̂) . (
𝟐𝒊̂− 𝒋̂−𝟐𝒌̂

𝟑
) =

𝟎−𝟏−𝟏𝟐

    𝟑
 =

−𝟏𝟑

    𝟑
 . 

2.  Find the directional derivative of   Ø = 𝒙𝒚𝟐 + 𝒚𝒛𝟑 at the point (𝟐, −𝟏,   𝟏) in the 

direction of the of the normal to the surface  𝒙 𝒍𝒐𝒈 𝒛 − 𝒚𝟐 = −𝟒  at  (−𝟏, 𝟐, 𝟏) 

Solution:    

Given   Ø = 𝒙𝒚𝟐 + 𝒚𝒛𝟑    ∴   
𝝏Ø 

𝝏𝒙
= 𝒚𝟐,    

𝝏Ø 

𝝏𝒚
= 𝟐𝒙𝒚 + 𝒛𝟑,    

𝝏Ø 

𝝏𝒛
= 𝟑𝒚𝒛𝟐. 

We have      𝜵Ø =
 𝝏Ø 

𝝏𝒙
𝒊̂ +

 𝝏Ø 

𝝏𝒚
𝒋̂ +

 𝝏Ø 

𝝏𝒛
𝒌̂ 

∴   𝜵Ø =  𝒚𝟐𝒊̂ + (𝟐𝒙𝒚 + 𝒛𝟑)𝒋̂ + 𝟑𝒚𝒛𝟐𝒌̂      ∴   𝜵Ø(𝟐,−𝟏,   𝟏) = 𝒊̂ − 𝟑𝒋̂ − 𝟑𝒌̂ 

Let the given surface be     𝜳 = 𝒙 𝒍𝒐𝒈 𝒛 − 𝒚𝟐 + 𝟒 = 𝟎   ∴  
𝝏𝜳

𝝏𝒙
= 𝒍𝒐𝒈 𝒛,   

𝝏𝜳

𝝏𝒚
= −𝟐𝒚,   

𝝏𝜳

𝝏𝒛
= 

𝒙

𝒛
 

We have   𝜵𝜳 =
𝝏𝜳

𝝏𝒙
𝒊̂ +

𝝏𝜳

𝝏𝒚
𝒋̂ +

𝝏𝜳

𝝏𝒛
𝒌̂ 

∴   𝜵𝜳 =  𝒍𝒐𝒈 𝒛 𝒊̂ − 𝟐𝒚𝒋̂ +
𝒙

𝒛
𝒌̂     ∴   𝜵𝜳(−𝟏,   𝟐,   𝟏) =  𝟎 𝒊̂ − 𝟒𝒋̂ −  𝒌̂  

∴   The normal to the 𝒔𝒖𝒓𝒇𝒂𝒄𝒆  𝜳  𝒊𝒔  𝜵𝜳 = −𝟒𝒋̂ −  𝒌̂. 

∴    Let  𝒅⃗⃗⃗ = 𝜵𝜳 = −𝟒𝒋̂ −  𝒌̂.      ∴   |𝒅⃗⃗⃗| = √(−𝟒)𝟐 + (−𝟏)𝟐 = √𝟏𝟕    ∴ 𝒏̂ =
 𝒅⃗⃗⃗⃗

|𝒅 ⃗⃗⃗⃗ |
= 

−𝟒𝒋̂− 𝒌̂

√𝟏𝟕
 

∴   The directional derivative of Ø  in the direction of 𝒅⃗⃗⃗ is  

     𝜵Ø.  𝒏̂ = (𝒊̂ − 𝟑𝒋̂ − 𝟑𝒌̂) . (
−𝟒𝒋̂− 𝒌̂

√𝟏𝟕
) =

𝟎+𝟏𝟐+𝟑

√𝟏𝟕
 =

𝟏𝟓

√𝟏𝟕
 

3.  Find the directional derivative of 𝒇 = 𝒙𝟐 − 𝒚𝟐 + 𝟐𝒛𝟐 at the point  𝑷(𝟏,  𝟐,  𝟑) in the  
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     direction of the line PQ where Q is the point  (𝟓,  𝟎,  𝟒).  Also calculate the magnitude of  

     the maximum directional derivative. 

Solution:  

Given  𝒇 = 𝒙𝟐 − 𝒚𝟐 + 𝟐𝒛𝟐     ∴    
𝝏𝒇

𝝏𝒙
= 𝟐𝒙,   

𝝏𝒇

𝝏𝒚
= −𝟐𝒚,   

𝝏𝒇

𝝏𝒛
= 𝟒𝒛 

We have      𝜵𝒇 =
𝝏𝒇

𝝏𝒙
𝒊̂ +

𝝏 𝒇

𝝏𝒚
𝒋̂ +

𝛛𝒇

𝝏𝒛
𝒌̂ 

∴  𝜵𝒇 = 𝟐𝒙 𝒊̂ − 𝟐𝒚 𝒋̂ + 𝟒𝒛 𝒌̂      ∴  𝜵𝒇(𝟏,   𝟐,   𝟑) =  𝟐 − 𝟒𝒋̂ + 𝟏𝟐𝒌̂ 

Given 𝑷 = (𝟏,  𝟐,  𝟑) and  Q = (𝟓,  𝟎,  𝟒) 

∴  𝑷𝑸⃗⃗⃗⃗⃗⃗ ⃗ = 𝑶𝑸⃗⃗⃗⃗ ⃗⃗⃗ − 𝑶𝑷⃗⃗⃗⃗⃗⃗ ⃗ = (𝟓 𝒊̂ + 𝟎 𝒋̂ + 𝟒 𝒌̂) − (𝒊̂ + 𝟐𝒋̂ + 𝟑 𝒌̂) = 𝟒 𝒊̂ − 𝟐𝒋̂ +  𝒌̂ 

Now take   𝒅⃗⃗⃗ = 𝑷𝑸⃗⃗⃗⃗⃗⃗ ⃗ = 𝟒 𝒊̂ − 𝟐𝒋̂ +  𝒌̂        ∴     |𝒅⃗⃗⃗| = √(𝟒)𝟐 + (−𝟐)𝟐 + (𝟏)𝟐 = √𝟐𝟏   

∴    𝒏̂ =
 𝒅⃗⃗⃗⃗

|𝒅 ⃗⃗⃗⃗ |
= 

𝟒 𝒊̂−𝟐𝒋̂+ 𝒌̂

√𝟐𝟏
 

∴    The directional derivative of  f  along  𝒅⃗⃗⃗ = 𝑷𝑸⃗⃗⃗⃗⃗⃗ ⃗  is 

 𝜵𝒇.  𝒏̂ = (𝟐 𝒊̂ − 𝟒 𝒋̂ + 𝟏𝟐 𝒌̂).
(𝟒 𝒊̂−𝟐𝒋̂+ 𝒌̂)

√𝟐𝟏
= 

(𝟖+𝟖+𝟏𝟐)

√𝟐𝟏
=

𝟐𝟖

√𝟐𝟏
 

∴  The magnitude of the maximum directional derivative is 

   |𝜵𝒇| = √(𝟐)𝟐 + (−𝟒)𝟐 + (𝟏𝟐)𝟐 = √𝟏𝟔𝟒 

HOME WORK: 

1.  Find the directional derivative of 𝒇 = 𝒙𝒚𝟑 + 𝒚𝒛𝟑 at the point (𝟐, −𝟏, 𝟏) in the direction   

of  the vector  𝒊̂  + 𝟐 𝒋̂  + 𝟐 𝒌̂.       

Divergence of a vector function: 

Definition: 

  If  𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐 𝒋̂ + 𝑭𝟑𝒌̂  is a vector function differentiable at each point (𝒙, 𝒚, 𝒛), 

then the divergence of  𝑭⃗⃗⃗ is denoted by 𝒅𝒊𝒗𝑭⃗⃗⃗  𝒐𝒓  𝜵 · 𝑭⃗⃗⃗  and is defined by   

 𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝜵 · 𝑭⃗⃗⃗ = (
𝝏

𝝏𝒙
𝒊̂ +

𝝏 

𝝏𝒚
𝒋̂ +

𝝏

𝝏𝒛
𝒌̂) . (𝑭𝟏𝒊̂ + 𝑭𝟐 𝒋̂ + 𝑭𝟑𝒌̂) =

 𝝏𝑭𝟏

𝝏𝒙
 +

 𝝏𝑭𝟐

𝝏𝒚
+

 𝝏𝑭𝟑

𝝏𝒛
 .  

∴  𝒅𝒊𝒗𝑭⃗⃗⃗ = ∑
  𝝏𝑭𝟏

𝝏𝒙
.   Here 𝒅𝒊𝒗𝑭⃗⃗⃗ is a scalar quantity.  



10 
 

Curl of a vector function: 

Definition:  

    If  𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐𝒋̂  + 𝑭𝟑𝒌̂  is any vector function differentiable at each point (𝒙, 𝒚, 𝒛),  

then curl of 𝑭⃗⃗⃗ is denoted by curl𝑭⃗⃗⃗ = 𝜵𝑿𝑭⃗⃗⃗ and is defined by  

curl𝑭⃗⃗⃗ = 𝜵𝑿𝑭⃗⃗⃗ = |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑭𝟏 𝑭𝟐 𝑭𝟑

| = (
𝝏𝑭𝟑

𝝏𝒚
−

𝝏𝑭𝟐

𝝏𝒛
) 𝒊̂ − (

𝝏𝑭𝟑

𝝏𝒙
−

𝝏𝑭𝟏

𝝏𝒛
) 𝒋̂ + (

𝝏𝑭𝟐

𝝏𝒙
−

𝝏𝑭𝟏

𝝏𝒚
) 𝒌̂ 

∴  curl𝑭⃗⃗⃗ = ∑ (
  𝝏𝑭𝟑

𝝏𝒚
−

  𝝏𝑭𝟐

𝝏𝒛
) 𝒊̂.      Here curl𝑭⃗⃗⃗ is a vector quantity.  

Physical Interpretation of Divergence and Curl: 

The divergence of a vector field represents the out flow rate from a point.However the curl 

of a vector field represents the rotation at a point. 

 

Problems:  

1.  Evaluate divergence of   𝟐𝒙𝟐𝒛 𝒊̂ − 𝒙𝒚𝟐𝒛 𝒋̂ + 𝟑𝒚𝒛𝟐𝒌̂ at the point (𝟏, 𝟏, 𝟏). 

Solution:     

Let    𝑭⃗⃗⃗ = 𝟐𝒙𝟐𝒛 𝒊̂ − 𝒙𝒚𝟐𝒛 𝒋̂ + 𝟑𝒚𝒛𝟐𝒌̂.    i.e., 𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐𝒋̂ + 𝑭𝟑𝒌̂   

Where   𝑭𝟏 = 𝟐𝒙𝟐𝒛,     𝑭𝟐 = −𝒙𝒚𝟐𝒛,     𝑭𝟑 = 𝟑𝒚𝒛𝟐. 

𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝜵 · 𝑭⃗⃗⃗ =
 𝝏𝑭𝟏

𝝏𝒙
 +

 𝝏𝑭𝟐

𝝏𝒚
+

 𝝏𝑭𝟑

𝝏𝒛
 =

 𝝏

𝝏𝒙
(𝟐𝒙𝟐𝒛) +

 𝝏

𝝏𝒚
(−𝒙𝒚𝟐𝒛) +

 𝝏

𝝏𝒛
(𝟑𝒚𝒛𝟐) 

∴    𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝟒𝒙𝒛 − 𝟐𝒙𝒚𝒛 + 𝟔𝒚𝒛.             ∴       𝒅𝒊𝒗𝑭⃗⃗⃗(𝟏,𝟏,𝟏) = 𝟒 − 𝟐 + 𝟔 = 𝟖. 

 

2.  Evaluate curl 𝑭⃗⃗⃗⃗  at the point (𝟏,  𝟐,  𝟑) given 𝑭⃗⃗⃗ = 𝒙𝟐𝒚𝒛  𝒊̂ + 𝒙𝒚𝟐𝒛 𝒋̂ + 𝒙𝒚𝒛𝟐𝒌.̂ 

Solution:  

Given 𝑭⃗⃗⃗ = 𝒙𝟐𝒚𝒛  𝒊̂ + 𝒙𝒚𝟐𝒛 𝒋̂ + 𝒙𝒚𝒛𝟐𝒌̂.      i.e., 𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐𝒋̂ + 𝑭𝟑𝒌̂ 

Where   𝑭𝟏 = 𝒙𝟐𝒚𝒛,     𝑭𝟐 = 𝐱𝒚𝟐𝒛,     𝑭𝟑 = 𝒙𝒚𝒛𝟐. 
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∴ c𝒖𝒓𝒍𝑭⃗⃗⃗ = 𝜵𝑿𝑭⃗⃗⃗ = |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑭𝟏 𝑭𝟐 𝑭𝟑

| = |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝒙𝟐𝒚𝒛 𝒙𝒚𝟐𝒛 𝒙𝒚𝒛𝟐

| 

= (
𝝏  

𝝏𝒚
(𝒙𝒚𝒛𝟐) −

𝝏

𝝏𝒛
(𝒙𝒚𝟐𝒛)) 𝒊̂ − (

𝝏

𝝏𝒙
(𝒙𝒚𝒛𝟐) −

𝝏

𝝏𝒛
(𝒙𝟐𝒚𝒛)) 𝒋̂ + (

𝝏

𝝏𝒙
(𝒙𝒚𝟐𝒛) −

𝝏

𝝏𝒚
(𝒙𝟐𝒚𝒛)) 𝒌̂  

 =  (𝒙𝒛𝟐 − 𝒙𝒚𝟐)𝒊̂ − (𝒚𝒛𝟐 − 𝒙𝟐𝒚)𝒋̂ + (𝒚𝟐𝒛 − 𝒙𝟐𝒛)𝒌 ̂ 

∴ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗(𝟏,𝟐,𝟑) = 𝟓 𝒊̂ − 𝟏𝟔𝒋̂ + 𝟗 𝒌̂. 

3.  Evaluate div 𝑭⃗⃗⃗⃗   and curl 𝑭⃗⃗⃗⃗  at the point (𝟏, 𝟐, 𝟑) where 

     𝑭⃗⃗⃗ = 𝒈𝒓𝒂𝒅(𝒙𝟑𝒚 + 𝒚𝟑𝒛 + 𝒛𝟑𝒙 − 𝒙𝟐𝒚𝟐𝒛𝟐) 

Solution:     

Let    Ø = 𝒙𝟑𝒚 + 𝒚𝟑𝒛 + 𝒛𝟑𝒙 − 𝒙𝟐𝒚𝟐𝒛𝟐,  then  𝑭⃗⃗⃗ = 𝒈𝒓𝒂𝒅Ø =
𝝏Ø

𝝏𝒙
𝒊̂ +

𝝏 Ø

𝝏𝒚
𝒋̂ +

𝝏Ø

𝝏𝒛
𝒌̂ 

∴    𝑭⃗⃗⃗ = (𝟑𝒙𝟐𝒚 + 𝒛𝟑 − 𝟐𝒙𝒚𝟐𝒛𝟐)𝒊̂ + (𝒙𝟑 + 𝟑𝒚𝟐𝒛 − 𝟐𝒚𝒙𝟐𝒛𝟐)𝒋̂ + (𝒚𝟑 + 𝟑𝒛𝟐𝒙 − 𝟐𝒛𝒙𝟐𝒚𝟐)𝒌̂ 

i.e.,   𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐 𝒋̂ + 𝑭𝟑𝒌.̂          Where   𝑭𝟏 = 𝟑𝒙𝟐𝒚 + 𝒛𝟑 − 𝟐𝒙𝒚𝟐𝒛𝟐,      

𝑭𝟐 = 𝒙𝟑 + 𝟑𝒚𝟐𝒛 − 𝟐𝒚𝒙𝟐𝒛𝟐,     𝑭𝟑 = 𝒚𝟑 + 𝟑𝒛𝟐𝒙 − 𝟐𝒛𝒙𝟐𝒚𝟐. 

Now    𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝜵 · 𝑭⃗⃗⃗ = 
 𝝏𝑭𝟏

𝝏𝒙
 +

 𝝏𝑭𝟐

𝝏𝒚
+

 𝝏𝑭𝟑

𝝏𝒛
  

=
𝝏

𝝏𝒙
(𝟑𝒙𝟐𝒚 + 𝒛𝟑 − 𝟐𝒙𝒚𝟐𝒛𝟐) +

𝝏 

𝝏𝒚
(𝒙𝟑 + 𝟑𝒚𝟐𝒛 − 𝟐𝒚𝒙𝟐𝒛𝟐) +

𝝏

𝝏𝒛
 (𝒚𝟑 + 𝟑𝒛𝟐𝒙 − 𝟐𝒛𝒙𝟐𝒚𝟐) 

 = (𝟔𝒙𝒚 − 𝟐𝒚𝟐𝒛𝟐) + (𝟔𝒚𝒛 − 𝟐𝒙𝟐𝒛𝟐) + (𝟔𝒙𝒛 − 𝟐𝒙𝟐𝒚𝟐) 

 ∴  𝒅𝒊𝒗 𝑭 ⃗⃗⃗⃗ ⃗
(𝟏,   𝟐,   𝟑) = 𝟏𝟐 − 𝟕𝟐 + 𝟑𝟔 − 𝟏𝟖 + 𝟏𝟖 − 𝟖 = −𝟑𝟐. 

Now, 

𝑪𝒖𝒓𝒍 𝑭 ⃗⃗⃗⃗ ⃗ = ||

𝒊̂  𝒋̂  𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

(𝟑𝒙𝟐𝒚 + 𝒛𝟑 − 𝟐𝒙𝒚𝟐𝒛𝟐) (𝒙𝟑 + 𝟑𝐲𝟐𝒛 − 𝟐𝒚𝒙𝟐𝒛𝟐) (𝒚𝟑 + 𝟑𝒛𝟐𝒙 − 𝟐𝒛𝒙𝟐𝒚𝟐)

|| 

= 𝒊̂ [
𝝏

𝝏𝒚
(𝒚𝟑 + 𝟑𝒛𝟐𝒙 − 𝟐𝒛𝒙𝟐𝒚𝟐) −

𝝏

𝝏𝒛
(𝒙𝟑 + 𝟑𝒚𝟐𝒛 − 𝟐𝒚𝒙𝟐𝒛𝟐)] 
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                                           −𝒋̂ [
𝝏

𝝏𝒙
(𝒚𝟑 + 𝟑𝒛𝟐𝒙 − 𝟐𝒛𝒙𝟐𝒚𝟐) −

𝝏

𝝏𝒛
(𝟑𝒙𝟐𝒚 + 𝒛𝟑 − 𝟐𝒙𝒚𝟐𝒛𝟐)] 

                                                      +𝒌̂ [
𝝏

𝝏𝒙
(𝒙𝟑 + 𝟑𝒚𝟐𝒛 − 𝟐𝒚𝒙𝟐𝒛𝟐 ) −

𝝏

𝝏𝒚
(𝟑𝒙𝟐𝒚 + 𝒛𝟑 − 𝟐𝒙𝒚𝟐𝒛𝟐)] 

 = [(𝟑𝒚𝟐 − 𝟒𝒛𝒙𝟐𝒚) − (𝟑𝒚𝟐 − 𝟒𝒚𝒙𝟐𝒛)]𝒊̂ − [(𝟑𝒛𝟐 − 𝟒𝒙𝒛𝒚𝟐) − (𝟑𝒛𝟐 − 𝟒𝒙𝒛𝒚𝟐)]𝒋̂   

                                                                               +[(𝟑𝒙𝟐 − 𝟒𝒚𝒙𝒛𝟐) − (𝟑𝒙𝟐 − 𝟒𝒙𝒚𝒛𝟐)]𝒌̂ 

∴     𝑪𝒖𝒓𝒍 𝑭 ⃗⃗⃗⃗ ⃗
(𝟏,𝟐,𝟑) = 𝟎.   

 

4.   Find curl(curl) of 𝑨⃗⃗⃗ = 𝒙𝟐𝒚 𝒊̂ − 𝟐𝒙𝒛 𝒋̂ + 𝟐𝒚𝒛𝒌̂  at the point (𝟏, 𝟎, 𝟐)  

Solution:      

Given     𝑨⃗⃗⃗ = 𝒙𝟐𝒚 𝒊̂ − 𝟐𝒙𝒛 𝒋̂ + 𝟐𝒚𝒛𝒌̂       i.e.,  𝑨⃗⃗⃗ = 𝑨𝟏𝒊̂ + 𝑨𝟐 𝒋̂ + 𝑨𝟑𝒌.̂ 

Where   𝑨𝟏 = 𝒙𝟐𝒚,     𝑨𝟐 = −𝟐𝒙𝒛,    𝑨𝟑 = 𝟐𝒚𝒛. 

We have, Curl𝑨⃗⃗⃗ = 𝜵𝑿𝑨⃗⃗⃗ = |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑨𝟏 𝑨𝟐 𝑨𝟑

| = |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝒙𝟐𝒚 −𝟐𝒙𝒛 𝟐𝒚𝒛

| 

∴    Curl𝑨⃗⃗⃗ = 𝒊̂ (
𝝏 

𝝏𝒚
(𝟐𝒚𝒛) −

𝝏

𝝏𝒛
(−𝟐𝒙𝒛)) − 𝒋̂ (

𝝏 

𝝏𝒙
(𝟐𝒚𝒛) −

𝝏

𝝏𝒛
(𝒙𝟐𝒚)) + 𝒌̂ (

𝝏

𝝏𝒙
(−𝟐𝒙𝒛) −

𝝏

𝝏𝒚
(𝒙𝟐𝒚))    

∴      𝒄𝒖𝒓𝒍𝑨⃗⃗⃗ = (𝟐𝒛 + 𝟐𝒙)𝒊̂ − (𝟎 − 𝟎)𝒋̂ + (−𝟐𝒛 − 𝒙𝟐)𝒌̂  

∴     𝒄𝒖𝒓𝒍(𝒄𝒖𝒓𝒍𝑨⃗⃗⃗) = |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝟐𝒛 + 𝟐𝒙 𝟎 −𝟐𝒛 − 𝒙𝟐

|  

∴ 𝒄𝒖𝒓𝒍(𝒄𝒖𝒓𝒍𝑨⃗⃗⃗) = 𝒊̂(𝟎 − 𝟎) − 𝒋̂(−𝟐𝒙 − 𝟐) + 𝒌 ̂(𝟎 − 𝟎) = 𝟐(𝒙 + 𝟏) 𝒋̂       

∴  𝒄𝒖𝒓𝒍(𝒄𝒖𝒓𝒍𝑨⃗⃗⃗)(𝟏,𝟎,𝟐) = 𝟒𝒋̂       

 

 

HOME WORK: 

1. Find the divergence and curl of the vector 𝑽⃗⃗⃗ = (𝒙𝒚𝒛)𝒊̂ + (𝟑𝒙𝟐𝒚)𝒋̂ + (𝒙𝒛𝟐 − 𝒚𝟐𝒛)𝒌̂  at the  

     point (𝟐, −𝟏, 𝟏). 
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2.  Evaluate div 𝑭⃗⃗⃗⃗   and curl 𝑭⃗⃗⃗⃗    at the point  (𝟏, 𝟐, 𝟑)  given  𝑭⃗⃗⃗⃗  = 𝟑𝒙𝟐 𝒊̂  + 𝟓𝒙𝒚𝟐 𝒋̂  + 𝟓𝒙𝒚𝒛𝟑 𝒌̂. 

3.  If  𝑭⃗⃗⃗= (𝒙 + 𝒚 + 𝟏)𝒊 + 𝒋 − (𝒙 + 𝒚)𝒌  show that  𝑭⃗⃗⃗. 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ = 𝟎. 

4.  Evaluate curl of   𝟐𝒙𝟐𝒛 𝒊̂  − 𝒙𝒚𝟐𝒛 𝒋̂  + 𝟑𝒚𝒛𝟐 𝒌̂   at the point (𝟏, 𝟏, 𝟏). 

5.  Evaluate   div 𝑭⃗⃗⃗⃗   and curl 𝑭⃗⃗⃗⃗   where  𝑭⃗⃗⃗⃗   = 𝒈𝒓𝒂𝒅[𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 − 𝟑𝒙𝒚𝒛]. 

6.  Find  curl(grand Ø),  given Ø = x2 + y2 – z. 

7.  If  𝑭⃗⃗⃗ = (𝒙 + 𝒚 + 𝒛)𝒊̂ + 𝒋̂  − (𝒙 + 𝒚)𝒌̂  then show that  𝑭.⃗⃗⃗⃗⃗ 𝒄𝒖𝒓𝒍 𝑭⃗⃗⃗⃗ = 𝟐 − 𝒛 

Solenoidal vectors:  

Definition:  

    A vector point function  𝑭⃗⃗⃗  is said to be solenoidal vector point function if  𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝟎 

Irrotational vector field or conservative force field: 

 Definition:  

   A vector field  𝑭⃗⃗⃗ is said to be Irrotational vector field if  curl𝑭⃗⃗⃗ = 𝟎 

Irrotational vector field is also known as conservative force field or potential field. 

Problems:  

1.  Show that 𝑭⃗⃗⃗ = 𝟑𝒚𝟒𝒛𝟐 𝒊̂ + 𝟒𝒙𝟑𝒛𝟐𝒋̂ + 𝟑𝒙𝟐𝒚𝟐𝒌̂  is solenoidal. 

Solution:  

Given,   𝑭⃗⃗⃗ = 𝟑𝒚𝟒𝒛𝟐𝒊̂ + 𝟒𝒙𝟑𝒛𝟐𝒋̂ + 𝟑𝒙𝟐𝒚𝟐𝒌̂ 

i.e.,  𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐𝒋̂ + 𝑭𝟑𝒌.̂   Where   𝑭𝟏 = 𝟑𝒚𝟒𝒛𝟐,   𝑭𝟐 = 𝟒𝒙𝟑𝒛𝟐,   𝑭𝟑 = 𝟑𝒙𝟐𝒚𝟐. 

We have 𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝜵 · 𝑭⃗⃗⃗ = 
 𝝏𝑭𝟏

𝝏𝒙
 +

 𝝏𝑭𝟐

𝝏𝒚
+

 𝝏𝑭𝟑

𝝏𝒛
  

∴ 𝒅𝒊𝒗𝑭⃗⃗⃗ =
𝝏

𝝏𝒙
(𝟑𝒚𝟒𝒛𝟐) +

𝝏

𝝏𝒚
(𝟒𝒙𝟑𝒛𝟐) +

𝝏

𝝏𝒛
 (𝟑𝒙𝟐𝒚𝟐) = 𝟎 + 𝟎 + 𝟎 = 𝟎. 

∴   Hence 𝑭⃗⃗⃗  is solenoidal.  

2.  Prove that 𝑨⃗⃗⃗ = (𝟔𝒙𝒚 + 𝒛𝟑)𝒊̂ + (𝟑𝒙𝟐 − 𝒛)𝒋̂ + (𝟑𝒙𝒛𝟐 − 𝒚)𝒌̂ is irrotational and find a 

scalar function  𝒇(𝒙, 𝒚, 𝒛) such that  𝑨⃗⃗⃗ = 𝜵𝒇 . 

Solution:    
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Given  𝑨⃗⃗⃗ = (𝟔𝒙𝒚 + 𝒛𝟑)𝒊̂ + (𝟑𝒙𝟐 − 𝒛)𝒋̂ + (𝟑𝒙𝒛𝟐 − 𝒚)𝒌̂.   i.e.,  𝑨⃗⃗⃗ = 𝑨𝟏𝒊̂ + 𝑨𝟐 𝒋̂ + 𝑨𝟑𝒌.̂ 

Where   𝑨𝟏 = 𝟔𝒙𝒚 + 𝒛𝟑,     𝑨𝟐 = 𝟑𝒙𝟐 − 𝒛,    𝑨𝟑 = 𝟑𝒙𝒛𝟐 − 𝒚. 

We have  𝜵 × 𝑨⃗⃗⃗ = |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑨𝟏 𝑨𝟐 𝑨𝟑

| = |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝟔𝒙𝒚 + 𝒛𝟑 𝟑𝒙𝟐 − 𝒛 𝟑𝒙𝒛𝟐 − 𝒚

| 

∴    𝜵 × 𝑨⃗⃗⃗ = 𝒊̂(−𝟏 + 𝟏) − 𝒋̂(𝟑𝒛𝟐 − 𝟑𝒛𝟐) + 𝒌̂(𝟔𝒙 − 𝟔𝒙) = 𝒊̂(𝟎) − 𝒋̂(𝟎) +  𝒌̂(𝟎) = 𝟎. 

∴      𝑨⃗⃗⃗ 𝒊𝒔 𝒊𝒓𝒓𝒐𝒕𝒂𝒕𝒊𝒐𝒏𝒂𝒍.    

Now given  𝑨⃗⃗⃗ = 𝜵𝒇 

∴  (𝟔𝒙𝒚 + 𝒛𝟑)𝒊̂ + (𝟑𝒙𝟐 − 𝐳)𝒋̂ + (𝟑𝒙𝒛𝟐 − 𝒚)𝒌̂ =
𝝏𝒇

𝝏𝒙
𝒊̂ +

𝝏 𝒇

𝝏𝒚
𝒋̂ +

𝝏𝒇

𝝏𝒛
𝒌̂.  

Comparing on both sides we get, 

 
 𝝏𝒇

𝝏𝒙
= 𝟔𝒙𝒚 + 𝒛𝟑……(1),      

 𝝏𝒇

 𝝏𝒚
= 𝟑𝒙𝟐 − 𝒛……(2),      

𝝏𝒇

𝝏𝒛
= 𝟑𝒙𝒛𝟐 − 𝒚……(3). 

Integrating (1) w. r. t. x  by treating y and z as constants we get,  

𝒇 = 𝟑𝒙𝟐𝒚 + 𝒙𝒛𝟑 + 𝒇𝟏(𝒚, 𝒛)……..(4)  

Integrating (2) w. r. t. y  by treating x and z as constants we get, 

𝒇 = 𝟑𝒙𝟐𝒚 − 𝒚𝒛 + 𝒇𝟐(𝒙, 𝒛)……..(5)  

Integrating (3) w. r. t. y  by treating x and y as constants we get,  

𝒇 = 𝒙𝒛𝟑 − 𝒚𝒛 + 𝒇𝟑(𝒙, 𝒚)……….(6)  

Using (4),  (5) and  (6), we write  

𝒇 = 𝟑𝒙𝟐𝒚 + 𝒙𝒛𝟑 − 𝒚𝒛  

3.  If 𝑨⃗⃗⃗ = (𝒙 + 𝒚 + 𝒂𝒛)𝒊̂ + (𝒃𝒙 + 𝟐𝒚 − 𝒛)𝒋̂  + (𝒙 + 𝒄𝒚 + 𝟐𝒛)𝒌̂  find a and b such that  

     curl 𝑨⃗⃗⃗⃗ = 𝟎 (i.e.,  𝑨⃗⃗⃗ is irrotational). 

Solution:     

Given   𝑨⃗⃗⃗ = (𝒙 + 𝒚 + 𝒂𝒛)𝒊̂ + (𝒃𝒙 + 𝟐𝒚 − 𝒛)𝒋̂  + (𝒙 + 𝒄𝒚 + 𝟐𝒛)𝒌̂ 

i.e.,  𝑨⃗⃗⃗ = 𝑨𝟏𝒊̂ + 𝑨𝟐 𝒋̂ + 𝑨𝟑𝒌.̂  
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Where   𝑨𝟏 = 𝒙 + 𝒚 + 𝒂𝒛,      𝑨𝟐 = 𝒃𝒙 + 𝟐𝒚 − 𝒛,      𝑨𝟑 = 𝒙 + 𝒄𝒚 + 𝟐𝒛.  

Given 𝒄𝒖𝒓𝒍 𝑨⃗⃗⃗ = 𝟎.          i.e.,   𝑨⃗⃗⃗ is irrotational.       ∴   |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑨𝟏 𝑨𝟐 𝑨𝟑

| = 𝟎  

 ∴    |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝒙 + 𝒚 + 𝒂𝒛 𝒃𝒙 + 𝟐𝒚 − 𝒛 𝒙 + 𝒄𝒚 + 𝟐𝒛  

| = 𝟎  

∴      𝒊̂ [
𝝏

𝝏𝒚
(𝒙 + 𝒄𝒚 + 𝟐𝒛) −

𝝏

𝝏𝒛
(𝒃𝒙 + 𝟐𝒚 − 𝒛 )] − 𝒋̂ [

𝝏

𝝏𝒙
(𝒙 + 𝒄𝒚 + 𝟐𝒛) −

𝝏

𝝏𝒛
(𝒙 + 𝒚 + 𝒂𝒛)] 

                                                                        + 𝒌̂ [
𝝏

𝝏𝒙
(𝒃𝒙 + 𝟐𝒚 − 𝒛  ) −

𝝏  

𝝏𝒚
(𝒙 + 𝒚 + 𝒂𝒛)] = 𝟎 

 ∴     [𝒄 − (−𝟏)]𝒊̂ − [𝟏 − 𝒂]𝒋̂ + [𝒃 − 𝟏]𝒌̂ = 𝟎 = 𝟎𝒊̂ + 𝟎𝒋̂ + 𝟎𝒌̂ 

 ∴     𝒄 + 𝟏 = 𝟎,      𝒂 − 𝟏 = 𝟎   𝒂𝒏𝒅   𝒃 − 𝟏 = 𝟎 

 ∴     𝒂 = 𝟏,     𝒃 = 𝟏    𝒂𝒏𝒅   𝒄 = −𝟏. 

 

HOME WORK: 

1.  Show that  the vector  ( - x2 + yz ) 𝒊̂ + ( 4y – z2x ) 𝒋̂ + ( 2xz – 4z ) 𝒌̂   is irrotational. 

2.  Show that 𝑭⃗⃗⃗= (𝒚 + 𝒛)𝒊 + (𝒛 + 𝒙)𝒋 + (𝒙 + 𝒚)𝒌 is irrotational.  Also find a scalar  

      function  ∅  such that  𝑭⃗⃗⃗ =𝜵∅. 

3.  Show that 𝑭⃗⃗⃗ = (𝟐𝒙𝒚𝟐 + 𝒚𝒛)𝒊̂ + (𝟐𝒙𝟐𝒚 + 𝒙𝒛 + 𝟐𝒚𝒛𝟐)𝒋̂ + (𝟐𝒚𝟐𝒛 + 𝒙𝒚)𝒌̂  is irrotational.  

      Also find a scalar function ∅ such that  𝑭⃗⃗⃗ = 𝜵∅ .   

4.  Find the values of the a and b such that  

      𝑭⃗⃗⃗⃗ = (𝒂𝒙𝒚 + 𝒛𝟑) 𝒊̂ + (𝟑𝒙𝟐 − 𝒛)𝒋̂   + (𝟑𝒃𝒙𝒛𝟐 − 𝒚) 𝒌̂  is irrotational. 

5.  If  𝒓⃗⃗⃗ = 𝒙 𝒊̂ + 𝒚 𝒋̂ + 𝒛 𝒌̂     and 𝒓 = |𝒓⃗⃗|  then prove that 𝜵. (𝒓𝒏 𝒓⃗⃗⃗) = (𝒏 + 𝟑)𝒓𝒏.   Hence   

       Show that   
𝒓⃗⃗

𝒓𝟑  is solenoidal. 

 VECTOR INTEGRATION: 
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     If  two vectors 𝑭⃗⃗⃗(𝒕) and 𝑮⃗⃗⃗(𝒕) be such that 
𝒅

𝒅𝒕
 [𝑮⃗⃗⃗(𝒕)] = 𝑭⃗⃗⃗(𝒕), then 𝑮⃗⃗⃗(𝒕) is called an 

integral of  𝑭⃗⃗⃗(𝒕)  w. r. t.  scalar variable  t  and we write ∫ 𝑭⃗⃗⃗(𝒕)𝒅𝒕 = 𝑮⃗⃗⃗(𝒕). 

     If   𝑪⃗⃗⃗ is an arbitrary constant and 
𝒅

𝒅𝒕
 [𝑮⃗⃗⃗(𝒕) + 𝑪⃗⃗⃗] = 𝑭⃗⃗⃗(𝒕), then ∫ 𝑭⃗⃗⃗(𝒕)𝒅𝒕 = 𝑮⃗⃗⃗(𝒕) + 𝑪⃗⃗⃗. 

This integral is called indefinite integral of 𝑭⃗⃗⃗(𝒕) and its definite integral is  

∫ 𝑭⃗⃗⃗(𝒕)𝒅𝒕
𝒃

𝒂
= [𝑮⃗⃗⃗(𝒕) + 𝑪⃗⃗⃗]

𝒂

𝒃
= 𝑮⃗⃗⃗(𝒃) − 𝑮⃗⃗⃗(𝒂).  

 

Line Integral:  

Definition: 

  An integral which is evaluated along curve is called a line integral. 

   If 𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐 𝒋̂ + 𝑭𝟑𝒌̂ is a continuous vector point function defined at each point P of a  

curve C and  𝒓⃗⃗ = 𝒙𝒊̂ + 𝒚𝒋̂ + 𝒛𝒌̂  is the position vector of the point P on the curve C, then  

∫ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗ = ∫ 𝑭𝟏𝒅𝒙 + 𝑭𝟐𝒅𝒚 + 𝑭𝟑𝒅𝒛
𝑪𝑪

  is called line integral of 𝑭⃗⃗⃗ along the curve C.  

    If C is a closed curve then, integral sign ∫ 𝒊𝒔
𝑪

 replaced by ∮ .
𝑪

 

   If  𝑭⃗⃗⃗  represents the force acting along the curve  C,  then the total work done by 𝑭⃗⃗⃗ is 

given  

by ∫ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗
𝑪

. 

Problems: 

1.  If  𝑭⃗⃗⃗ = 𝟑𝒙𝒚𝒊̂ − 𝒚𝟐 𝒋̂,  then evaluate ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗,  where C is the curve in the  xy - plane given  

     by  y = 2x2 from (0, 0) to (1, 2). 

Solution:  

   Since the curve C is in the xy – plane, we have z = 0.     ∴   We take the position vector of 

the point P(x, y) as  𝒓⃗⃗ = 𝒙 𝒊̂ + 𝒚 𝒋̂      ∴   𝒅𝒓⃗⃗ = 𝒅𝒙 𝒊̂ + 𝒅𝒚 𝒋̂ . 

∴     ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗ = ∫ (𝟑𝒙𝒚𝒊̂ − 𝒚𝟐𝒋)̂
𝒄

.(𝒅𝒙 𝒊̂ + 𝒅𝒚 𝒋̂) = ∫ (𝟑𝒙𝒚𝒅𝒙 −  
𝒄

𝒚𝟐𝒅𝒚)………(1) 



17 
 

Given  C  is the parabola  y = 2x2  from  (0, 0) to (1, 2).  

∴    dy = 4xdx  and  x varies from 0 to 1. Substituting in equation (1) we get, 

∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗ = ∫ (𝟑𝒙.2x2𝒅𝒙 −  
𝒄

𝟒𝒙𝟒.4xdx) = ∫ (𝟔𝒙𝟑𝒅𝒙 −  
𝟏

𝟎
𝟏𝟔𝒙𝟓𝒅𝒙) 

                = [𝟔
𝒙𝟒

𝟒
− 𝟏𝟔

𝒙𝟔

𝟔
]

𝟎

𝟏

= 
𝟑

𝟐
 − 

𝟖

𝟑
 = − 

𝟕

𝟔
 . 

2.  If  𝑨⃗⃗⃗ = (𝟑𝒙𝟐 + 𝟔𝒚) 𝒊̂ − 𝟏𝟒𝒚𝒛 𝒋̂ + 𝟐𝟎𝒙𝒛𝟐 𝒌̂, evaluate ∫ 𝑨⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗  from  (0, 0, 0) to (1, 1, 1)  

     along the path x = t,  y = t2,  z = t3.  

Solution:  

Given  𝑨⃗⃗⃗ = (𝟑𝒙𝟐 + 𝟔𝒚)𝒊̂ − 𝟏𝟒𝒚𝒛𝒋̂ + 𝟐𝟎𝒙𝒛𝟐𝒌̂,    ∴   Take  𝒓⃗⃗ = 𝒙𝒊̂ + 𝒚𝒋̂ + 𝒛𝒌̂. 

∴    𝒅𝒓⃗⃗ = 𝒅𝒙𝒊̂ + 𝒅𝒚𝒋̂ + 𝒅𝒛𝒌̂     ∴  𝑨⃗⃗⃗ . 𝒅𝒓⃗⃗ = (𝟑𝒙𝟐 + 𝟔𝒚)𝒅𝒙 − 𝟏𝟒𝒚𝒛 𝒅𝒚 + 𝟐𝟎𝒙𝒛𝟐𝒅𝒛….(1)  

Given curve C is   x = t,   y = t2,   z = t3   from  (0, 0, 0)  to  (1, 1, 1). 

∴     dx = dt,  dy = 2tdt,  dz = 3t2dt. Substituting in equation (1) we get, 

𝑨⃗⃗⃗ . 𝒅𝒓⃗⃗ = (𝟑𝒕𝟐 + 𝟔𝒕𝟐) 𝒅𝒕 − 𝟏𝟒𝒕𝟐.t3.2tdt + 𝟐𝟎𝒕. 𝒕𝟔.3t2dt = (𝟗𝒕𝟐 − 𝟐𝟖𝒕𝟔 + 𝟔𝟎𝐭𝟗)𝒅𝒕  

When   x = y = z = 0, t = 0 and when   x = y = z = 1, t = 1. 

∴    ∫ 𝑨⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗ = ∫ (
𝟏

𝟎
𝟗𝒕𝟐 − 𝟐𝟖𝒕𝟔 + 𝟔𝟎𝒕𝟗)𝒅𝒕 = [𝟗

𝒕𝟑

𝟑
− 𝟐𝟖

𝒕𝟕

𝟕
+ 𝟔𝟎

𝒕𝟏𝟎

𝟏𝟎
]

𝟎

𝟏

 = 3 – 4 + 6 = 5. 

3.  Find the total work done by the force  𝑭⃗⃗⃗ = 𝟑𝒙𝒚𝒊̂ − 𝒚𝒋̂ + 𝟐𝒛𝒙𝒌̂  in moving a particle 

around  the circle  𝒙𝟐 + 𝒚𝟐 = 4. 

Solution: 

Total work done by the force 𝑭⃗⃗⃗ is given by W = ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗. 

Given  𝑭⃗⃗⃗ = 𝟑𝒙𝒚 𝒊̂ − 𝒚𝒋̂ + 𝟐𝒛𝒙 𝒌̂.    ∴   Take  𝒓⃗⃗ = 𝒙 𝒊̂ + 𝒚 𝒋̂ + 𝒛𝒌̂   

∴    𝒅𝒓⃗⃗ = 𝒅𝒙𝒊̂ + 𝒅𝒚𝒋̂ + 𝒅𝒛𝒌̂      ∴    𝑭⃗⃗⃗.  𝒅𝒓⃗⃗ = 3xy𝒅𝒙 − 𝒚 𝒅𝒚 + 𝟐𝒛𝒙 𝒅𝒛……(1)  

The parametric equation of the circle 𝒙𝟐 + 𝒚𝟐 = 4 is given by   

x = 2cos𝜭,  y = 2sin𝜭  and  z = 0,  where 0 ≤ 𝜭≤ 2π. 

∴     dx = - 2 sin𝜭d𝜭,    dy = 2cos𝜭d𝜭,    dz = 0.  Substituting in equation (1) we get, 
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∴    𝑭⃗⃗⃗.  𝒅𝒓⃗⃗ = 3(2cos𝜭)(2sin𝜭)(− 𝟐 𝒔𝒊𝒏𝜭𝒅𝜭) − (𝟐𝒔𝒊𝒏𝜭)(𝟐𝒄𝒐𝒔𝜭𝒅𝜭) + 𝟎  

∴    𝑭⃗⃗⃗.  𝒅𝒓⃗⃗ = ( - 24𝒔𝒊𝒏𝟐𝜭𝒄𝒐𝒔𝜭 - 4 𝒔𝒊𝒏𝜭𝒄𝒐𝒔𝜭)𝒅𝜭 

∴   W = ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗ = ∫ (−𝟐𝟒𝒔𝒊𝒏𝟐𝜭𝒄𝒐𝒔𝜭 − 𝟒 𝒔𝒊𝒏𝜭𝒄𝒐𝒔𝜭)𝒅𝜭
𝟐𝝅

𝟎
 

∴   W = [− 𝟐𝟒 
𝒔𝒊𝒏𝟑𝜭

𝟑
− 𝟒

𝒔𝒊𝒏𝟐𝜭

𝟐
]

𝟎

𝟐𝝅

= 0.     Using  ∫[𝒇(𝒙)]𝒏𝒇′(𝒙)𝒅𝒙 =
[𝐟(𝒙)]𝒏+𝟏

𝒏+𝟏
. 

 

HOME WORK: 

1.  If  𝑭⃗⃗⃗⃗ = (𝟓𝒙𝒚 − 𝟔𝒙𝟐)𝒊̂ + ( 𝟐𝒚 − 𝟒𝒙)𝒋̂, then evaluate ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗⃗⃗⃗⃗ , where C is the curve in 

the   xy-plane given by  y = x3  from (1, 1) to (2, 8). 

2.  A vector field is given by  𝑭⃗⃗⃗⃗ =  𝒔𝒊𝒏𝒚 𝒊̂ − 𝒙(𝟏 + 𝒄𝒐𝒔𝒚)𝒋̂. Evaluate the line integral over a  

     circular path given by  𝒙𝟐 + 𝒚𝟐 = 𝒂𝟐,  z = 0. 

3.  Find the work done in moving a particle in the force field.  𝑭⃗⃗⃗⃗ = 𝟑𝒙𝟐 𝒊̂ + (𝟐𝒙𝒛 − 𝒚)𝒋̂ + 𝒛 𝒌̂, 

     along (i) the straight line from (0,0,0) to (2,1,3). (ii) the curve defined by  x = 4y,  

     3x3 = 8z  from  x = 0  to  x = 2. 

Surface Integral:  

   The surface integral of a vector function  𝑭⃗⃗⃗ over a surface  S is defined as the  

integral of the normal component of  𝑭⃗⃗⃗  taken over the surface S. 

   If 𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐 𝒋̂ + 𝑭𝟑𝒌̂  is a vector point function over a surface  S and  𝒏̂  is the 

 outward unit normal to the surface  S at a point P, then the surface integral of 𝑭⃗⃗⃗ over 

 S is denoted by ∫ 𝑭⃗⃗⃗. 𝒅𝒔⃗⃗ ⃗⃗ ⃗
𝑺

= ∫ 𝑭⃗⃗⃗. 𝒏̂
𝑺

𝒅𝒔.   i.e.,   ∬ 𝑭⃗⃗⃗. 𝒅𝒔⃗⃗ ⃗⃗ ⃗ =
𝑺

 ∬ 𝑭⃗⃗⃗. 𝒏̂ 𝒅𝒔.
𝑺

 Where  𝒅𝒔 = 𝒅𝒙. 𝒅𝒚. 

Green’s Theorem in the plane: 

Statement:  

   If M(𝒙, 𝒚)and N(𝒙, 𝒚)  be two continuous functions of x and y having continuous partial 

derivatives  
𝝏𝑵

𝝏𝒙
 𝒂𝒏𝒅  

𝝏𝑴

𝝏𝒚
  in a region R of xy-plane bounded by a closed curve C then,   

∮ 𝑴𝒅𝒙 + 𝑵𝒅𝒚 =
𝑪

∬ (
𝝏𝑵

𝝏𝒙
−

𝝏𝑴

𝝏𝒚
) 𝒅𝒙 𝒅𝒚

𝑹
. 
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Problems on Greens Theorem: 

1. Use Green’s Theorem to evaluate ∫ 𝒙𝒚𝒅𝒙 + 𝒙𝟐𝒚𝟑𝒅𝒚,
𝒄

  where C is the 

    triangle with vertices (0,0), (1,0), (1,2) with positive orientation. 

Solution: 

Here M = 𝒙𝒚,  N = 𝒙𝟐𝒚𝟑   ∴  
𝝏𝑴

𝝏𝒚
 = 𝒙  and   

𝝏𝑵

𝝏𝒙
 = 𝟐𝒙𝒚𝟑. 

By Green’s Theorem, we have,   

 ∮ 𝑴𝒅𝒙 + 𝑵𝒅𝒚 =
𝑪

∬ (
𝝏𝑵

𝝏𝒙
−

𝝏𝑴

𝝏𝒚
) 𝒅𝒙 𝒅𝒚

𝑹
.  

∴    ∫ 𝒙𝒚𝒅𝒙 + 𝒙𝟐𝒚𝟑𝒅𝒚
𝒄

 = ∬ (𝟐𝒙𝒚𝟑 − 𝒙)𝒅𝒙 𝒅𝒚
𝑹

     

Equation of the line joining (0,0) and (1,2) is y = 2x.  Using      

                                                                (𝒚 − 𝒚𝟏) =
(𝒚𝟐−𝒚𝟏)

(𝒙𝟐−𝒙𝟏)
(𝒙 − 𝒙𝟏). 

∴     x varies from x = 0 to x = 1 and y varies from y = 0 to y = 2x.  

∴    ∫ 𝒙𝒚𝒅𝒙 + 𝒙𝟐𝒚𝟑𝒅𝒚
𝒄

  = ∫ ∫ (𝟐𝒙𝒚𝟑 − 𝒙)𝒅𝒚𝒅𝒙
𝟐𝒙

𝟎

𝟏

𝟎
 = ∫ [

𝟏

𝟐
𝒙𝒚𝟒 − 𝒙𝒚]

𝟎

𝟐𝒙𝟏

𝟎
𝒅𝒙   

∴    ∫ 𝒙𝒚𝒅𝒙 + 𝒙𝟐𝒚𝟑𝒅𝒚
𝒄

 = ∫ (𝟖𝒙𝟓 − 𝟐𝒙𝟐)
𝟏

𝟎
𝒅𝒙 = [

𝟒

𝟑
𝒙𝟔 −

𝟐

𝟑
𝒙𝟑]

𝟎

𝟏

 = 
𝟒

𝟑
−

𝟐

𝟑
 = 

𝟐

𝟑
 

2.  Using Green’s theorem to evaluate  ∫ [(𝒚 − 𝒔𝒊𝒏𝒙)𝒅𝒙 + 𝒄𝒐𝒔𝒙 𝒅𝒚]
𝒄

 where C is  

     the plane triangle enclosed by the lines  y = 0,  x = 𝝅/𝟐  and  y = 𝟐𝒙 𝝅⁄ .  

Solution: 

Here  M = 𝒚 − 𝒔𝒊𝒏𝒙,   N = 𝒄𝒐𝒔𝒙       ∴  
 𝝏𝑴

𝝏𝒚
 = 1  and   

 𝝏𝑵

𝝏𝒙
 = −𝒔𝒊𝒏𝒙 

By Green’s Theorem, we have,   

∮ 𝑴𝒅𝒙 + 𝑵𝒅𝒚 =
𝑪

∬ (
𝝏𝑵

𝝏𝒙
−

𝝏𝑴

𝝏𝒚
) 𝒅𝒙 𝒅𝒚

𝑹
. 

∴  ∫ [(𝒚 − 𝒔𝒊𝒏𝒙)𝒅𝒙 + 𝒄𝒐𝒔𝒙 𝒅𝒚]
𝒄

 = ∬ (−𝒔𝒊𝒏𝒙 − 𝟏)𝒅𝒚 𝒅𝒙
𝑹
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Here x varies from  x = 0  to  x = 𝝅/𝟐  and  y  varies from  y = 0  to  y = 𝟐𝒙 𝝅⁄ .   

∴  ∫ [(𝒚 − 𝒔𝒊𝒏𝒙)𝒅𝒙 + 𝒄𝒐𝒔𝒙 𝒅𝒚]
𝒄

 =∫ ∫ (−𝒔𝒊𝒏𝒙 − 𝟏)𝒅𝒚𝒅𝒙
 𝟐𝒙 𝝅⁄

𝟎

𝝅/𝟐

𝟎
        

∴    ∫ [(𝒚 − 𝒔𝒊𝒏𝒙)𝒅𝒙 + 𝒄𝒐𝒔𝒙 𝒅𝒚]
𝒄

 = − ∫ [𝒔𝒊𝒏𝒙 (𝒚) + 𝒚]
𝟎
𝟐𝒙/𝝅𝝅/𝟐

𝟎
𝒅𝒙 

                 = − ∫ [(𝒔𝒊𝒏𝒙 + 𝟏)𝒚]
𝟎
𝟐𝒙/𝝅𝝅/𝟐

𝟎
𝒅𝒙 = − ∫ [𝒔𝒊𝒏𝒙 + 𝟏][𝟐𝒙 𝝅⁄ ]

 𝝅/𝟐

𝟎
𝒅𝒙  

                 = −
𝟐

𝝅
∫ 𝒙[𝒔𝒊𝒏𝒙 + 𝟏]

 𝝅/𝟐

𝟎
𝒅𝒙 = −

𝟐

𝝅
[𝒙 (−𝒄𝒐𝒔𝒙 + 𝒙) − 𝟏(−𝒔𝒊𝒏𝒙 + 𝒙𝟐 𝟐)⁄ ]

𝟎
 𝝅/𝟐 

 

                 = −
𝟐

𝝅
 {

𝝅

𝟐
(𝟎 +

𝝅

𝟐
) − (−𝟏 +

  𝝅𝟐

𝟖
)} = −

𝟐

𝝅
 {

  𝝅𝟐

𝟒
+ 𝟏 −

  𝝅𝟐

𝟖
} = −

𝟐

𝝅
 (𝟏 +

  𝝅𝟐

𝟖
) = − (

𝟐

𝝅
+

𝝅

𝟒
)            

3.   Apply Green’s theorem to evaluate ∫ [(𝟐𝒙𝟐 − 𝒚𝟐)𝒅𝒙 + (𝒙𝟐 + 𝒚𝟐) 𝒅𝐲]
𝒄

 where C  is the  

     boundary of the area enclosed by the x-axis and the upper half of the circle  

𝒙𝟐 + 𝒚𝟐 = 𝒂𝟐. 

Solution: 

Here    M = 𝟐𝒙𝟐 − 𝒚𝟐,   N = 𝒙𝟐 + 𝒚𝟐     ∴   
𝝏𝑴

𝝏𝒚
 = - 2𝒚   and   

𝝏𝑵

𝝏𝒙
 = 𝟐𝒙. 

By Green’s Theorem, we have,    ∮ 𝑴𝒅𝒙 + 𝑵𝒅𝒚 =
𝑪

∬ (
𝝏𝑵

𝝏𝒙
−

𝝏𝑴

𝝏𝒚
) 𝒅𝒙 𝒅𝒚

𝑹
.  

∴  ∫ [(𝟐𝒙𝟐 − 𝒚𝟐)𝒅𝒙 + (𝒙𝟐 + 𝒚𝟐) 𝒅𝒚]
𝒄

 = ∬ ( 𝟐𝒙 + 𝟐𝒚)𝒅𝒙 𝒅𝒚
𝑹

 = 𝟐 ∬ ( 𝒙 + 𝒚)𝒅𝒙 𝒅𝒚
𝑹

 

Here region R is the upper half of the circle 𝒙𝟐 + 𝒚𝟐 = 𝒂𝟐.  

Changing into polar coordinates, we take, 

𝒙 = 𝒓 𝒄𝒐𝒔𝜽,   𝒚 = 𝒓 𝒔𝒊𝒏𝜽.    ∴  𝒅𝒙 𝒅𝒚 = 𝒓𝒅𝒓𝒅𝜽,  𝒓 varies 

from 𝒓 = 𝟎  to  𝒓 = 𝒂  and  𝜽  varies from  𝜽 = 𝟎  to  𝜽 = 𝝅. 

∴  ∫ [(𝟐𝒙𝟐 − 𝒚𝟐)𝒅𝒙 + (𝒙𝟐 + 𝒚𝟐) 𝒅𝒚]
𝒄

 = 𝟐 ∫ ∫ (𝒓 𝒄𝒐𝒔𝜽 + 𝒓 𝒔𝒊𝒏𝜽) 𝒓 𝒅𝒓 𝒅𝜽
 𝒂

𝟎

𝝅

𝟎
   

                  = 𝟐 ∫ ∫ ( 𝒄𝒐𝒔𝜽 +  𝒔𝒊𝒏𝜽)𝒓𝟐 𝒅𝒓 𝒅𝜽 
 𝒂

𝟎

𝝅

𝟎
 = 𝟐 [∫ ( 𝒄𝒐𝒔𝜽 +  𝒔𝒊𝒏𝜽)

𝝅

𝟎
[

𝒓𝟑

𝟑
]

𝟎

𝒂

𝒅𝜽]  

                  = 𝟐 [∫ ( 𝒄𝒐𝒔𝜽 +  𝒔𝒊𝒏𝜽) (
𝒂𝟑

𝟑
)

𝝅

𝟎
𝒅𝜽]  = 2 (

𝒂𝟑

𝟑
) [𝒔𝒊𝒏 𝜽 − 𝒄𝒐𝒔𝜽]𝟎

𝝅  

                  =  
𝟐𝒂𝟑

𝟑
 [(𝟎 + 𝟎) − (−𝟏 − 𝟏)] =  

𝟒𝒂𝟑

𝟑
 . 
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HOME WORK: 

1.  Use Green’s Theorem to evaluate ∫ [𝒙𝟐𝒚𝒅𝒙 + 𝒙𝟐𝒅𝒚]
𝒄

  where C is the boundary 

described  

     counter clockwise of  triangle with vertices (0,0) , (1,0) , (1,1). 

2.  Evaluate ∫ [(𝒙𝒚 + 𝒚𝟐)𝒅𝒙 + 𝒙𝟐𝒅𝒚]
𝒄

, where C is bounded by y = x and y = x
2
,  using  

     Green’s Theorem. 

3.  If C is a simple closed curve in the xy-plane not enclosing the origin, show that   

   ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗⃗⃗⃗⃗  = 0, where  𝑭⃗⃗⃗⃗ = 
𝒚 𝒊̂−𝒙𝒋̂

𝒙𝟐+𝒚𝟐
,  using Green’s Theorem. 

4.  Using Green’s theorem  evaluate ∫ [(𝟑𝒙 − 𝟖𝒚𝟐)𝒅𝒙 + (𝟒𝒚 − 𝟔𝒙𝒚) 𝒅𝒚]
𝒄

, where C is the     

     boundary of the region bounded by x = 0, y = 0 and x + y = 1. 

5.  Using Green’s theorem  evaluate ∫ [(𝟑𝒙 − 𝟖𝒚𝟐)𝒅𝒙 + (𝟒𝒚 − 𝟔𝒙𝒚) 𝒅𝒚]
𝒄

, where C is the     

     boundary of the region bounded by x = 0, y = 0 and x + y = 1. 

 

Stoke’s Theorem: 

Statement:  

    If  𝑭⃗⃗⃗  = 𝒇𝟏 𝒊̂ + 𝒇𝟐 𝒋̂ + 𝒇𝟑 𝒌̂  is a continuous differential vector point function in the 

 surface S bounded by  a simple closed curve C, then  ∫ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗ = ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑺

. 𝒏̂𝒅𝒔 
𝑪

 or 

∫ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗ = ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑺

. 𝒏̂𝒅𝒙𝒅𝒚
𝑪

. Where 𝒏̂ is a unit external normal at any point on S.  

Problems on Stoke’s Theorem: 

1.   Use Stoke’s theorem to evaluate ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗  where 𝑭⃗⃗⃗ = 𝒚𝟐𝒊̂ + 𝒙𝟐𝒋̂ − (𝒙 + 𝒛)𝒌̂  and  

       C is the boundary of the triangle with  vertices at  (0, 0, 0), (1, 0, 0) and (1, 1, 0).   

Solution: 
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Given   𝑭⃗⃗⃗ = 𝒚𝟐𝒊̂ + 𝒙𝟐 𝒋̂ − (𝒙 + 𝒛)𝒌.̂      i.e.,  𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐𝒋̂ + 𝑭𝟑𝒌̂   

Where   𝑭𝟏 = 𝒚𝟐,     𝑭𝟐 = 𝒙𝟐,     𝑭𝟑 = −(𝒙 + 𝒛). 

∴    𝒄url 𝑭⃗⃗⃗⃗  =|

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑭𝟏 𝑭𝟐 𝑭𝟑

| = |

𝒊̂       𝒋̂ 𝒌̂
𝝏

𝝏𝒙
      

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝒚𝟐       𝒙𝟐 −(𝒙 + 𝒛)

| 

∴ 𝒄url 𝑭⃗⃗⃗⃗  = 𝒊̂(0 − 0) − 𝒋̂(−1 − 0) + 𝒌̂(2x −𝟐y) 𝒌̂ = 𝒋̂ + 2(x − y) 𝒌̂  

Given C is the boundary of the triangle with  vertices at  (0, 0, 0), (1,0, 0) and (1, 1, 0). 

Here,  z-coordinate of each vertex of the triangle is zero.  

 ∴  𝑻he triangle lies in the xy- plane and the unit normal vector to the plane is  𝒏̂ = 𝒌̂. 

∴ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ . 𝒏̂ = [𝒋̂+ 2(x -y) 𝒌̂] . 𝒌̂ = 2(x -y)  

By Stoke’s theorem, we have,  ∫ 𝑭⃗⃗⃗ . 𝒅𝒓⃗⃗ =  ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑺

. 𝒏̂𝒅𝑺.
𝑪

 

∴ ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗  = ∬ 𝟐(𝒙 − 𝒚) 𝒅𝒚𝒅𝒙
𝑺

. 

The equation of the line joining  O(0, 0) and  B(1, 1)  is  y = x.  

Using  (𝒚 − 𝒚𝟏) =
(𝒚𝟐−𝒚𝟏)

(𝒙𝟐−𝒙𝟏)
(𝒙 − 𝒙𝟏). 

∴ 𝒙  varies from  𝒙= 0  to  𝒙=1  and  y  varies from  y = 0  to  y = x.  

∴ ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗ = ∫ ∫ 𝟐(𝒙 − 𝒚) 𝒅𝒚𝒅𝒙
𝒙

𝟎

𝟏

𝟎
 = ∫ 𝟐 [𝒙𝒚 −

𝒚𝟐

𝟐
]

𝟎

𝒙  
𝟏

𝟎
dx 

                     = ∫ 𝟐( 𝒙𝟐 −  
𝐱𝟐

𝟐
)𝒅𝒙

𝟏

𝟎
 = ∫  𝒙𝟐𝒅𝒙 =

𝟏

𝟎
 [

𝒙𝟑

𝟑
]

𝟎

𝟏  

=  
  𝟏

 𝟑
 . 

2.  Use Stoke’s theorem to evaluate∫ [(𝒙 + 𝒚)𝒅𝒙 + (𝟐𝒙 − 𝒛)𝒅𝒚 + (𝒚 + 𝒛)𝒅𝒛]
𝒄

 

     where C is the boundary of the triangle with vertices at (2, 0, 0), (0, 3, 0) and (0, 0, 6).   

Solution: 

Given 𝑭⃗⃗⃗ = (𝒙 + 𝒚)𝒊̂ + (𝟐𝒙 − 𝒛)𝒋̂ + (𝒚 + 𝒛)𝒌̂.           

i.e.,  𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐𝒋̂ + 𝑭𝟑𝒌̂  
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Where   𝑭𝟏 = 𝒙 + 𝒚,    𝑭𝟐 = 𝟐𝒙 − 𝒛,     𝑭𝟑 = 𝒚 + 𝒛. 

∴     Curl 𝑭⃗⃗⃗ =|

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑭𝟏 𝑭𝟐 𝑭𝟑

|  =|

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝒙 + 𝒚 𝟐𝒙 − 𝒛 𝒚 + 𝒛

|  

∴    Curl 𝑭⃗⃗⃗= 𝒊̂(𝟏 + 𝟏) − 𝒋̂(𝟎 − 𝟎) + 𝒌̂(𝟐 − 𝟏) = 𝟐𝒊̂ + 𝒌̂. 

Given  C  is the boundary of the triangle with  vertices at  

A(2, 0, 0),  B(0, 3, 0)  and  C(0, 0, 6). 

∴  The equation of the plane passing through A(2, 0, 0), B(0, 3, 0) and C(0, 0, 6) is  

  
𝒙

𝟐
+

𝒚

𝟑
+

𝒛

𝟔
= 𝟏.      𝒊. 𝒆. , 𝟑𝒙 + 𝟐𝒚 + 𝒛 = 𝟔 

Consider  ∅ = 𝟑𝒙 + 𝟐𝒚 + 𝒛 − 𝟔    ∴    𝜵Ø =
 𝝏Ø 

𝝏𝒙
𝒊̂ +

 𝝏Ø 

𝝏𝒚
𝒋̂ +

 𝝏Ø 

𝝏𝒛
𝒌̂ = 𝟑𝒊̂ + 𝟐𝒋̂ + 𝒌̂.     

∴     |𝜵∅|=√𝟑𝟐 + 𝟐𝟐 + 𝟏𝟐 = √𝟏𝟒 

∴ the unit normal vector to the plane is   𝒏̂ =  
𝜵∅

 |𝜵∅|
 =  

(𝟑𝒊̂+𝟐𝒋̂+𝒌̂)

√𝟏𝟒
 

∴   𝒄𝒖𝒓𝒍𝑭⃗⃗⃗. 𝒏̂ = (𝟐𝒊̂ + 𝒌̂) .  
(𝟑𝒊̂+𝟐𝒋̂+𝒌̂)

√𝟏𝟒
 =  

𝟔+𝟎+𝟏

√𝟏𝟒
 = 

𝟕

√𝟏𝟒
 

By Stoke’s theorem, we have, ∫ 𝑭⃗⃗⃗ . 𝒅𝒓⃗⃗ =  ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑺

. 𝒏̂ 𝒅𝑺
𝑪

. 

∴ ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗ = ∬
𝟕

√𝟏𝟒𝑺
 𝒅𝑺= 

𝟕

√𝟏𝟒
∬ 𝒅𝑺 

𝑺
= 

𝟕

√𝟏𝟒
∬ 𝒅𝒙 𝒅𝒚

𝑺
 = 

𝟕

√𝟏𝟒
(𝑨𝒓𝒆𝒂 𝒐𝒇 𝒕𝒉𝒆 ∆ 𝑨𝑩𝑪)…(1) 

Now area of the ∆ 𝑨𝑩𝑪 = 
𝟏

𝟐
 |𝑨𝑩⃗⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗ ⃗⃗ |    

Since the vertices of the triangle are  A(2, 0, 0), B(0, 3, 0) and C(0, 0, 6), we get,  

𝑶𝑨⃗⃗⃗⃗⃗⃗⃗ = 2𝒊̂ + 0𝒋̂ +0 𝒌̂,    𝑶𝑩⃗⃗⃗⃗ ⃗⃗⃗ = 𝟎𝒊̂ + 𝟑𝒋̂ + 𝟎𝒌̂,      𝑶𝑪⃗⃗⃗⃗⃗⃗⃗ = 0 𝒊̂ − 0𝒋̂ + 6𝒌̂. 

∴  𝑨𝑩⃗⃗⃗⃗⃗⃗⃗ = 𝑶𝑩⃗⃗⃗⃗ ⃗⃗⃗ − 𝑶𝑨⃗⃗⃗⃗⃗⃗⃗ = −2𝒊̂ +3𝒋̂ + 𝟎𝒌̂ and 𝑨𝑪⃗⃗⃗⃗ ⃗⃗ = 𝑶𝑪⃗⃗⃗⃗⃗⃗⃗ − 𝑶𝑨⃗⃗⃗⃗⃗⃗⃗ = −𝟐𝒊̂ + 𝟎𝒋̂ + 𝟔𝒌̂ 

𝑨𝑩⃗⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗ ⃗⃗  = |
   𝒊̂ 𝒋̂ 𝒌̂
−𝟐 𝟑 𝟎
−𝟐 𝟎 𝟔

| = 𝒊̂(𝟏𝟖 − 𝟎) − 𝒋̂(−𝟏𝟐 − 𝟎) + 𝒌̂(𝟎 − 𝟔) =18 𝒊̂ +12𝒋̂ −  6𝒌̂   

|𝑨𝑩⃗⃗⃗⃗⃗⃗⃗ × 𝑨𝑪⃗⃗⃗⃗ ⃗⃗ |     =√(𝟏𝟖)𝟐 + (𝟏𝟐)𝟐 + (−𝟔)𝟐 =√𝟓𝟎𝟒 =√𝟑𝟔𝑿𝟏𝟒 =  6√𝟏𝟒 
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∴   Area ∆ 𝑨𝑩𝑪 = 
𝟏

𝟐
 |𝑨𝑩 ⃗⃗⃗⃗ ⃗⃗⃗⃗ × 𝑨𝑪 ⃗⃗ ⃗⃗ ⃗⃗ ⃗| =  

𝟏

𝟐
(𝟔√𝟏𝟒) =  3√𝟏𝟒 

Equation (1) becomes  ∫ 𝑭⃗⃗⃗ . 𝒅𝒓⃗⃗ =  
𝑪

𝟕

√𝟏𝟒
 (𝟑√𝟏𝟒) = 21. 

3.  Apply Stoke’s theorem to evaluate∫ [𝒚 𝒅𝒙 + 𝒛𝒅𝒚 + 𝒙 𝒅𝒛]
𝒄

 where C is the curve of  

     intersection of 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝒂𝟐 and 𝒙 + 𝒛 = 𝒂. 

Solution: 

Given  𝑭⃗⃗⃗ = y𝒊̂ + z𝒋̂ + 𝒙𝒌̂.    i.e.,  𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐 𝒋̂ + 𝑭𝟑𝒌̂ 

Where   𝑭𝟏 = 𝒚,    𝑭𝟐 = 𝒛,     𝑭𝟑 = 𝒙. 

∴   Curl 𝑭⃗⃗⃗ =|

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑭𝟏 𝑭𝟐 𝑭𝟑

|  =|

𝒊̂ 𝒋̂ 𝒌̂  
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝒚 𝒛 𝒙

| 

                = 𝒊̂(𝟎 − 𝟏) − 𝒋̂(𝟏 − 𝟎) + 𝒌̂(𝟎 − 𝟏). 

∴   Curl 𝑭⃗⃗⃗ = −𝒊̂ − 𝒋̂ − 𝒌̂. 

Given C is the curve of intersection of 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝒂𝟐 and  

𝒙 + 𝒛 = 𝒂.   Therefore the curve  C  is the circle lies on the  

plane 𝒙 + 𝒛 = 𝒂.   i.e., 𝒙 + 𝒛 − 𝒂 = 𝟎. 

Consider  ∅ =  𝒙 + 𝒛 − 𝒂.     

𝑾𝒆 𝒉𝒂𝒗𝐞,   𝜵Ø =
 𝝏Ø 

𝝏𝒙
𝒊̂ +

 𝝏Ø 

𝝏𝒚
𝒋̂ +

 𝝏Ø 

𝝏𝒛
𝒌̂ 

∴ 𝜵Ø = 𝒊̂ + 𝟎𝒋̂ + 𝒌̂.     ∴  𝜵∅ = 𝒊̂ + 𝒌̂      ∴   |𝜵∅|=√𝟏 + 𝟏 = √𝟐 

∴ the unit normal vector to the plane is   𝒏̂ =  
𝜵∅

 |𝜵∅|
 =

𝒊̂ + 𝒌̂ 

√𝟐
 

 ∴   𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ . 𝒏̂ =(−𝒊̂ − 𝒋̂ − 𝒌̂) .  
(𝒊̂+𝒌̂) 

√𝟐
=  

(−𝟏+𝟎−𝟏)

√𝟐
 = 

− 𝟐

√𝟐
 = −√𝟐 

 By Stoke’s theorem, we have, ∫ 𝑭⃗⃗⃗ . 𝒅𝒓⃗⃗ =  ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑺

.  𝒏̂ 𝒅𝑺
𝑪

. 

 ∴  ∫ 𝑭⃗⃗⃗ . 𝒅𝒓⃗⃗ =  
𝑪

∬ (−√𝟐)
𝑺

 𝒅𝑺 = −√𝟐 ∬ 𝒅𝑺
𝑺

   = −√𝟐 (𝑨𝒓𝒆𝒂 𝒐𝐟 𝒕𝒉𝒆  𝒄𝒊𝒓𝒄𝒍𝒆)……(1) 
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Now the equation of the plane  𝒙 + 𝒛 = 𝒂 can be written as 
𝒙 

𝒂
+

𝒛

𝒂
= 𝟏. 

∴ The points of intersection of 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝒂𝟐 and 𝒙 + 𝒛 = 𝒂 𝒂𝒓𝒆  A(a, 0, 0) and B(0, 0, 

a). 

∴  Diameter AB of the circle = √(𝒂 − 𝟎)𝟐 + (𝟎 − 𝟎)𝟐 + (𝟎 − 𝒂)𝟐 = √𝒂𝟐 + 𝒂𝟐   

                                             = √𝟐𝒂𝟐  = √𝟐𝒂. 

∴  Radius of the circle = r = 
𝑫𝒊𝒂𝒎𝒆𝒕𝒆𝒓

𝟐
 =

√𝟐 𝒂 

𝟐
 = 

 𝒂 

√𝟐 
    

∴   Area of the circle = 𝝅𝒓𝟐 = 𝝅 (
  𝒂 

√𝟐 
)

𝟐

=  
𝝅𝒂𝟐

𝟐
 

Equation (1) becomes  ∫ 𝑭⃗⃗⃗ . 𝒅𝒓⃗⃗ = −√𝟐 (
𝝅𝒂𝟐

𝟐
)  =  

𝑪
 
−𝝅𝒂𝟐

√𝟐
 . 

 

 

HOME WORK: 

1.  Use Stoke’s   theorem to evaluate ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗⃗⃗⃗⃗   where  𝑭⃗⃗⃗⃗ = (𝒙𝟐 +  𝒚𝟐)𝒊̂ − 𝟐𝒙𝒚𝒋̂  and C is the   

      Rectangle bounded by the lines x = ± a,  y = 0, y = b. 

2.  Use Stoke’s   theorem to evaluate ∫ 𝑭⃗⃗⃗
𝒄

. 𝒅𝒓⃗⃗⃗⃗⃗⃗   where  𝑭⃗⃗⃗⃗ = (𝟐𝐱 −  𝐲)𝐢̂ − 𝐲𝐳𝟐𝐣̂ − 𝐲𝟐𝐳 𝐤̂  and C  

     is upper half of the surface of 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐 = 1, bounded by its projection on the xy-plane. 

3.  If  𝐅⃗⃗⃗ ⃗ = 𝟑𝐲 𝐢̂ − 𝐱𝐳𝐣̂ + 𝐲𝐳𝟐 𝐤̂ and S is the surface of the paraboloid 2z = 𝐱𝟐 +  𝐲𝟐 bounded    

by z = 2, evaluate  ∬ (𝛁 𝐗
𝐒

𝐅⃗). 𝐝𝐬⃗⃗⃗⃗⃗  using Stoke’s  theorem. 

 

Glance: 

1. Gradient of ∅(𝒙, 𝒚, 𝒛) = 𝒄 

grad∅ = 𝛁∅ =
𝝏∅

𝝏𝒙
 𝒊̂ +  

𝝏∅

𝝏𝒚
 𝒋̂ +

𝝏∅

𝝏𝒛
 𝒌̂ 

2. Unit normal vector  of ∅(𝒙, 𝒚, 𝒛) = 𝒄 

𝒏̂ =  
𝛁∅

|𝛁∅|
 

3. Directional derivative of ∅ along 𝒂⃗⃗⃗ =  𝛁∅ . 𝒂̂ 
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4. Maximum directional derivative = |𝛁∅| 

5. Angle between the surfaces 𝐜𝐨𝐬 𝛉 =
𝛁Ø𝟏 .𝛁Ø𝟐 

|𝛁Ø𝟏 ||𝛁Ø𝟐 |
 

6. Divergence of a vector 𝑭⃗⃗⃗ =  𝑭𝟏 𝒊̂ + 𝑭𝟐 𝒋̂ +  𝑭𝟑 𝒌̂ 

𝒅𝒊𝒗 𝑭⃗⃗⃗ = 𝛁. 𝑭⃗⃗⃗ =  
𝝏𝑭𝟏

𝝏𝒙
+

𝝏𝑭𝟐

𝝏𝒚
+

𝝏𝑭𝟑

𝝏𝒛
 

7. Solenoidal  : 𝒅𝒊𝒗 𝑭⃗⃗⃗ = 𝛁. 𝑭⃗⃗⃗ = 𝟎 

8. Curl of vector 𝑭⃗⃗⃗ =  𝑭𝟏 𝒊̂ + 𝑭𝟐 𝒋̂ +  𝑭𝟑 𝒌̂ 

Curl 𝑭⃗⃗⃗ = 𝛁 𝑿 𝑭⃗⃗⃗ =  |

𝒊̂ 𝒋̂ 𝒌̂
𝝏

𝝏𝒙

𝝏

𝝏𝒚

𝝏

𝝏𝒛

𝑭𝟏 𝑭𝟐 𝑭𝟑

| 

9. Irrotational:  Curl 𝑭⃗⃗⃗ = 𝛁 𝑿 𝑭⃗⃗⃗ = 𝟎 

10. Line integral 𝑭⃗⃗⃗ = 𝑭𝟏𝒊̂ + 𝑭𝟐𝒋̂ + 𝑭𝟑𝒌̂ 

∫ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗ = ∫ 𝑭𝟏𝒅𝒙 + 𝑭𝟐𝒅𝒚 + 𝑭𝟑𝒅𝒛

𝑪𝑪

 

11. By Green’s Theorem,  

       ∮ 𝑴𝒅𝒙 + 𝑵𝒅𝒚 =
𝑪

∬ (
𝝏𝑵

𝝏𝒙
−

𝝏𝑴

𝝏𝒚
) 𝒅𝒙 𝒅𝒚

𝑹
.  

12. By Stoke’s theorem,  

 ∫ 𝑭⃗⃗⃗ . 𝒅𝒓⃗⃗ =  ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑺

. 𝒏̂𝒅𝑺.
𝑪

= = ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑺

. 𝒏̂𝒅𝒙𝒅𝒚 

 


