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VECTOR CALCULUS




SYLLABUS:

Vector Differentiation: Scalar and vector fields. Gradient, directional derivative, curl and
divergence -physical interpretation, solenoidal and irrotational vector fields. Problems.
Vector Integration: Line integrals, Surface integrals. Applications to work done by a
force and flux.Statement of Green’s theorem and Stoke’s theorem. Problems.

VECTOR DIFFERENTIATION:

-

If a vector r varies continuously as a scalar variable t changes, then r is called a
function of t and is written as t = F(t).

di dF - .
Z or = or F'(t) andis

The derivative of a vector function ¥ = F(t) is denoted by " "

defined by <= lim GRS

Scalar point function:
Definition:

If to each point P(x,y,z) in the region R of a space with the position vector r there exists
a definite scalar @d(x,y,z), then @(x,y, z) is called the scalar point function in R and the
region R is called the scalar field.

Example: (i) @ = xyz and (ii) ¢ = x? + y? + z? are scalar point functions.
Vector point function:
Definition:

If to each point P(x,y,z) in the region R of a space with the position vector r there exists

a definite vector ﬁ(x, y, z), then ﬁ(x, y, z) is called the vector point function in R and the
region R is called the vector field.

Example: i) F = (x+y)i+xyj+zk and

(i) A = (x — y2)i + x%zj + (x + y)k are vector point functions.

The vector differential operator:

The vector differential operator denoted by V(read as del or nabla) and is defined by

0 .
V—&I‘F




Gradient of a scalar field:

If @ =@(x,y,z) be any scalar point function then gradient of @ is defined by
grad @ =V0 = (51 +5i+ 5 k)@ =31 + 31+ k=250
Here V@ is a vector quantity.
Physical Interpretation of Gradient:
Gradient VF tells us that in which direction change in the field (F) is maximum.
Geometrical meaning:

Let #(x,y,z) = c be the equation of a surface, then V@ is the normal vector at a point

P(x,y, z) to the surface @(x,y,z) = c. Therefore the unit normal vector to the surface

@(x,y,z) = c isgiven by fi = ;—g'

Note:
(i) We know that the angle between the two surfaces is defined as the angle between their

normal. Therefore the angle 8 between two surfaces @, (x,y,z) = ¢; and @, (x,y,z) =
¢, isequal to the angle between their normal V@; and V@ , and is given by

V@31 .V0,

cosQ =————,
[Vd1 VD |

@iy e= g or 90°, then the surfaces are said to be intersect each other orthogonally.

ie., If V@,.V@, = 0, then the surfaces are said to be intersect each other
orthogonally.

Problems:
1. Find Vf when f = log(x? +y? + z2)
Solution:

Let f=10og(x% +y%2+2%)cueeierrennnnnn. 6))

af . , 9f,  ofq
We have Vf—&l +a_y'+£k .......... 2)

Differentiating equation (1) partially w. r. t. x, y and z we get,




of 2 of 2 of 2 . . .
> = Y = 7; - Substituting in (2), we get,

ax x2+y2+z2)’ O_y T (x2+y2+z2) oz (x2+y2+z

_ 2x o 2y N 2z 2 _ 2(xi+yj+zk)
vi = (x2+y2+z2) ! (x2+y2+zz)] (x2+y2+z2) k. Thus vf= (x2+y2+z2) °
2. 1f @ = x2y3z* find V@, |[V@| at (1,-1,1)
Solution:
Let @ = x?y3z*...coueennnnnn.e. )

_0. 0. 205

We have V@ = el t 2 + azk .......... )

Differentiating equation (1) partially w. r. t. x, y and z we get,

9 _ 3,4 99 _ 5 2.2 4
o = 2Xy'z ay—3xyz and

‘;_f = 4x2y3z3. Substituting in (2), we get,

Vo = 2xy3z* 1 + 3x%y%z*§+ 4x?y3z3 k.

At (1,-1,1)

VO =-2i+ 3j—4k,and |V0| = \/(-2)2 + 32+ (—4)2 = V29
3. Iff=xi+yj+zk andr = |F| then prove that V(r") = nr" 2.
Solution:

Given f=xi+yj+zk=Xxi....(1) -~ r=|F=x%+y*+z?

. r2 =x? + y2+z2, Differentiating partially w. r. t. x we get Zr% =2X ~—=

imi E — ﬂ =z i — %’\
Similarly, we get o and Pl Using V@ —Zax i, we get,

arh _qor, 4 X, A _ .
=Y 1 i =n Y S =n Y2 xi = nr* 2 Y xi.
ox ox r

va") =%
V(r") = nr*2%¢

4. Find a unit vector normal to the surface xy3z% = 4 at the point (-1,—-1, 2).

Solution:

Let @ =xy322—4=0 ......... @




Differentiating equation (1) partially w. r. t. x, y and z we get,

g 3 o g 2.2 oy 3
o Y75 —ay—3xyz, —az—nyz.
g . g . 00 3
We have vg =221 + 2254+ 2k
ox ay 0z

~ V@ = y3z21 + 3xy?z?j + 2xy3zk V@1 10 = —41-12j+4k

o VO] = (=02 + (—12)% + 42 = V176 = V16 11 = 411

. . o~ _ Vo -4i-12j+4k _ -i-3j+k
~ The unit vector normal is n = el = T aA

5. Find the angle between the tangent planes to the surfaces xlogz =y%* —1 and
x%?y =2 —z atthe point (1, 1, 1)
Solution:

Let ¥, =xlogz-y?+1 =0....1) and @,=x*’y—2+2z =0.....Q2)

. Lﬂl— 6@1__ a@l_§ aﬂz_ 602_ 2 6(212_

Toax =logz, ay 2y, 9z z' ox = 2xy, dy = X5 0z =1
od , o4 . 00 3

We have Vﬂ=al +a—y]+ak

. V@, =logzi—2yi+§i( and V@, = 2xyi +x%j+ k
~At (1,1,1), V@, =0i-2j+ kand V@, = 2i +j+ k

2 V@ =02+ (-2)2+12 =45 and |V@,| =v22+12+ 12 =6

Let O be the angle between the tangent planes of the two surfaces, then

V@, V0, (0i-2j+k).(2i+j+k) _ 0-2+1 _ -1
we have, cos@ =———= . cosO = = -
V@4 ||VDy | V56 V30 V30
. 0= -1 —1)
-~ 0 =cos (m .

6. Find the angle between the directions of the normal to the surface x?yz = 1 at the points
(-1,1,1) and (1,-1,—-1).

Solution:

Let® = x%yz—1




_ %0, 09, 993
We have V@ = Pl +ay'+azk

VO = 2xyzi+ x%zj+ x’yk

i) At (-1,1,1) Vo= —2i+j+k

Vo] = V6
Ve =2i+j+k
n1= =
Vol V6
i) At(1,-1,-1)Vp=12i-j-k
Vol = V6
__vp 2i-j-k
n, = =
27 (vl V6

-2i+j+k 2i-j-k _

NG vz'l

cos@ =n; .n, =

0=180"=m

7. Find the values of a and b such that the surfaces 5x? — 2yz — 9z + 9 = 0 may cut the
surface ax? + by3 = 4 orthogonally at the point (1,—1, 2).
Solution:

Let @, =5x*—-2yz—9z2 +9=0...... (1) and @, = ax? +by3 -4 =0...... ()

001
ox

_ 91 _ _ W1 _ 5y 99 _ 992 _ 2
= 10x, 2y 27, 5 = 2y —9, aX—Zax, ay—3by,

09,

o =0.

_9, 30, 303
We have Vﬁ—axl+ay]+azk

V@, = 10xi—2zj + (-2y — 9k and V@, = 2axi + 3by?j+ 0k
At (1,-1, 2), V@, =10i—4j—7k and V@, = 2ai +3bj+0k
If two surfaces cut orthogonally, then we have, V@,.V@, = 0
~(101—4j—7k).(2ai +3bj+0k) =0

~ 20a—12b=0 -~5a—3b=0......03)

The point (1, —1, 2) lies on the equation (2). -~ weget a—b =4........ 4)




Solving equations (3) and (4), we get a = —6and b = —10.

HOME WORK:

1. If f = 3x?y —y3z? find Vfand |Vf| at(1,-2,—1)

2. Find a unit vector normal to the surface xy + yz + zx = ¢ at the point (—1, 2, 3).

3. Find a unit vector normal to the surface x3 + y3 + 3xyz = 3 atthe point (1,2, —1).

4. Find the angle between the surfaces x? + y2 +z2 =9 and z = x? + y2 — 3 atthe
point P(2, -1, 2).

5. Find the constants a and b such that the surface ax? — byz = (a + 2)x will be

orthogonal to the Surface 4x%y + z3 = 4 atthe point (1,—1, 2).

Directional derivatives:
Definition:

If @(x,y,z) isany scalar point function and disa given direction, then V@.n,

|n.l

where n = =, iscalled the directional derivative of @ along d.

=

Note:

The directional derivative of a scalar function @ at any point is maximum along V@ and
its maximum value is equal to |V@ |.

Problems:
1. Find the directional derivative of @ = x?yz + 4xz? at the point (1,—2, 1) in the
direction of the vector 21 — j — 2k.

Solution:




; _ .2 2 . 99 _ 2 99 _ 2 W _ .2
Given @ = x"yz + 4xz® -~ ——=2xyz+4z", ay — X% -, = Xy +8xz.
_ 90, 00, g
We have V(Z)—axl +ay]+azk
~ V0= (2xyz + 4z8)i + (x%2)j + (x2y + 8x2)k - VB, -2, 1) = 0i+j+6k

Letd=2i— j—2k . |d =22+ (-1D2+(-2)2=v9=3

2i-j-2k
3

|a.l

. =

A

. The directional derivative of @ in the direction of d is

v = (0i+j+6k). (L) =2 =22
2. Find the directional derivative of @ = xy? + yz3 at the point (2,—1, 1) in the

direction of the of the normal to the surface xlogz — y* = —4 at (—1,2,1)

Solution:

L9 _ 2 99 2

Given @ = xy? + yz3 P —2xy+23, 2L =3yz2

ax < ' ay 0z
_ 09, 00, 0
We have V@ = Pl +ay]+ azk
Ve = y%i + 2xy +23)j+3yz’k - V@4, 1 =1—-3j—3k
Let the given surfacebe ¥ =xlogz—y*+4=0 - a—lpzlogz, a—lP:—Zy, d
dox ady 0z
v, | AW, ¥4
We have VY =——1i +$1+5k
VY = logzi—2yj+§k W VW2 n=0i—-4—-k
~ The normal to the surface ¥ is V¥ = —4j — k.
d= ——Ai— % - dl = . [(—a)2 —_1)2 — Lo d _ -4-k
Let d=V¥ =-4j— k. - |d| =02+ (-1)2=+17 SR =G

- The directional derivative of @ in the direction of d is

—4j— E) _ 0+12+3 _ 15

vg. 7 = (i-3j - 3k). (<% -2

3. Find the directional derivative of f = x* — y? + 2z? at the point P(1, 2, 3) in the

N | &




direction of the line PQ where Q is the point (5, 0, 4). Also calculate the magnitude of
the maximum directional derivative.

Solution:

Given f =x%*—y%+2z%> . Z—f=2x, %=_2y, f _ 4q

Wehave Vf=2i +3—;j+gﬁ

wVf=2xi—-2yj+4zk - Vfqy 2 3= 2—4j+12k
GivenP=(1,2,3)and Q =(5,0, 4)

»PQ=0Q—-0P=(5i+0j+4k)—(i+2j+3k)=4i-2j+k

Nowtake d =PQ=4i—-2j+k = |d=J@®%+(=2?2+1)?=v21
ﬁ21_4i—2j+ﬁ

@]~ vz1
The directional derivative of f along d= W is

(8+8+12) _ 28
V21 V21

vf. A= (2i-4j+12k). 400 -

~ The magnitude of the maximum directional derivative is

IVfl = (2)? + (—4)2 + (12)2 = V164

HOME WORK:
1. Find the directional derivative of f = xy? + yz3 at the point (2, —1, 1) in the direction
of thevector i +2j +2k.

Divergence of a vector function:
Definition:
If F= Fii+ F,j + F3k is a vector function differentiable at each point (x,y, z),

then the divergence of F is denoted by divF or V-F and is defined by

ivF=V-F=(2i +%i+%% i 7 k) =29 4 9F  09F
divF =V F—(axl +ay]+azk)'(F1l+F2]+F3k)_ = T % +

- divF = Z%. Here divF is a scalar quantity.




Curl of a vector function:
Definition:
If F=F +F,j + Fsk isany vector function differentiable at each point (x,y, z),

then curl of F is denoted by curlF = VXF and is defined by

i j k
F=vxF=|2 2 29|= %_E)A_(aﬂ_aﬂy (aﬂ_"ﬂ)A
curlF = VXF = ax y 0z _(ay 0z ox 0z + ox ay k
F, F; F;

=4 oF dF)\ . =. .
~curlF =Y (a—; — a—zz) i.  Here curlF is a vector quantity.

Physical Interpretation of Divergence and Curl:

The divergence of a vector field represents the out flow rate from a point.However the curl
of a vector field represents the rotation at a point.

Problems:

1. Evaluate divergence of 2x2zi — xy*zj + 3yz*k at the point (1,1, 1).
Solution:

Let F=2x2zi —xy?zj +3yz’k. ie.,F=Fyi+F,j +Fsk

Where F,=2x?z, F,=—xy%?z, F;=3yz%

jvF=p - F=2f1 [ OF | OFs _ 0 502,04 O _sy2n 490 2
divF =V -F = Pl % +, —ax(Zx Z)+6y( xy z)+az(3yz)
divf=4xz—2xyz+6yz. divf(1,1,1)=4—2+6=8.

2. Evaluate curl F at the point (1, 2, 3) given F = x2yz i + xy?zj + xyz?’k.
Solution:
Given F = x2yz i + xy?zj + xyz’k. ie,F =Fii+F,j + F3k

Where F, = x%?yz, F,=xy%z, F;=xyz*.

10




i j k i j k

: F=vxXF=|2 2 2|_| 2 9 9

~ curlF = VXF = oy a2| | o 3 P
Fy F, F3| |Ix*yz xy’z «xyz?

a a o a a o a a o
(5, vz = 5. (0?2 = (3 (eyz®) — - (Py2) ) + (35 (xv?2) — 7 (xPy2) ) R
= (xz% —xy®)i— (yz* — x*y)j + (y*z — x*2)k

. curlF(1,3 =5i—16]+9k.
3. Evaluate div F and curl F at the point (1,2, 3) where

F = grad(x3y + y3z + z3x — x2y?2?)

Solution:
Let @ =x3y+ y3z+ z3x — x2y?22, then F = gradg = %i + %j + ‘;—f’k

F = (3x2y + 23 — 2xy222)i + (x3 + 3y%z — 2yx222)j + (y3 + 3z%x — 2zx2y®)k
Where F; = 3x%y + z3 — 2xy?z?,

i.e., F: Fli+F2j +F3”(\

F, = x3 + 3y?z — 2yx%z%, F;=y3 +3z%x — 2zx%y?.

. = = dF dF aF
Now divF=V-F=— +—2+-—
ox ady 0z

:—x (3x%y + z3 — 2xy%z?) + :—y (x3 + 3y%z — 2yx%z?%) + ;—Z (y3 + 32%2x — 2zx%y?)

= (6xy — 2y?z%) + (6yz — 2x%2%) + (6xz — 2x%y?)

# divF(y 5 3=12—72+36—18+18 — 8 = —32,

Now,
| i j k |
CurlF = J J g
urtt = ax ay oz

(3x%y + z% — 2xy?z%) (x3 + 3y%z —2yx?z%?) (y3 + 3z%x — 2zx?*y?

i) i)
_ 3 3 2, 2.,2) _ 3 2, _ 2,2
i ay(y + 3z%x — 2zx%*y?) aZ(x + 3y%z — 2yx?*z?)

11




—j [% (3 + 3z%x — 2zx*y?) — ;—Z (Bx*y+ 23 - nyzzz)]
+k | (3 + 3?2 — 2yx%72 ) — - (3x%y + 2 — 2xy%27)]
= [(3y? — 4zx*y) — By* — 4yx*2)]i — [(32* — 4xzy?) — (32% — 4xzy?)]j
+[(3x% — 4yxz?) — (3x% — 4xyz?)]k

Curl?(lrzs) = 0.

4. Find curl(curl) of 4 = x2y i — 2xzj + 2yzk at the point (1,0,2)
Solution:
Given A=x%yi—2xzj +2yzk e, A=A,i+A,j + Ak

Where A; = x%y, A, = —2xz, A3 =2yz.

i j k i j k
Wehave, Curld=vxa=[2 2 2|_-|2 9 9
ox dy oz ax ay 0z

Ay A; A3l Ix*y -2xz 2yz

Curld = z(:—y (2yz) — o (-2x2)) — ] (5 2y2) — - (%)) + ke (5= (—2x2) — a"—y @2y))

curld = 2z + 2x)i — (0 — 0)j + (—2z — x2)k

i Jj k
curl(curlZ) = % aa_y ai
z

2Z24+2x 0 —2z—x*?

« curl(curld) =10 — 0) — j(-2x—2) +k (0—-0) = 2(x + 1) j

" curl(curlZ)(llolz) = 4j

HOME WORK:

1. Find the divergence and curl of the vector V = (xyz)i + (3x2y)j + (xz% — y*z)k atthe

point (2,—-1,1).

12




2. Evaluatediv F and curl F atthe point (1,2,3) given F = 3x%i + 5xy?j + 5xyz3 k.

3. If F= (x+ y + 1)i +j — (x + y)k show that F.curlF = 0.
4, Evaluate curl of 2x2zi — xy?zj + 3yz? k atthe point (1,1, 1).
5. Evaluate divF and curl F where F = grad[x3 + y3 + z3 — 3xyz].
6. Find curl(grand @), given @ =x? +y2 -z
7.1 F = (x + y+2z)i+j — (x+ y)k then showthat F.curl F=2 —z
Solenoidal vectors:
Definition:
A vector point function F is said to be solenoidal vector point function if divF = 0
Irrotational vector field or conservative force field:
Definition:
A vector field F is said to be Irrotational vector field if curlF = 0
Irrotational vector field is also known as conservative force field or potential field.
Problems:
1. Show that F = 3y*z2i + 4x32z%j + 3x2y%k is solenoidal.
Solution:
Given, F = 3y*z2i + 4x32%j + 3x2y’k
i.e., F=F,i+F,j +Fsk. Where F;=3y*z?, F,=4x32z% F; = 3x%y?%.
9Fy | OF, | 0F3

ox +0y+0z

We have divF =V - F =
e i — O 4,2 0 3,2 KA 2.2\ _ _
--dlvF—ax(3y2)+ay(4xz)+az(3xy)—0+0+0—0.

Hence F is solenoidal.

2. Prove that 4 = (6xy + 23)i + (3x% — 2)j + (3xz% — y)k is irrotational and find a
scalar function f(x,y,z) such that A= vf.

Solution:

13




Given 4 = (6xy + 23)i + (3x% — 2)j + (3xz2 — y)k. i.e, A= A,i+A,j + A;k.

Where A, = 6xy+2z3, A, =3x%>-—2z, A;=3xz>-y.

i j k i j k
Wehave Px4=|2 2 2(-] 2 9 9
dx dy 0z ax ay 0z

Ay Ay A3l léxy+z3 3x2—z 3xzZ-y

VxA=i(-1+1)—j(32z% —32%) + k(6x — 6x) = i(0) — j(0) + k(0) = 0.
A is irrotational.

Now given A= vf

~ (6xy+z3)i+ (3x2 —2)j + Bxz% —y)k = %i + a—;i + Z—i’k.

Comparing on both sides we get,

oF _ 3 9 _ 3,2 _ of _ 2 _
x—6xy+z ...... 1), ay—3x Zoviuns ), Z—3xz 2 3).

Integrating (1) w. r. t. X by treating y and z as constants we get,
f=3x*y+x23+ f1(y,2)........(4d)

Integrating (2) w. r. t. y by treating x and z as constants we get,
f=3x2y—yz+ fy(x,2)........(5)

Integrating (3) w. r. t. y by treating x and y as constants we get,
f=x23—yz+ f3(%,9)eeuun..... (6)

Using (4), (5) and (6), we write

f=3x*y+xz3—yz

3. fA=(x+y+az)i+ (bx+2y—2)j +(x+cy+22)k findaand b such that

curlA=0 (i.e., Ais irrotational).
Solution:
Given 4= (x+y+az)i+ (bx+2y—2)j + (x+cy+22)k

i.e., Z = Ali + Azj + A3E

14




Where Ay =x+y+az, A, =bx+2y—2z A;=x+cy+ 2z

i j k
. — . —. . . a a a
Given curl A = 0. i.e., Ais irrotational. — — —=1=0

ox ady 0z
A, A; A;

i j k

a a a

2 = — =0
ox ady 0z

x+y+az bx+2y—z x+cy+2z
([ 2 (et ey +22)— 2 (bx + 2 )| A[a(+ $22) - 2 (xety+ )|
i 3y x+cy+2z)—o-(bx+2y—z Jlgegxtey+2z)—o—(x+y+az

~[a ) _
+k[a(bx+2y—z)—£(x+y+az)]—0
[c—(-1D]i—[1—alj+[b—1]k =0 = 0i+ 0j + Ok
c+1=0, a—1=0and b—1=0

a=1 b=1 and c=-1.

HOME WORK:

1. Show that thevector (-x2+yz) i+ (4y-2z2x)j+ (2xz-4z) k isirrotational.

2. Show that F= (y+ 2)i+ (z+ x)j + (x + y)k is irrotational. Also find a scalar
function @ such that F =vo.

3. Show that F = (2xy? + y2)i + (2x2y + xz + 2yz2)j + (2y%z + xy)k is irrotational.
Also find a scalar function @ such that F = V¢ .

4. Find the values of the a and b such that
F = (axy + z3) i + 3x2 — 2)j + (3bxz% — y) k is irrotational.
5.If7=xi+yj+zk andr = |¥| thenprovethatV.(>"7) = (n+ 3)r". Hence
Show that ris is solenoidal.

VECTOR INTEGRATION:
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If two vectors F(t) and G(¢) be such that % [G(©)] = F(t), then G(¢) is called an
integral of F(t) w.r.t. scalar variable t and we write [ F(t)dt = G(¢).

If Cisan arbitrary constant and % [G(t) + C] = F(t), then [ F(t)dt = G(t) + C.
This integral is called indefinite integral of F(t) and its definite integral is

[P F@de = [0 + €], = Gb) - G(a).

Line Integral:
Definition:
An integral which is evaluated along curve is called a line integral.
IfF = F,i + F,j + F3k is a continuous vector point function defined at each point P of a

curve C and 7 = xi + yj + zk is the position vector of the point P on the curve C, then

Je F.dr = Jo F1dx + Fpdy + F3dz is called line integral of F along the curve C.

If C is a closed curve then, integral sign fc is replaced by gﬁc .

If F represents the force acting along the curve C, then the total work done by Fis
given

by J. F.dr.
Problems:

1. If F=3xyi—y?j, then evaluate J. F. d7, where C is the curve in the xy - plane given

by y =2x? from (0, 0) to (1, 2).

Solution:
Since the curve C is in the xy — plane, we have z=0. .. We take the position vector of
the point P(x,y)as ¥ =xi +yj ~ dr=dxi +dyj.
J. F.dr = J, Bxyi—y*).(dxi +dyj) = [ (Bxydx— y*dy)......... €))
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Given C is the parabola y =2x? from (0, 0) to (1, 2).

dy = 4xdx and x varies from 0 to 1. Substituting in equation (1) we get,

[, F.d#=[ (3x2x%dx — 4x"4xdx) = [, (6x3dx — 16x5dx)

[o5 163735 =

NI

2. If 4= 3x%+6y)i—14yzj + 20xz2 k, evaluate J A.d7 from (0,0,0)to (1, 1, 1)
along the pathx=t, y=1t% z=1t3.
Solution:
Given 4 = (3x% + 6y)i — 14yzj + 20xz%k, - Take ¥ =xi + yj + zk.
d7 = dxi +dyj +dzk - A.d7=(3x%+ 6y)dx — 14yz dy + 20xz2dz....(1)
Givencurve Cis x=t, y=t> z=t% from (0,0,0) to (1,1, 1).
dx = dt, dy = 2tdt, dz = 3t?dt. Substituting in equation (1) we get,
A.d7 = (3% + 6t2) dt — 14t2.62tdt + 20¢. t5.3¢%dt = (9t% — 28t5 + 60t%)dt

When x=y=z=0,t=0andwhen x=y=z=1t=1.

-4 - _ 1 2_ 6 9 —_ ﬁ_ i ﬂl— =
[, A.d7=[;(9t* — 28t° + 60t")dt = (95~ 28 + 60 55| =3-4+6=5.

3. Find the total work done by the force F = 3xyi — yj + 2zxk in moving a particle
around the circle x% + y% = 4.

Solution:
Total work done by the force Fis given by W = fc F.dr.
Given F=3xyi—yj+2zxk. - Take F=xi +yj +zk
d7 = dxi +dyj +dzk . F.drF=23xydx—ydy + 2zxdz......(1)
The parametric equation of the circle x> + y? = 4 is given by

X =2c0s0, y=2sin@ and z=0, where 0 <0< 2n.

dx =-2sin@dO, dy=2cos@dO, dz=0. Substituting in equation (1) we get,
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—

F. dr = 3(2c0s0)(2sinB)(— 2 sin6dB) — (2sin0)(2cosOdO) + 0
F. d7 = (- 24sin®0c¢os0 - 4 sinOcosO)dO
- W= F.dv= fozn(—24-sin26cos0 — 4 sinBcos0)d6

f(x) n+1
n+1

W= [ 24sm9 sme]

4 On: 0. Using [[f(x)]*f' (x)dx =

HOME WORK:

1. If F = (5xy — 6x2)i + ( 2y — 4x)j, then evaluate fc F.dr, where C is the curve in
the xy-plane given by y =x3 from (1, 1) to (2, 8).

2. A vector field is given by? = siny1— x(1 + cosy)j. Evaluate the line integral over a
circular path given by x? + y?=a?, z=0.

3. Find the work done in moving a particle in the force field. F=3x2i+(2xz— yj+zk,
along (i) the straight line from (0,0,0) to (2,1,3). (ii) the curve defined by x = 4y,
3x3=8z from x=0 to x=2.

Surface Integral:
The surface integral of a vector function F over a surface S is defined as the
integral of the normal component of F taken over the surface S.
IfF = Fii+ F,j + F3k is a vector point function over a surface Sand # is the
outward unit normal to the surface S at a point P, then the surface integral of F over
S is denoted by [ F.ds = Js F.7ds. ie., Js F.ds = Js F.7fids. Where ds = dx.dy.

Green’s Theorem in the plane:
Statement:

If M(x, y)and N(x,y) be two continuous functions of x and y having continuous partial
derivatives a—N and a_nya in a region R of xy-plane bounded by a closed curve C then,

§. Mdx + Ndy =[], (a—N——)d x dy.
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Problems on Greens Theorem:

1. Use Green’s Theorem to evaluate [ xydx + x?y*dy, where C is the

triangle with vertices (0,0), (1,0), (1,2) with positive orientation.

Solution:

- = y2y3 . M _ N _ 3
Here M = xy, N=x*y°> . 3y x and o 2xy°.

By Green’s Theorem, we have, y

?
$. Mdx+ Ndy = [[, (a—:—g) dx dy.

J. xydx +x*y*dy = [[, 2xy® — x)dx dy

Equation of the line joining (0,0) and (1,2) isy = 2x. Using

(=3
(=}
(%)
o
FS
o
o

Y-y = 2-1) (x — xq).

(x2—x1)
x varies fromx=0tox=1andy variesfromy=0toy = 2x.
J, xydx +x*y’dy = [; [,"(2xy* — x)dydx = |, [Exy — xy]o dx

234y = (L(Q+5 2 4.6 2.311_4 2_2
J, xydx +x*y*dy = [, (8x —Zx)dx—[gx —3% ]0_5_5_5

2. Using Green’s theorem to evaluate fc [(y — sinx)dx + cosx dy] where C is

the plane triangle enclosed by the lines y =0, x=m/2 and y = 2x/m.

Solution:

yh B
Here M =y —sinx, N=cosx LM 1 and N _ —sinx

ay ox 9
b At n

By Green’s Theorem, we have, e
$. Mdx + Ndy = [, (Z—I:—Z—n;)dxdy. .

O y= 0 A X

~ [ [(y = sinx)dx + cosx dy] = [[, (—=sinx —1)dy dx

19




Here x varies from x=0 to x=m/2 and y varies from y=0 to y=2x/m.

/2 fozx/"(—sinx — 1)dydx

. [, [(y — sinx)dx + cosx dy] =
i _ w2 . 2x/m
J. [y = sinx)dx + cosx dy] = — [ [sinx (y) + y]g"'" dx

= f [(sinx + 1)y]2/™ dx = —f [sinx + 1][2x/m] dx

:_%fon/z [sinx + 1]dx———[x( cosx +x) —1(— smx+x2/2)]"/2

R R T E S A e
3. Apply Green’s theorem to evaluate [ [(2x* — y*)dx + (x* + ¥*) dy] where C is the

boundary of the area enclosed by the x-axis and the upper half of the circle

x* +y? =a?.

Solution:
a2 A2 — 42 2 . oM _ N _
Here M=2x*—-y% N=x“+y S 2y and o 2x.
aN
By Green’s Theorem, we have, ¢. Mdx + Ndy = [[, (—x——)d dy.

~ L [@xP = yPdx + (x* +y?) dy] = [[, (2x+2y)dxdy =2 [[, (x +y)dx dy
Here region R is the upper half of the circle x* + y? = a?.
Changing into polar coordinates, we take,

x=rcosf, y=rsinf. . dxdy=rdrd0, rvaries

fromr =0 to r =a and 0 variesfrom 6 =0 to 6 = m.

- fc [((2x% — y?)dx + (x* + y*) dy] =2 f: foa(r cos0 + r sinB) r dr dO
a
=2 f: foa( cosO + sin@)r>dr do =2 [f:( cos0 + sin®) [2—3]0 de]
=2 [f:( cos0 + sin®) (a;) dO] =2 (?) [sin@ — cosO]F

=2 [0+0) - (-1-1)]= &
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HOME WORK:

1. Use Green’s Theorem to evaluate [ [x*ydx + x*dy] where C is the boundary
described

counter clockwise of triangle with vertices (0,0) , (1,0), (1,1).

2. Evaluate [, [(xy + y*)dx + x*dy], where C is bounded by y = x and y = x*, using
Green’s Theorem.

3. If Cis asimple closed curve in the xy-plane not enclosing the origin, show that

i—xj
24 y2

[. F.dr=0,where F=2
c X

using Green’s Theorem.

4. Using Green’s theorem evaluate | [(3x — 8y?)dx + (4y — 6xy) dy], where C is the
boundary of the region bounded by x=0,y=0and x+y = 1.

5. Using Green’s theorem evaluate [ [(3x — 8y*)dx + (4y — 6xy) dy], where C is the

boundary of the region bounded by x=0,y=0and x+y = 1.

Stoke’s Theorem:

Statement:

If F = f1i+ f2j+ f3 k is acontinuous differential vector point function in the

surface S bounded by a simple closed curve C, then |, F.d7 = Js curlF .fids or

Je F.di = I curlF .fidxdy. Where f is a unit external normal at any point on S.
Problems on Stoke’s Theorem:
1. Use Stoke’s theorem to evaluate fc F.d7 where F = y%i + x%j — (x + )k and

C is the boundary of the triangle with vertices at (0, 0, 0), (1, 0, 0) and (1, 1, 0).

Solution:
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Given F=y?i+x%j— (x+2)k. e, F=F i+F,j +Fsk

Where F,=vy?% F,=x% F3=—(x+2). b 1 B(1,1)
A | k i j k *//*
—=_la a a|_|a 9 9
curl F = ox oy oaz| |ox ay oz S
Fl FZ F3 yZ xZ _(x+Z) = P
o T A(1,0) X

aeurl F=i(0—0) —j(—1—0) +k(2x —2y) k=j +2(x —y) k
Given C is the boundary of the triangle with vertices at (0, 0, 0), (1,0, 0) and (1, 1, 0).

Here, z-coordinate of each vertex of the triangle is zero.

- The triangle lies in the xy- plane and the unit normal vector to the plane is 7 = k.

« curlF .7 = [j+ 2(x -y) k] . k = 2(x -y)

By Stoke’s theorem, we have, . F.d7 = I curlF .7dsS.

=, F.d7 = [f; 2(x—y) dydx.
The equation of the line joining O(0, 0) and B(1,1) is y=X.

; _ — 2=y
Using (y —y1) —(xz—xl)(x X1).

~ x varies from x=0 to x=1 and y varies from y=0 to y =x.

- 1 1 21*
L Foar = 20y a2y o
. 2_ ¥ =} x2dx = ﬁl
_fo 2(.7( Z)dx_fo xdx_[B]()

1
3 "

2. Use Stoke’s theorem to evaluatefc [((x+y)dx+ 2x — z)dy + (y + z)dZz]

where C is the boundary of the triangle with vertices at (2, 0, 0), (0, 3, 0) and (0, 0, 6).

Solution:

GivenF = (x + y)i+ 2x — 2)j + (y + 2)k.

i.e., f: F1i+F2i +F3’k

A(2, 0, 0)
r X




Where Fi=x+y, F;,=2x—-2 F3;=y+z

i j k i j k

F=lo 2 of_ 2 2 2

Curl F = dx ady 0z ox ady 0z
F, F, F3| |x+y 2x—-z y+z

Curl F=i(1+1)—j(0-0)+k(2-1) =2i + k.
Given C isthe boundary of the triangle with vertices at
A(2,0,0), B(0,3,0) and C(0, 0, 6).
~ The equation of the plane passing through A(2, 0, 0), B(0, 3, 0) and C(0, 0, 6) is

XY, z_ i =
>, T3ts 1. ie,3x+2y+z=6

: _ P TIPS I PSP ISE >
Consider p=3x+2y+z—6 - Vﬂ—axl+ay1+azk—31+2]+k.
|VQ|=V32Z + 22 + 12 = V14
. . .~ Vo _ (3i+2j+k)
- the unit normal vector to the planeis n = ol vid

. curlF.i=(2i+k). m;gﬂc) = 671)_:1 = \/%

By Stoke’s theorem, we have, [ F.dr = I curlF .7 dS.

PRI 7 el 7 _ 7 _ 7
~ [ F.dv= [ ﬁdS—ﬁffs dS—ﬁffs dx dy = (Area of the A ABC)..

Now area of the A ABC = % |AB x AC|
Since the vertices of the triangle are A(2, 0, 0), B(0, 3, 0) and C(0, 0, 6), we get,
0A=2i+0j+0k, OB =0i+3j+0k OC=0i-—0j+6k.

» AB = OB — 04 = —2i +3j + Ok and AC = OC — 04 = —2i + 0j + 6k

AB x AC = =i(18 - 0) — j(—12 — 0) + k(0 — 6) =181 +12j — 6k

N DN =~
O Wt
O A

|AB x AC| =/(18)2 + (12)% + (—6)% =/504 =V/36X14 = 614

()
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. AreaAABC = [AB xAC| = ;(6V14) = 3V14

N | =

Equation (1) becomes [, F.d7 = é (3v14) =21.

3. Apply Stoke’s theorem to evaluate [ [y dx + zdy + x dz] where C is the curve of

intersection of x2 + y2 + z2=a?andx + z = a.
Solution:
Given F=yi+zj+xk. ie, F=Fqi+F,j +F3k

Where F1=y, FZ=Z, F3=x.

i j k i j k

=_loa o o
CurlF=|= = Z|=[2 2 29
ox 0dy 0z dx dy 0z
F, F, F; y z X

=$(0—-1) —j(1 —0) + k(0 — 1).
CurlF=—i—j—k.
Given C is the curve of intersection of x? + y% + z? = a? and
x + z = a. Therefore the curve C is the circle lies on the
planex+z=a. ie,x+z—a=0.

Consider 9 = x+z — a.

W, W, Wy
We have, Vﬁ—axl+ay1+azk
~VB=i+0j+k. -~ Vo=i+k . |VQ|=V1+1=v2
the unit I vector to the plane is 71 = — L4k
€ unit normal vector to eplaneis n = =
P vel ~ vz

. curlF . fi=(-i—j—k). “;;‘): (_1370_1):_?22:_\/5

By Stoke’s theorem, we have, [ F.dr = Js curlF. 7 dS.

~ . F.dr = [l (=V2) dS=—V2 [, dS =—2 (Area of the circle)
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Now the equation of the plane x + z = a can be written as =+~ = 1.

- The points of intersection of x2 + y?> + z2 =a? and x + z = a are A(a, 0, 0) and B(0, 0,
a).

-. Diameter AB of the circle = \/(a — 0)% + (0 — 0)2 + (0 — a)2 =Va? + a?

=v2a? =+2a.
~ Radius of the circle=r = M :% = %
. Areaof thecircle=nr?=mn (%)2 = nTaZ
Equation (1) becomes [, F.d7 = —J2 (nTaZ) = _\7;2 '
HOME WORK:

1. Use Stoke’s theorem to evaluate | F.dr where F = (x2 + y2)i — 2xyj and Cis the

Rectangle bounded by the linesx=+a, y=0,y=h.

2. Use Stoke’s theorem to evaluate | F.dr where F = (2x — y)i—yz?%j—y?zk and C
is upper half of the surface of x? + y? + z% = 1, bounded by its projection on the xy-plane.

3. If F = 3yi— xzj +yz? k and S is the surface of the paraboloid 2z = x2 + y?2 bounded
by z=2, evaluate [f, (VXF).ds using Stoke’s theorem.

Glance:

1. Gradientof @(x,y,z) =c¢

ap . ap .

— v =2 99 ., 95
grad(D—V(z)—axl+ ay]+6zk

2. Unit normal vector of @(x,y,z) = ¢
1)

Vo
3. Directional derivative of @ alongd = V@ .a

n-=
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4. Maximum directional derivative = |V@|
V@1 .V3,
V@1 (VD |

6. Divergence ofavector F= F,i+F,j+ F3k
d0F, O0F, OF

1 + 2 + 3
dx Jdy 0z
Solenoidal : divF=V.F=0
Curlofvector F= F,i+F,j+ Fsk

5. Angle between the surfaces cos @ =

divF=V.F =

i j k
CulF=VxXF=|2 2 2
ox ady 0z
F, F, F;3

9. Irrotational: CurlF=VXF =0
10. Line integral F = Fyi + F,j + F3k

c c
11. By Green’s Theorem,

N oM
$. Mdx+ Ndy = [, (a—g)dxdy.

12. By Stoke’s theorem,
Jo F.d¢ = [[; curlF.ndS== [[; curlF.ndxdy




